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1 Introduction

In this paper, we establish the well-posedness of entropy solutions to nonhomogeneous conservation laws
u + f(u)g = g(z,t) (z€eR, t>0), (1.1)
u(z,0) = a(z) (reR). (1.2)

Here, f € Lipy,(R), @ € L®(R), and ¢ : R x [0, 00) — R satisfies g € L°°(R x [0,T7) for each T > 0.

To study the well-posedness of the Cauchy problem (1.1)-(1.2), it is necessary to consider weak
solutions, since classical solutions may not exist globally due to the formation of discontinuities. Among
weak solutions, we focus on entropy solutions, which satisfy additional admissibility conditions that
ensure both uniqueness and physical relevance. Below, we recall the definition of entropy solutions to the
Cauchy problem (1.1)—(1.2) (see Kruzkov [6]).

Definition. A function u: R x [0,00) — R is an entropy solution to the Cauchy problem (1.1)—(1.2), if
it satisfies the following conditions (i)—(iii):

(i) u(z,0) =u(x) (a.e. z €R).

(ii) For any T'> 0, u € L= (R x [0,7]) N C([0,T]; L, .(R)).

(ili) For any k € R and any ¢ € C°(R x (0,00)) with ¢ > 0, the following inequality holds:

/OOO/R (1u— Kl -+ sign (u — k) (f(w) — F(K))6.) dodt > ~ /OOO/R sign (u — K)g(x, )6 dodt, (1.3)

where
-1 (w<0)
sign(w) =40 (w=0).
1 (w>0)

The well-posedness of entropy solutions to the Cauchy problem (1.1)—(1.2) was established by Kruzkov
[6] under suitable regularity assumptions, such as sufficient smoothness of the flux function f and the
source term g. In the case where the source term depends on the unknown function, i.e., g = g(u), the
well-posedness was proved by Holden and Risebro [5] and Langseth, Tveito and Winther [7] under the
assumptions f € C?(R), g € Lip(R), and 4 € BV(R). Here, BV(R) denotes the set of all functions
1 : R — R with bounded total variation, that is,

A
T.V.{¢} := sup { Z [(z;) — Y(zj-1)] ‘ A>Tl zg<az < - < mA} < oo.
j=1
More recently, Ebata, Ohwa and Tomita [4] extended the proof technique of Holden and Risebro [5] and
Langseth, Tveito and Winther [7] to establish the well-posedness of entropy solutions in the case g = g(u),
under the weaker assumptions f € Lip,,.(R), g € Lip(R), and @ € L>°(R). The aim of this paper is to
apply their method to the Cauchy problem (1.1)—(1.2) and to establish its well-posedness under similarly
weak assumptions, thus relaxing the original conditions imposed by Kruzkov [6].
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2 Uniqueness

To prove the uniqueness of entropy solutions for the Cauchy problem (1.1)—(1.2), we establish the con-
tinuous dependence of entropy solutions on both the initial data and the nonhomogeneous term.

Theorem 1. Let T > 0, and let f € Lip,,(R), g,g € L= (R x [0,7]), and 4,0 € L*(R). Denote by
u the entropy solution to the Cauchy problem (1.1)—=(1.2), and by v the entropy solution to the Cauchy
problem

ve+ f(v), =g(z,t) (zeR, t>0),
v(z,0) =v(x) (xze€R).

Set
M = max {||u]l o ®x[o,))> |V]| Lo ®x[0,7]) }>

and let L > 0 denote the Lipschitz constant of [ on the closed interval [—M,M]. Then, for any R > 0
and any t € [0,T], we have

/m|<R |u(z,t) — v(z,t)| dz < /IKRW |a(x) —9(z)| da +/O /WRH(H) gz, s) — §(z, 5)| dzds.
(2.1)

Remark. Theorem 1 has been extended by Ebata, Hiraguri and Ohwa [3] to the case where f € Lip,.(R),
g € Lip,, (R x [0, oo)) and € BV (R), in the form of a continuous dependence estimate with respect to
the flux function.

