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A CHARACTERIZATION OF TREELESS THEORIES USING COLLAPSING
INDISCERNIBLES

JOONHEE KIM

ABsTrACT. This note is based on a talk given at the RIMS model theory workshop held in Kyoto in
December 2025. The talk focused on two main results: a characterization of treelessness via collapsing
indiscernibility, and the fact that, under the assumption of weak-treelessness, NATP and NCTP coincide.

1. PRELIMINARY AND NOTATIONS
1.1. Generalized indiscernibility.

Definition 1.1. Let £ be a language. By the age of an L-structure Z (age,(Z)), we mean the class
of finitely generated L-structures that are isomorphic to L-substructures of Z. Sometimes we omit the
subscript £ in age,(Z) when it is clear from the context.

Fact 1.2. Let L' C L be languages, Z,J be L-structures. If age () = age(J) then ageq (') =
agep (J'), where T :=T|p T =T |-

Proof. Suppose X € age, (Zo). Then there exists a finite tuple @ € T such that (@), ~, X. Since
(@)c, € agep, (I1), there exist Y € age, (J1) such that (@)z, ~g, Y. There exists b € J such that
Y o~y (b, Thus X ~py @)z ~oo (@)eile, ~2o Yieo ~eo (O)zile, ~2o (b)zo € ager,(Jo). Thus
X e age, (Jo). O

Fact 1.3. Let L£,L' be languages and I,J L'-structures. Suppose age(Z) = age(J) and they have
modeling property. Let T be an L-structure and M a sufficiently saturated model of T. Then for any
(an)nezr €M, there exists (by)neg € M such that

(i) for all finite tuple 7 in T, if M |= p(by), then there exists U ~p/ 7] such that M |= p(ay),

(i) (by)ney is L -indiscernible.
Remark 1.4. Let £y C £ be languages and 77, J; Lq-structures with underlying sets I, J and assume
ages, (Z1) = age,, (J1) and they have modeling property with respect to £;. Let £ be a language, T' an
L-theory, M a sufficiently saturated model of T'. Suppose that every L;-indiscernible Z;-indexed set is
Lo-indiscernible. If (b,),e 7 is L£i-indiscernible, then it is L-indiscernible.

1.2. Tree languages.

Notation 1.5. We will use the following languages for tree structures

EO,P = {S]’ <lexs /\, P} ‘CO,P_ = {S], <]ex7P}
Lo :={<, <iex, A} EO’ =, <iex}
Ls:={A, <iex} Lo\ = {<tex}

where <, <jox are binary relation symbols, A is a binary function symbol, P is a unary relation symbol,
and ¢ is a quaternary relation symbol.

Let O € {0,P; 0,P~; 0; 07; §; <jex} (we use semicolons to separate the items, since ‘0,P’ and ‘0,P~’
already contain commas). For an Lg-structure Z and tuples 77, 7 in Z, we write 7 ~g 7 if 77 and 7 have
the same quantifier-free type in £5. We also say (a,),ez is O-indiscernible if it is Lo-indiscernible for
each 0. Depending on the context, we may also refer to 0,P; 0,P~; 0; and 0-indiscernibility as treetop,
treetop , strong, and strong™-indiscernibility, respectively

Notation 1.6. For each ordinals o and 3, let 3% be the set of all functions from « to 5. Let 8<% =
Up<a 87 and 5= = Uz, B°.
We give a partial order < on 3<% and =% by n<dv <> 7 C v. nAv is the greatest element & such that
E<dnpand E<v. We write n L vif n<d v and v<I'n. We write len(n) = dom(n). We write n <jex v if n<v,
1
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or n L v and n(len(n Av)) < v(len(n Av)). In B, we write P(n) if n € . For 19, n1,m2,1m3 € B¢, we
write A(10, 71,712, 713) 1f and only if no Ay L ag A 1js.

Notation 1.7. [7] For a linear order I and a € I, let I,« := {x € I : a < z}. Similarly we define
Ia§7[<a7[§aala<<b = {{E cel:a<x< b}7[a§<b7[a<§b; and Iaggb fora<bel.

