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Abstract

This paper investigates the chromatic numbers of graphs definable
in o-minimal structures. We show that an infinite chromatic number
necessarily yields arbitrarily large cliques.

1 Introduction

Let G = (G, R) be a graph, where R C G? is a symmetric and irreflexive
relation representing the edges of G. For a cardinal k, a (vertex) coloring of
G with & colors is a function f : G — k such that f(u) # f(v) for every edge
(u,v) € R. The chromatic number x(G) is the least cardinal x for which
such a coloring exists.

If G has a complete induced subgraph of size r, then clearly x(G) > k.
However, the converse is not true in general. In [3], Halevi, Kaplan and
Shelah studied uncountable graphs with stability and showed that under
additional conditions, the converse holds for these graphs. They also studied
uncountable graphs with simple theories and demonstrated a weak converse.

The goal of this paper is to demonstrate that other classes of graphs with
relatively simple structures exhibit similar properties.

The structure of this paper is as follows. In Section 2, we review basic
definitions and facts concerning chromatic numbers. In Section 3, we show
that any graph definable in an o-minimal structure with infinite chromatic
number contains arbitrarily large finite cliques.
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2 Preliminaries

We view a graph as a model-theoretic structure G = (G, R), where R C G*
is a symmetric and irreflexive relation representing the edge set. We refer
to induced subgraphs simply as subgraphs, so that subgraphs coincide with
substructures. When R = {(a,b) € G? : a # b}, the graph G is called
complete. A complete subgraph H C G is called a clique of G.

Definition 1. Let G be a graph. The chromatic number x(G) of G is
the smallest cardinal s such that there exists a function (called a coloring)
f + G — k such that all adjacent vertices have a different color.

Remark 2.

1. If G has a clique of size k, then x(G) > k. However, the converse does
not hold in general, as illustrated in Remark 4.

2. Let G be an infinite graph with x(G) = w, and suppose G = HyU- - - U
H,,_ is a finite partition. Then there exists ¢ < n such that x(H;) = w.

3. Let (G, R) be a graph, and suppose R = Cy U --- U (), is a finite
partition of the edge set, where each C; C R is symmetric. If the
chromatic number x(G, R) is infinite, then there exists some ¢ < n
such that x(G, C;) is infinite.

3 Main Results

We consider graphs definable in o-minimal structures.

Theorem 3. Let M = (M, <,...) be an o-minimal structure. Let G C M
be a definable set, and let R C G? be a definable relation representing the
edge set of a graph on G. Suppose that x(G) is infinite. Then G contains
arbitrarily large finite cliques. In particular, the monster model of G contains
an infinite clique.

Before proving this theorem, we note that it is optimal in a certain sense.
To avoid conflict with the notation for open intervals, the ordered pair of x
and y will be denoted by (z,y).
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Remark 4. In Theorem 3, we have to restrict our consideration to the case
where the domain of a graph is a one-dimensional definable set G.

Let M be an infinite structure with a definable total order <. Consider
the following graph, known as a shift graph, which is definable in M?. Put

G = {(ul,u2> & M2 Tup < UQ},

and let p(u1, ug, v1,v2) be the formula us = v1Vu; = ve. Then p(uy, ug; vy, v2)
defines an edge relation R on GG. The graph G is triangle-free, yet it has an
infinite chromatic number ([2]).

Proof. The proof is a standard application of Ramsey’s theorem.

Suppose that (a,b) is adjacent to (b, c), where a < b < c. If (d,e) € G is
adjacent to (a,b), then we have a = e or b = d, which implies that b # e and
¢ # d. Hence, the graph G is triangle-free.

Suppose, for purposes of contradiction, that x(G) = n for some positive
integer n. Let f be a valid coloring f: G — n. By Ramsey’s theorem, there
is an infinite subset A C M and m < n such that for any a,b € A with a < b,
f({a,b)) = m. Let a,b,c € A such that a < b < ¢. Then, (a,b) and (b, c)
are adjacent but have the same color, which contradicts the validity of the
coloring f. O

In order to prove Theorem 3, we use the cell decomposition theorem for
o-minimal structures (see [4]).

Proof sketch of Theorem 3. Since o-minimality is preserved under elemen-
tary equivalence, we may assume that M, and hence G, is sufficiently sat-
urated. By symmetry, we consider D = {(z,y) € R | y < x} as the edge
set.

We decompose D into finitely many cells. By Remark 2, there must exist
a (1, 1)-cell C such that the chromatic number of (G, C) is infinite. We choose
definable functions f, g : (d,e) — G such that

C=(f9)={(r,y):d<z<e, f(zx)<y<g(z)}

where d,e € M U{+o0}, f < g holds, and each of f and g is either a strictly
monotone definable continuous function or a constant function. Notice also
that g(xz) < x holds. For g(x) = x, we can easily obtain an infinite clique.
For that reason, we may assume that g(x) < .
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Consider Cy = {(z,y) € C : y > d} and C_ = {(z,y) € C : y <
d}. (G,C-) cannot have an infinite chromatic number, since it is bipartite.
Hence, x(G,C4) > w. In the following, we restrict our attention to the graph
(d,e) with the edge set C'.. Put

[H(@) = max{f(z),d},  g"(z) = max{g(z),d}.

By stipulating that f*(d) = ¢*(d) = d, both f* and ¢* may be regarded as
definable functions from [d, e) into [d,e). We can write C; = (f*,g%). By
the choice of f and g, f* and ¢g* are non-decreasing.

Claim A. Let c € (d, e) be arbitrary.
1. The subgraph induced on the interval [g*(c), ¢) contains no edge.

2. Let m,n € w with |n—m| > 2. Then there is no edge directly connecting
the intervals

[(F)™ o), (F)™ (@) and [(f)"H(e). (£)"(c)) -

Claim A directly follows from the definition of f* and ¢*. The subsequent
claim is essential for the proof of Theorem 3.

Claim B. Suppose that there exists an interval (f*(c),c| which contains an
infinite descending sequence {(g*)"(c)}new- Then the graph G contains an
infinite clique.

By the property of f* and g*, every point u € ((¢*)"(c), c| is adjacent to
all points v € (f*(c), (g*)"™(c)). Using this observation, we can easily find
an infinite clique. (End of the Proof of Claim B)

Owing to Claim B, henceforth we assume that no interval of the form
(f*(c), c] contains an infinite descending sequence under g*. Moreover, by
saturation, there must exist a number N € w such that, for all ¢ € (d, e),

(9" () < f(c). (%)
Our goal is to derive a contradiction from this property. It is sufficient to

show the following claim.

Claim C. Let H be a finite connected subgraph of G. H can be colored by
using at most 2N colors, where N is a number with the property (xx).
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By the connectedness of H, there is some ¢ € (d,e) and n € w such that
H C[(7)"(e) ). |

Let I, = [(f*)™(c), (f*)!(c)) for i < m. By (*x), for some k < N, I, is
partitioned into £ + 1 subintervals:

L= [, ()" e) v [ [ ) (7Y (@)

0<j<k

where ¢* = (f*)(c). By Claim A, each subinterval above has no edges. So, I;
is validly colored by using at most N colors. Recall that for all i < n, I;, and
I;_; with £ > 2 there are no edges that directly connect them. Therefore,
[(f*)™(c),c) is 2N-colored and so is H.

(End of the Proof of Claim C) O
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