Proof sketch of Theorem 1. Let k,k € R be arbitrary and ¢ € C° (R x (0,00) x R x (0,00)) with ¢ > 0.
Then, by inequality (1.3), we have

/OO/ <’u(:r,t) — k"q/)t + sign(u(;L',t) — k) (f(u(:r,t)) — f(k'))gbz
o Jr

+ sign (u(z,t) — k;)g(:l:,t)¢> dxdt > 0,

[ <yv<y7 )~ K [0+ sign vy, 5) ~ K) (F(0(0.5)) ~ F) o,
0 R

+sign(v(y, s) — k) g(y, S)¢> dyds > 0.

Taking k = v(y, s) and k¥’ = u(x,t), and then integrating the resulting inequalities with respect to (y, s)
and (z,t), respectively, and adding them together, we obtain

/ / // <|u($7t)—v(y7‘s)|(¢t a5)+5v]'g[ (u(,lﬂ)—v(y?s)) (f(u(,flj"I)) —f('U(y,S)))O)x—i-()y)
0 0 RJR
. ](u(l’, t) — 'U(y’ S)) (g(x,t) g(y, S))(S) dmdydidg > 0. (2.2)

Let ¢ € C°(R) be defined by
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For each h > 0, we define
on(x) = hd(hz), (p(z)= / on(s)ds (z€R).
Let 7 € (0,T) be arbitrary, and let h,i,j > 0. Define a function ¢ : R x [0,7] x R x [0,T] — R by

6, t,9,9) = (1= Gullal ~ B — L — 1)) (Gt = 2) = Gt = 7))~ )5t — 5).

Then, for all sufficiently large h,i,j > 0, we have ¢ € C2°(Rx (0,7) xR x (0,T)) with ¢ > 0. Substituting
this ¢ into inequality (2.2), we obtain

/ / / / < —v(y, s ‘(1 — (|2 = R—L(m — t))) (5i(t - %) —6;(t — 7'))6]-(1' —y)d;(t—s)
- <L|u(x,t) —v(y, s)| + sign(z) sign (u(z,t) — v(y, 5)) (f(u(x,t)) — f(v(y, s))))
5h(|x| —R—L(t— t)) (Q (t — %) — Gi(t— T))dj(x — )0, (t — s)

+ sign(u(z,t) — v(y, s)) (g(z,t) — gy, s)) (L, y, s)) dx dydtds > 0.

Therefore, we have

//// futar,t) —v(y,9)| (1= G~ B — L = 0)) (5t = ) = (0 7)) 502~ )51 )

+ |g('£,t) —g(y, s)|q§(x,t,y, s)) dxdydtds > 0.

Taking the limit j — oo in the above inequality, we obtain

//‘mxt

G t) g 0)| (1~ (] — B~ L — 1)) (G(¢ - %) —G ) )dedrz 0. (23)

%) —0;(t — 7'))

2,0 (1= Gu(lel = R~ L(r =) ) (6t -

Inequality (2.3) can be rewritten in the form

Ame(@@—z)—&a—rndt

[ [

2
*(lz] - R— L(r — t))) (Q(t - =) —Glt- T)) drdt >0, (2.4)

where

/‘uwt

Here, sign™ (w) is defined by

(m_R_L@_m)m (t € [0,7)).

(w > 0)

signt (w) = (w=0).

S N= =

(w < 0)
Since u,v € L= (R x [0,7]) N C([0,T7]; LL.(R)), p is continuous with respect to t. Noting that ¢ = 0 and
t = 7 are Lebesgue points of i, we have
T 9 T
lim p(t)o;(t — =) dt = p(0), lim w(t)0;(t — ) dt = p(r), (2.5)

i—oo Jg 1 71— 00 0
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and, by the dominated convergence theorem together with the definition of ¢,

lim /OT/R |g(.7:,t) — f](:zt,t)| (1 —sign®(|z| - R — L(7 — 7‘))) (Q(f - %) — Gt — T)) dx dt

i—00

T
= / / 9(x,t) — G(, )| (1 — sign* (|z| — R— L(t — t))) (sign™(t) —sign™ (t — 7)) dw dt
0o Jr

:// 9(x,t) — §(z,t)| dx dt. (2.6)
0 J|z|<R+L(T—t)

Therefore, combining inequality (2.4) with equations (2.5) and (2.6), we obtain
w(r) < p(0) +/ / |g(x,t) — gla,t)| dz dt,
0 Jiz|<R+L(t—t)

which is precisely inequality (2.1). |

3 Existence

To prove the existence of entropy solutions to the Cauchy problem (1.1)—(1.2), we begin by considering a
regularized setting, temporarily assuming that g € C°(R?) and 4 € BV (R). Under these assumptions,
we establish the existence of entropy solutions on interval [0, 7] for each T > 0.