We will use the symbol ‘—c0’ and the extended order on {—oco} U I given by —oco < a for all a € I.
Note that I_ccq = I<q and I_c<q = I<q.

For a linear order I and an ordinal 3, let

Trg:={n:lsc > Bracl|{x € lc:n(x)#0} <N}
U{n:I—-w:l{rel:n(z)#0} <N}

If 8 = w, then we omit 8 and simply write 77. If I =, then 77 := {0}.

Let TIE ={n:I—=pul{zel:n(x)#0} <R} and T, 27},5\7’1}. We let 7,7 = Ty = {0}
and 7, = (0. If I has the greatest element a, then () can be regarded as a function from I, to 3. Thus
() becomes the least element of T; g with respect to the order < which will be defined below. If I has no
greatest element, then 7; 3 has no least element.

The interpretation of the symbols is similar to the cases of 5<% and S<®. We give a partial order < on
Trg by n<dv < n Cwv. For n,v € T; g, let n Av be the greatest element £ such that £ <7 and { <v. By
finite support (the condition |{x € Is, : n(x) # 0}| < w), A is well-defined. We write n L v if n € v and
v 4 n. We write len(n) = a if dom(n) = I,. If n € 7,7, then we write len(n) = —oco. We write 1 <jex v/
if n<v, orn L vandn(len(n Av)) < v(len(n Av)). We write P(n) if n € TIE For ng, n1,m2,m3 € T1.8,
we write A(no,n1,m2,73) if and only if g A n1 <12 A ns.

2. STRONG/WEAK—TREELESS AND MEET-ELIMINATING THEORIES

Definition 2.1. The following definitions are from [8].

(i) [8, Definition 3.11 and Proposition 3.12] We say T is treeless if for every treetop indiscernible
(an)pewse, (ay)pews is <iex-indiscernible over agp.

(i) [8, Question 3.14] We say T is weakly treeless or weak-treeless if for every treetop indiscernible
(an)pewse, (ay)yew s <iex-indiscernible over ().

Remark 2.2. If T is treeless, then it is weakly treeless.

Remark 2.3. The following are equivalent.

(i) T is weakly treeless.
(i) Every d-indiscernible (ay)necwe is <iex-indiscernible.

Definition 2.4.

(i) We say T is strongly treeless or strong-treeless if every treetop indiscernible (ay)), ¢ < is treetop™
indiscernible.

(i) We say T is meet-eliminating or T' has meet-elimination if every strongly indiscernible (a,)y,c.<«
is strong ™ -indiscernible.

Remark 2.5. If T is strongly treeless, then it is treeless.
Remark 2.6. If T is strongly treeless, then it is meet-eliminating.
Remark 2.7. If T is meet-eliminating, then it is weakly treeless.
Fact 2.8. [8, Corollary 5.4] If T is stable, then it is treeless.

Definition 2.9. [12] We say a formula ¢(z,y, z) has OPy if there exist (a;)i<w and (b;)i<. such that for
any increasing f : w — w and Xy := {(4,j) € w x w: j > f(i)}, there exists ¢y such that X, = {(i,7) €
w X w = p(er,aq,b;)}. We say o(x,y,2) is NOPy if it does not have OP,. We say a theory is NOP; if
every formula is NOP,.

Fact 2.10. [6, Proposition A.4] If T is weakly treeless, then it is NOP;.
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So we have the following diagram.

stable —— treeless

AN

strong-treeless  weak-treeless

N 7N

meet-eliminating NOP,

3. C-LESS THEORIES

Notation 3.1. Let Lo, := {C,<iex} where C is a ternary relation symbol. We write C(n,v,§) if
nAVAE<QYAE, for any n,v,€ in B5% and T7 .

Definition 3.2. We say T is C-less if every C<-indiscernible sequence (a,)ye2 is <iex-indiscernible.

Remark 3.3. For any theory, (ay)new~ is d-indiscernible if and only if it is C<-indiscernible.

Proof. For any n,v,&,( € w*, we have

w” |: A(nvl/7€><) AN _‘C(ganvy) A _‘C(C,TlaV)-

Thus if (ay)new~ is 6-indiscernible, then it is C-indiscernible.
Conversely, for any 7, v, € w“, we have

w? = Cn,v,&) & AMnv,v, ) NA(mEv,8) A=A, &, n,v) A=A, &, n,E).

Thus if (ay)pew is C<-indiscernible, then it is -indiscernible. O

Remark 3.4. T is weakly treeless if and only if every C<-indiscernible sequence (ay)pewe 1S <iex-
indiscernible.

Proof. By Remark 3.3. O
Remark 3.5. If T is weakly treeless, then it is C-less.

Proof. Suppose (ay),ea« is C<-indiscernible. Let f be a map from w=* to 2<% such that
(i) f(0)=0, _
(i) f(n™ (i) = f(n)" (1) 17(0) for each n € w<* and i < w,

(iil) f(n) = Un<w f(nlyn) for each n € w®.

Then f(n) € 2¥ for all n € w”. Let by, := ay(,) for each n € w*. It is easy to check that f(7) ~c_ f(7)
for all 7,7 € w* with 7 ~¢c_, 7. Thus (bn)neww is C<-indiscernible and hence it is <jex-indiscernible by
Remark 3.4.

If (ay)neaw is not <jex-indiscernible, then there exist 77 ~.,., 7 in 2 such that a; # a@5. We have an
L-formula ¢(Z) such that = ¢(as) A ~¢(as). Note that by regarding 2“ as a subset of w®, we can say
that f(€) ~c_ & for all £ € 2*. Thus f(77) ~c v and hence = ¢(b;) A —~¢(by). But we have f ~c, 7,
which implies = ¢(b;) <> ¢(bs), a contradiction. O

Fact 3.6. [3]| If T is C-less, then it is NOPx.
So we have the following diagram.

stable — treeless

AN

strong-treeless  weak-treeless — C-less — NOPy

~N 7

meet-eliminating
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4. TREELESS IS STRONG-TREELESS

Fact 4.1. [8, Proposition 3.12] The following are equivalent.
(i) T is treeless.
(it) For any infinite linear order I, if (by)yer; is treetop indiscernible, then (b")uslne’rf s <jex-
indiscernible over b, for any v € T, with [{a € I :a <len(v)}| = w.
(tit) For some infinite linear order I, if (b,)ner; is treetop indiscernible, then (bn)uﬁneTﬁ 18 <lez-
indiscernible over b, for any v € Tr with [{a € I : a <len(v)}| = w.

Remark 4.2. The following are equivalent.

(i) T is strongly treeless.
(i) For any infinite linear order I, if (b,)ye7; is treetop indiscernible, then (b,),ec7; is treetop™

indiscernible.

(iii) For some infinite linear order I, if (b,),e7; is treetop indiscernible, then (b,),e7; is treetop™
indiscernible.

Proof. By Remark 1.4. O

Notation 4.3. Let I be a linear order, J a linear order with the greatest element by € J, ¢ an order
preserving map from {—oo} U J to {—oco} U I. For each n € T, let n, be a map from I, (1en(n))<<.(by) tO
w such that

n(a) = n(b) if @ = ¢(b) for some len(n) < b
I o otherwise

for each a € I,(1en(n))<<.(by)- Note that (, =0

Remark 4.4. Let I be a linear order, J a linear order with the greatest element by € J, ¢ an order
preserving map from {—oo} U J to {—oo} U I, and v an element of 77 such that len(rv) = ¢(by). Then
the map f : Ty — T sending 1 to n, Uv is an Ly-embedding. If ((—o00) = —oo additionally, then f is an
Ly, p-embedding.

Lemma 4.5. Let I be a dense linear order and 1o, ..., -1,V € T, . If o, ..., In—1 form an antichain,
len(ng) = --- = len(n,—1), and v I \,_,, ni, then there exists an Lo-embedding f : T+ — Tr such that
N0y -y -1 € F(T) and f(0) = v. Iflen(no) = —oo additionally, then f is an Lo p-embedding.