Proposition 1. Let f € Lip,..(R), g € C2°(R?), and @ € BV (R). Then, for each 7' > 0, there exists an
entropy solution to the Cauchy problem (1.1)—(1.2) on the interval [0, T].

Remark. A function u is said to be an entropy solution to the Cauchy problem (1.1)—(1.2) on the interval
[0, 77 if it satisfies the following conditions (i)—(iii):

(i) u(z,0) =u(x) (a.e. z €R).
(i) uwe L=(R x [0,T7]) N C([0,T]; L (R)).
(iii) For any k € R and any ¢ € C(R x (0,T)) with ¢ > 0, inequality (1.3) holds.
Proof sketch of Proposition 1. Consider the Cauchy problem for conservation laws
ur+ f(u), =0 (ze€R, t>0), (3.1)
u(z,0) =u(r) (zeR). (3.2)

We denote by S(t)u(x) the entropy solution at time ¢ constructed by the wave-front tracking algorithm
(see [1, 2]). Moreover, for each s > 0, consider the Cauchy value problem for partial differential equations

wilr, 1) = g, ”T‘s) (t>0), (3.3)
u(z,0) = a(z) (zeR). (3.4)
We denote by R(t, s)td(x) the solution at time t.
For each N € N set
av-Tsa

In what follows, we write A in place of Ax when no confusion is likely to arise. For each n € NU {0}
with n < N — 1 and each z € R, define

WO(z) = a(z), u"t2(z):=R(A,2)u"(z), u"t(z) = S(A)u"2(z).
We then define ua(x,t) by

ua(z,0) = u’(z) (z €R),
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R(2(t —tn), 2ty)u™(z)  ((z,t) € R x (tn,t,H_%])
ua(x,t) = . (n=0,...,N—1), (3.5)
St~ b)) 3 (@) ((@8) €R X (tygtusa))

where )
tn ;:nA’ tn+% = (n—|—§)A, ty i=1T.

Let T > 0 be given, and let A > 0 be arbitrary. There exist constants My, My > 0, independent of A
and n, such that for all ¢ € [0,T],

[uaC )| oy < M1, TV {ua( )} < Mo.
Moreover, for any compact set K C R, there exists a constant M3 > 0, independent of A and n, such
that for all s,t € [0, T,
lua(z,s) — ua(x,t)| de < Ms|s —t|.
K

Then, applying Helly’s theorem (see [1]), we can construct a subsequence ua ,, that converges in Ll (Rx
[0,77) to a limit function . This limit satisfies, for all ¢ € [0, T7,

[l ooy < Mrs TV Al 1)} < Mo, (3.6)

and, for all s,t € [0,T],
/ |u(z,s) — u(w,t)|de < Ms|s —t|. (3.7)
K

We now proceed to show that the limit « is an entropy solution to the Cauchy problem (1.1)—(1.2)
on the interval [0,T]. Since
Uny, (2,0) =u(z) (z €R)

for all [ € N, it follows that
u(z,0) = a(z) (ae. z€R).
Moreover, by inequalities (3.6) and (3.7), we have u € L= (R x [0,7]) N C([0,T]; Li,,(R)). For each

loc

n € NU{0} with n < N(I) — 1, any k € R and any ¢ € C°(R x (0,7)) with ¢ > 0, set

r=2(t—tyy1)  (taey St <tat),

and define r
pla.r) = 8(, 5 +tory ) = 0l t).
Then, ¢ € C° (]R x [0, A]) with ¢ > 0, and
dr
di(x,t) = cpr(x,r)a =2¢,(z,1).