Proof. Since I is dense, we can find an order preserving map from {—oo} U w™ to I such that ¢(—oc) =
len(mo), ¢(w) = len(v), and {a € len(ne)<<ien(v) : Ni(a) # 0 for some i < n} C Im(:). For each n € T+,
let f(n) :=n,Uv. Then f is an Lo-embedding from T+ to T;. Clearly o, ...,n,—1 € f(T) and f(0) = v.
If len(ng) = —oo, then f is an Ly p-embedding by Remark 4.4. d

Lemma 4.6. Let I be a dense linear order without the least element, n < w, no € Tr and 7 := (15 ;)i j<n €
T: such that
(1) mo <m;; for alli,j <n

(ii) mio € T; for alli <n,

(i11) ni0 A nio for all 4,3 <n,

() mio <mi; for alli,j <n.
Then there exist ny € Tr and 7' := (n; ;)i j<n € T1 such that n\n’ ~o,p o7l and len(n; o) = len(nj,,) for
all 1,7’ < n.

Proof. Let ny := no. Let a* := max;<n{len(n; o)} and n;, := 70 U {(a,0) : a* < a < len(n;p)} for
each i < n. For each i < n, we can give an order preserving map ¢; from {—oco} Uw™ to {—oo} U T
such that ¢;(—00) = —o0, t;(w) = len(n;0), and Im(z;) 2 {len(n; ;) : j < n} U{a € I<ien(n, o) : Mij(a) #
0 for some j < n}. Let f; : T+ — Ti;n — 1m,,Unio. Then f; is an Lo p-embedding by Remark 4.4 and
{nij}j<n C Im(fi).

Now we give an order preserving map ¢, from {—oo} Uw™ to {oo} U I such that ¢}(—o0) = —oo and
i(w) =len(n; o). Then f; : To+ — Tism = ny Unig is an Lo p-embedding. For each 7, j < n with
0<j, let 7]§’j = fi’(fi_l(m,j)). Then 7' ~g p 7] where 77/ := (Ué,j)i,j<n- Clearly 1en(77§’0) = len(ng,)o) for
all 1,7 < n. O

L
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Lemma 4.7. Let I be a dense linear order without the least element, n < w, 7 := (N, ..., Mm—1) € T71.
For each v € Ty, there exists ij' ~o p 7 such that N7 > v.

Proof. Let + be an order preserving map from {—oo} Uw™ to {—oo} U I such that ((—00) = —o0,
t(w) = len(A7), and Im(¢) D {len(n;) : ¢ <n}U{a € I:a <len(A7),ni(a) # 0 for some i < n}. Let /
be an order preserving map from {—oco} Uw™ to {—oco} U T such that //(—o0) = —co and ¢/(w) = len(v).

Let f: T+ — Trsm—n, UA# and f': T+ — Tr5m — 1) Uv. For each i < n, let 0} := f(f~ ().
Then 7' ~o.p 7 and A7 > v. O

Lemma 4.8. Let I be a dense linear order without the least element and f be an Lo-embedding from T+
to T, with f(0) > v for some v € Tr. Let n < w and {n; j}ij<n € Tr such that
(i) nio € T for alli <mn,
(it) mip € f(T ) for alli <n,
(i11) m;5 > ni0 for alli <n and 0 < j < n.
Then there evist m < w and a family of Lo-embeddings (gy)yeT,, from T+ to Ty such that
(i) g4(0) = f(n) for alln € T,
(v) gn(Q) = f(n) for alln € T,
(i) go(T.7) CT;" foralln e T 1,
(vii) gn(Tm+) €T for alln €T -,
(viii) g,(¢) < gu(0) for alln Qv € T+,
(i) Mij € Gf-1(ns0)(Tm+) for all i <n and 0 < j <n,
where ¢ € T.F, is the map from m™* to w such that {(I) =0 for all 1 < m™.

Proof. Let m :=|{a € I : n;j(a) # 0 for some i,j < n}| + 2. By finite support, m < w. We construct

(gn)neT,, as follow.
If n = f=(n;,0) for some i < n, then choose any order preserving map ¢, from {—oc} Um™ to I such
that ¢,(—00) = —00, ty(m) = len(n; o), and
{a € Icien(n, o) : Mi,j(a) # 0 for some 0 < j < n} C Im(s,).
For each § € Ty,+, define g, (&) ==&, U f(n).
Ifne T HE\N{f (1M0,0): - f 7 (M-1,0)}, then choose any order preserving map ¢, : {—oo} Um™* — I
such that t,(—00) = —oo and ¢, (m) = len(f(n)). For each £ € T,,+, define g, (&) := &, U f(n).

If € 7_, then choose any order preserving map ¢, : {—oco} Um™ — I such that 1,,(—oc0) = len(f(n)),

t(m) < len(f(7)) and £()(a) = 0 for all len(f(n)) < a < (), where 5~ := n\ {(len(n) +1, n(len(n) +
1))}. For each & € T,,+, let g, (&) ==&, U f(n) L, my<- Then (gn)neT,, is a family of Lo-embeddings from

T+ to Ty satisfies (iv), (v), (vi), (vii), (viii), and (ix). O

Lemma 4.9. Let L be a language, T an L-theory, M a sufficiently saturated model of T, I a dense linear
order without the least element, and m < w. Suppose that (by)ye7; € M is treetop indiscernible, f is an
Lo-embedding from T+ to Ty, and (gn)ne,, is a family of Lo-embeddings from Tp,+ to Tr such that

(i) gy(0) = f(n) for alln e T},
(i) 9n(0) = F() for all € T,
(iii) gn(Tw—;) - TI+ for alln € 7:’;,
(i0) go(Tos) C T for allm € T,
(v) 9,4(¢) < 9 (0) for alln <v € Tor,
where ¢ € T'F, is the map from m™ to w such that ((n) =0 for alln < m™. Let ¢, := (b, (e))eeT, . for
each n € To+. Then (cy)neT,, is treetop indiscernible.

Proof. Suppose 7 := (1o, ...; Nd—1), 7 := (Y0, -, Vd—1) € T+ and 7 ~o p 7 in T+. Then we have
(vi) T = o

Since we assume (by),e7; is treetop indiscernible and choose 7, 7 arbitrary, it is enough to show that for
any e < w, 6o, ...,te—1 < d, &0, ..., €e—1 € Tpy+, and an atomic Ly p-formula o(Z), if

7-1 ): U(gmo (50)7 "'79771'6,1 (56—1))7

) <» o(7) for any quantifier free £y p-formula o(Z).

then
7-1 ': U(gl/io (50)7 ”"gyie—l (56—1))'
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Note that every Lo p-term generated by {gn, (&) }i<e can be written as a meet of at most two elements
of {gy;,(&1)}i<e. Moreover, for any X C {ig, ...,ic—1} and ij,ix € X, \; cx g, (&) = gm]_(fj) A Gns, (k)
if and only if A; cx 90, (&) = 9v.,(§) A 9v,, (&) by (vi). Thus we only have to consider the following 4
cases.
Case a: Tr = P(gm (&) A gn;, (k) for some j, k <e
Case b: Tr = ns, (§J) A Gns, (§k) L gn, (&) A Gn,, (Em) for some j, k,[,m < e
Case c: Ti 1= Gy (€5) A G (€6) <iox G (€0) A G, (m) for some j, b, Lm < e
Case d: Tr b= Gy, (€5) A G (66) = Gna(€1) A G, () for some J, kyLm < e
One can easily check each case by dividing them into some subcases with respect to qftpg p (11 i,.);
and using (vi). O

Notation 4.10. Let I be a dense linear order without the least element. For n < w, 77 := (no, ..., Mn—1) €
Tr, and m < n, Up" := {i <n:nm <n; and there is no j < n such that 7, <n; <n;}.