Therefore, we obtain
tn+t1 1
2 [ (Ghus = ko sen (s~ R) (£(us) ~ 50} ) dac
toy g IR

+/ ’uA(x,t,H_%)—k’(b(as,tw_%)dx—/ ’uA(x,th)—k‘d)(a:,tnﬂ)d:r
R R

A
= [7] (180342 @) ~ bl o)
0 JR
+ sign (S(r)umr%(x) — k) (f(S(r)un+%(x)) - f(k))(pz(x,r)) dxzdr
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+/ ("3 (2) — k|p(x,0) dz — / |S(A)u™F3 () — k|p(x, A) dz > 0. (3.8)
R R

Similarly, set
s=2(t—tn) (tn <t<t,41),

2

and define

oz, 8) = ¢(x, g + tn) = ¢(x,t).

Then, ¢ € C° (]R X [O,A]) with ¢ > 0, and

ds

¢t(x=t) = 955(5573)% = 2()55(1175)'

Therefore, we obtain

tosd
Q/tn /]R (%|’1LA - k“ﬁbt + sign (uA — k;)g(m7t)¢) dadt
+/ |UA($,tn) - k|¢(z,tn) dx — / |UA(SL'7tn+%) — k|¢(x,tn+%) dr
" R
A
e / / (‘R(57 2tn)u"(l‘) - k’@s(ﬂ?a S) + Sign (R(S Qtn)un(x) _ k)g(x, g n tn)(ﬁ(x’ S)) dnds
o Jr

+/ |u™(z) — k|¢(x,0) dz — / |R(A, 2t )u" (z) — k|@(x, A) dz = 0. (3.9)
R R

For each n € NU {0} with n < N(I) — 1, adding inequality (3.8) and equation (3.9) and using the fact
that ¢ € C2°(R x (0,7)), we obtain

T
2/ / (1|UA — k:’qﬁt + xasign (ua — k) (f(ua) — f(k)) ¢z + Xasign (ua — k)g(x,t)gzﬁ) dzdt > 0.
o Jr \2

Consequently, for any 1 € C°(R) with ¢ > 0, multiplying the above inequality by (k) and integrating
over R with respect to k yields

T 1 .
2/0 /R/R <§|“A — k|pe(2, t)0(k) + xa(2,t) sign (ua — k) (f(ua) — f(k))de(z, 1)1 (k)

+ Xa(z,t) sign (ua — k) g(x, t)¢(x, t)w(k)) dkdadt > 0.

Letting A — 0, that is, [ — oo, in the above inequality, we obtain
T
| (= kot + s (= 1) () = £(89) 6 0. 0 (8)) b
0

T
> /0 /R /R sign (u — K)g(w, )6z, £) (k) dhdadt. (3.10)
Let k € R be arbitrary, and set
(k) =on(k —r) (keR).

Then, ¥ € C°(R) with ¢ > 0. Substituting this choice of % into inequality (3.10) and letting A — 0, we
have

T T
/ / <|u — k|¢¢ + sign (u — k) (f(u) — f(m))(bm) dxdt > —/ / sign (u — k)g(x, t)o dxdt.
o Jr o Jr
This establishes Proposition 1. O

Then, using Proposition 1, we establish the existence of entropy solutions to the original Cauchy
problem (1.1)—(1.2).
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Theorem 2. Let f € Lip,,(R), & € L*(R), and let g : R x [0,00) = R be such that g € L (R x [0,T7])
for each T > 0. Then, there exists an entropy solution to the Cauchy problem (1.1)—(1.2).

Proof sketch of Theorem 2. Let @,, — @ in L}

loc(R) as n — o0, and for each n € N, let
[TnllLoe®) < (|l L)
with @, € C°(R) C BV(R). Similarly, let g, — ¢ in L{ (R x [0,77]) as n — oo, and for each n € N, let
[9nll Lo 2) < llgll oo @ [0,77)
with g, € C2°(R?). Then, by Proposition 1, the Cauchy problem
ur + f(u)y = gn(z,t) (z€R, t>0), (3.11)
u(z,0) = ay(x) (z €R) (3.12)

admits a bounded entropy solution u, on the interval [0,7], for which there exists a constant My > 0
such that for all n € N and all ¢ € [0,T],

||“n('vt)||Loo(R) < Mo.

By Theorem 1, for any n,m € N, any R > 0 and all ¢t € [0,7], we have

t
/ |un(x,t)—um(ac,t)|dx§/ |1jn(ac)—am(ac)|dac+/ / lgn (2, 8) — gm (z, )| dzds.
|lz|<R |z|<R+Lt 0 J|z|<R+L(t—s)

This estimate implies that {u,} is a Cauchy sequence in C([0,T7]; L},

Le(R)), and hence, there exists a
Lebesgue-measurable function u on R x [0, T], with w € C([0,T]; L} .(R)), such that for any n € N, any
R>0andallte[0,T],

t
/ un(x,t) — u(x, t)| do < / |t (2) — U(w)| dz + // |gn(z,5) — g(z, s)| duds
|lz|<R |lz|<R+Lt 0 J|z|<R+L(t—s)

=0 (n— o0). (3.13)
Furthermore, we can construct a subsequence {u,} of {u,} such that

l]i}l(r)lo upy(2,t) = u(z,t)  (ae. (z,t) € R x[0,00)).

Consequently, for any 7' > 0, we have v € L>®(R x [0,7]) N C ([0, T]; L},

IOC(R))7 and moreover, for any
R>0andall te[0,T],

lim ’un(l)(x, t) — u(z,t)| dz = 0.
l—o0 \w|§R
Also, by inequality (3.13), for all R > 0, we have
/ lu(z,0) — u(x ’dJ,</ ’u(zLyO)fun(l)(w,O)‘dl'—i—/ lun@y(2,0) — @(z)| dz — 0 (I = o0),
|lz|<R |lz|<R |z|]<R

which shows that u(z,0) = a(z) (a.e. x € R).
In what follows, to avoid unnecessary notation, we denote a convergent subsequence {,)} of {uy}
simply by {u,}. Let k € R and ¢ € C°(R x (0,00)) with ¢ > 0, such that

| supp (¢(,)) < [0,7].
zeR

Since uy, is an entropy solution to the Cauchy problem (3.11)—(3.12) on the interval [0,T], we obtain

L7 (e w10 )~ £09)0) o = — [ sentin, — Wit 6
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Consequently, for any ¢ € C°(R) with ¢ > 0, multiplying the above inequality by ¥ (k) and integrating
over R with respect to k yields

/OOO/R/R(W” — k|@¢(x, t)(k) + sign(u,, — k) (f(un) _ f(k))%(x,t)w(k)) dkdadt
e /0 OO/R /R sign(up, — k)gn (2, t)0(x, t)0 (k) dkdzdt.

Letting n — oo in the above inequality, we obtain
/o /R/R(M — k|é(x, t)(k) + sign(u — k) (f(u) — f(k))qﬁw(x, t)’(/J(k‘)) dkdzdt
= /0 /R /R sign(u — k)g(x,t)é(x, t)y (k) dkdzdt. (3.14)

Let x € R be arbitrary, and set
(k) =op(k — k) (keR).

Then, ¢ € C°(R) with ¢ > 0. Substituting this choice of ¢ into inequality (3.14) and letting h — 0, we
have

/OOO/R (|u — k|¢y + sign (u — k) (f(u) — f(/f))(bm) dxdt > — /OOO/R sign (u — k)g(z,t)¢ dudt.

This establishes Theorem 2. O

Conclusion. As a consequence of Theorems 1 and 2, we obtain the well-posedness of the Cauchy problem

(1.1)-(1.2).

4 Concluding Remarks

The proof technique presented in this paper can also be applied to the case where the source term takes
the form g(u,x,t). In fact, if there exists a constant L, > 0 such that for all (z,t) € R x [0,00) and all
u,v € R,

|g(u,x,t) - g(v,x,t)| < Lq|u - U|7

and if for each u € R and each T > 0, the mapping (,t) — g(u,z,t) belongs to L (R x [0,T7]), then
the well-posedness of entropy solutions to the corresponding Cauchy problem (1.1)—(1.2) can also be
established. Moreover, under suitable additional assumptions, a continuous dependence estimate with
respect to the flux function can also be derived for the same class of problems. These results will be
presented in detail in a forthcoming paper.
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