Definition 4.11. Let I be a dense linear order without the least element. We say 7 := (19, ..., Jn—1) € T1
is good if

(1) m; Amy # ny for all distinet 4, j, k < n,

(ii) for each m < n, n; Am; =ni A for all 4,5, k,1 € Up* with i # j and k # [.

Lemma 4.12. Let I be a dense linear order without the least element and 7,0 € Tr. If j ~o p- V and
they are good, then 7 ~o p .

Proof. 1t is easy to check that cly, p(77) ~o,p clo,p(7). O

Lemma 4.13. Let T be a treeless theory. If I is a dense linear order without least element, A is a
small set, (by)yeT; is treetop indiscernible over A, 7 := (No,...,m—1) € Tr. Suppose that ny < n; for all
0 <14 < n. Then there exists ij' ~o p- 7 such that by =4 by and 1}, <ami Ay = Amy for allid, j, k.l € Ug,
with i # j and k # 1.

Proof. By Lemma 4.7 we may assume there exists v € 77 such that v <7o. We may assume U = m\ {0}
for some m < n and M <iex -+ <lex Mm—1. For each 0 < ¢ < m, choose any 0 € 7, such that
n; Amj <nf <<n; for all 0 < j < m with j # 4. By Lemma 4.6, we may assume len(n}) = len(n7;) for all
0 < i,j < m. By Lemma 4.5, there is an Lo-embedding f : T+ — 71 such that n},....n},_, € f(T5)
and f(0) = no. By Lemma 4.8, there exist m < w and a family of Lo-embeddings (g;)ne7 , from T+
to 77 such that

for all n € T},

(1) gn(0) = f(n

i f()fora117767'+,
T forallT]G'T
T

~

where ¢ € 1, is the map from m* to w such that ((I) = 0 for all I < m™*. By Lemma 4.9, (¢,)ye7 , is
treetop indiscernible over A where ¢, := (by, (¢))ceT, , for each n € T+

For each 0 < i < m, let ¢; be a map from w™ to w such that ¢;(0) =i and ¢;(n) =0 forall 0 <n < wt.
Note that for each 0 < j < n, there exist unique 0 < i; < m and &; € T,,,+ such that n; = gf—l(n;ﬂj)(éj).

Let 7 := ggij(fj) for each 0 < j < n. Let 5 := 1. Since T is treeless, we have

CCre+Clm—1 =Acy CfF~1(ny)-Cf~1(n5_y)
in particular,
by by =av,, by by, s
and hence
by by -y =4 by by by, = bbby,

Clearly 7' ~o p- 1, U9, =m\ {0}, and ny <n; Anj = f(¢7) forall i, j € Ug, with ¢ # j, where ¢~ is the
map from w™ \ {0} to w such that Im(¢~) = {0}. O
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Lemma 4.14. Let T be a treeless theory. If I is a dense linear order without least element, A is a small
set, (by)neT; is treetop indiscernible over A, 7 := (0o, ..., Mn—1) € Tr. Then there exists good ' € Tr such
that T_]/ ~0,P— 7’_] and bﬁ/ =A b»,—]

Proof. By repeating Lemma 4.13. Note that (by),<ne7; is treetop indiscernible over AU {b, }, 4, for each
v € Tr. If there is no 4 < n such that 7; <n; for all j < n, then put 7, := /\Kn 7; and apply Lemma 4.13
on (79, -, Mn)- O

Theorem 4.15. If T is treeless, then it is strongly treeless.

Proof. Let I be a dense linear order without the least element. Let (b,),e7; be treetop indiscernible,
7,7 € Tr, and suppose 7] ~o p— 7. Then by Lemma 4.14, there exist good 7', 7" such that 7’ ~q p- 7,
U ~g p- 7, by = by, and by = by. By Lemma 4.12, 77 ~o p 7'. Thus we have by = by = byr = by. By
Remark 4.2, T is strongly treeless. O

So we have the following diagram

stable — treeless — meet-eliminating — weak-treeless — C-less — NOPs,

and a characterization of treelessness using collapsing indiscernible as below.

Corollary 4.16. The following are equivalent.
(i) T is treeless.
(11) Every treetop indiscernible (a,)

new<w 18 treetop™ indiscernible.

Proof. By Remark 2.5 and Theorem 4.15 (]
Corollary 4.17. Th(C) is treeless if and only if Th(G(C)) (Mekler group) is treeless.

5. WEAKLY TREELESS NATP THEORIES ARE NCTP

Remark 5.1. ‘right-combs’ in [10, Definition 1.1] are ‘increasing comb’ in the sense of [11, Definition
2.4]. Similarly, ‘left-combs’ are ‘descending combs’.

Definition 5.2 (Equivalent to [10, Definition 1.1]). A theory T has k-CTP if there is a binary tree
(an)pe2<~ and a formula ¢(z,y) such that for any n € 2%, {¢(x,ay,) : n < w} is k-inconsistent but for
any descending comb X C 2<¥ {p(z,a,) : n € X} is consistent. 7" has CTP if it has k-CTP for some
k<w.

Theorem 5.3. If T' is weakly treeless and NATP, then it is NCTP.

Proof. Suppose T' is weakly treeless, NATP, but has CTP. Then we have a formula ¢(z,y), (a;)pe2<«,
and k < w such that

(i) {p(x,a,)}pex is consistent if X C 2<¢ is a descending comb,

(ii) {¢(z,an)}nex is inconsistent if X C 2<% is a <-chain with length k.
Let f be a map from w<* to 2<% defined by

o ifn=0
f(n) = {f(l/)/\(oi)’\(l) if n =v7(4) for some i € w

and by, := ay(,) for each 1 € w<*. Note that f(n) < f(v) for all n,v € w<* with n<v. Thus {¢(z,b,) }nex
is inconsistent if X C w<% is a <-chain with length k. Also note that if X C w<% is an increasing comb,
then f(X) :={f(n) : n € X} C 2<% is a descending comb. Thus {¢(z, b,) },cx is consistent if X C w<* is
an increasing comb. By compactness and modelling property, we can find strongly indiscernible (c;), e, <
such that

<w

(iil) {e(x,cn)tnex is consistent if X C w=% is an increasing comb,

(iv) {¢(x,cp)}nex is inconsistent if X C w=% is a <J-chain with length k.
By [1, Lemma 3.5], (¢;)yew~ is d-indiscernible since (¢, ), <« is strongly indiscernible. Since T" is weakly
treeless, (¢y)pewe i <jer-indiscernible. For any antichain X C w=%, there exists an antichain ¥ C w*
such that X ~; Y. And for any antichain ¥ C w*, there exists an increasing comb Z C w* such that
(en)ney = (¢y)nez since (¢y)pewe 1S <jeg-indiscernible. Thus we have

(v) {p(z,cy)tnex is consistent if X C wS¥ is an antichain.
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By (iv) and (v), T has k-ATP. But then, 7" has ATP by [1, Lemma 3.20]. We have a contradiction. [

6. QUESTIONS

Question 6.1. If T is meet-eliminating, then \LGS satisfies symmetry and base monotonicity??
Question 6.2. Suppose T is weakly treeless and NCTP. Is T NBTP? [9, Definition 5.1]

Question 6.3. [8, Question 3.14] It is known that weak treeless implies treeless in NIP [8, Proposition
3.13]. Does weak treeless imply treeless in general? Is there a condition that makes weak treeless to
imply treeless? Or is there an example of non-treeless theory having weak treeless?

Question 6.4. [8, Question 3.15] Ls consists of only two relation symbols A and <je,, where A is
quaternary. Considering this, we can check if the following weakened version of Artem’s question is true.
Namely, does (*) imply weak treeless? where

(*) If (ay)new is d-indiscernible, 1o <jez M <iex N2 <iex N3, and Vo <jex V1 <iez V2 <iex V3, then
Qg Ay A Oz = Qg Ay Qg Qg -
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