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A threshold-type algorithm to fourth-order
geometric motions

Katsuyuki Ishii
Graduate School of Maritime Sciences, Kobe University

1 Introduction

This is a brief report of Ishii-Kohsaka—Miyake—Sakakibara [14]. In this article we propose
a thresholding algorithm to a family {I'(¢)}:>o of hyprsurfaces moving by the following
equation:

1.
—ArH — H|AP + H® — \H (N =2,3),
L) V= 1 .
(L) ~ArpyH — HIAP + 5H5 —2 ) mikgrg — AH (N > 4),
ik
on I'(t), where V' is the outward normal velocity, k; (i =1,2,..., N — 1) is the principal
curvature of I'(#) with respect to the outer unit normal, H is the ((N — 1)-times) mean
curvature of I'(¢), |A|> denotes the sum of the squares of all the principal curvatures of
['(t) and A € R. This is the gradient flow equation of the following functional:

.
1//<;2als+)\/als if N =2,
2 r r
ENT) = 1 ) 9 [ N-1 ‘
§/r“H dSF—g/I:ZKZHJdSF—F)\/FdSF lfNZ?)
i,j=1
L i<j

For N = 2, k is the curvature of a planar curve I' and s is the arc-length parameter.
For N > 3, dSr is the surface element on I'. This can be regarded as a generalization
of the Willmore energy and note that in the case N > 3 it appears in the asymptotic

expansion of the heat content (cf. Angiuli-Massari-Miranda[l]). Notice that the term
N-1
> Kikjky for N > 4 in (1.1) is derived as the first variation of the integral of
1,5,k=1,i<j<k

N-1
1
~3 Z rikj on I' (see e.g. Reilly[19]). Also notice that if N = 3 and the topology of
i,j=1,i<j

I' is fixed, the integral of k1k9 on I' is constant by virtue of the Gauss-Bonnet theorem,
so that its first variation is zero.

In the case N = 2,3 and A\ = 0 a family {I'(¢)}+>0 moving by (1.1) is called the
Willmore flow (WF for short). As for the approximation schemes and the methods of
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numerical computations of the flow by (1.1), there are many results taking account of
various applications. Mayer—Simonett [17] is one of the first numerical approaches for the
WF in R®. They used a finite difference scheme to the WF and numerically observed
that the WE' can develop singularities in finite time. Rusu [20] presented an algorithm to
the WF in R3 based on the variational method and studied a semi- and a fully discrete
scheme in space and a semi-implicit method in time. Dziuk|[7] introduced a parametric
finite element method to the WF in general space dimensions. In [3, 4] etc., Barrett, Gar-
cke and Niirnberg studied parametric finite element methods for fourth order geometric
evolution problems such as surface diffusion flow and the WF and numerically observed
the development of singularities.

The purpose of this article is to introduce a thresholding algorithm by using the
following Cauchy problem for the fourth order linear parabolic equation:

uy = —A%u 4+ AAu in RY x (0, 00),
1 in Qg,
U(.’B,O) = XQO<$> = { 0 in R?\/ \ &20

Here N > 2, A € R, and Qg C RY is a compact set. By the use of the above equation,
we define a thresholding algorithm for the motion of I'(¢) as follows: Set h > 0 as a
time step. For a given compact set €y in RY, let u° be the solution to (1.2) and set
u(x,t) .= u’(x,a’t) for a > 0. Then, define a threshold function U° as

(1.2)

U, 1) := gy (2, 1) — Budy (T, ) + Bug(, 1)

and give a new set €2y by

Ql = {:IZ ERN

Uz, h) > %}

Repeating this procedure inductively, we obtain a sequence {€}7°, of compact subsets

of RV, Set
QMt):=Qp for kh<t< (k+1)h, k=0,1,2,....

Then letting h — 0, we observe at least formally that Q" () converges to a compact set
Q(t)(c RY) and that 9Q(t) moves by (1.1) if we choose a suitable constant a. In order to
justify the thresholding algorithm explained above, we derive the asymptotic expansion
of the solution to (1.2) near 9.

Threshold-type algorithm to the geometric motions was firstly introduced by Bence—
Merriman—Osher[5] to compute the mean curvature flows. Based on the level set approach
for geometric motions, the convergence and generalizations of their algorithm were studied
by Mascarenhas[16], Evans[10], Barles-Georgelin [2], Ishii [12], Ishii-Pires-Souganidis[13],
Vivier[21] and Leoni [15], and so on. On the thresholding algorithm to the WEF, there
are results by Grzhibovskis—Heintz[11] in R* and Esedoglu-Ruuth-Tsai[9] in R?. In [11]
and [9] the asymptotic expansion of the convolution (t=4p(| - |/t'/*) * xq,)(x) is used
to define a threshold function. Here p(| - |) is the Gauss kernel or some similar ones.
For the difference between their thresholding algorithm and ours, see Remark 4.1 below.
Metivet—Sengers—Ismail-Maitre[18] treated the diffusion-redistance scheme in R? or R3,
which is a variant of the algorithm by [9].

Referring to [11] and [9], the space-time scale |z|/t'/* plays a key role to obtain the
WF from the formal asymptotic expansions of their convolutions. Indeed, in [11] and [9],

2
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they used a modified heat kernel whose space-time scale is |x|/t'/* instead of a natural
space-time scale |x|/t!/? of the usual heat kernel (see Remark 4.1 on the details of the
calculation). Based on this fact, we arrive at the idea of using the fundamental solution to
the fourth order linear parabolic equation in (1.2) to construct a thresholding algorithm
to the flow by (1.1) since a natural space-time scale of its solution is |x|/t!/4.

This paper is organized in the following way. In section 2 we derive some formulae and
pointwise estimates of the fundamental solution Gy y to the operator d; + (—A)? +A(—A)
and of its derivatives. In section 3 we discuss the formal asymptotic expansion of the
solution to (1.2). Section 4 is devoted to the justification of our algorithm. In subsection
4.1 we recall the algorithm and show some properties of evolving ses in subsection 4.2.

See [14] for some numerical experiments to our algorithm.

2 Preliminaries

In this section we derive some properties and estimates of the fundamental solution Gy
to the operator 9; + (—A)%? + A(—A) on RY x (0, 00) where A is the Laplace operator on
RY and X € R.

Define the Fourier transform as

Fnll©) = | wl@e e, Fy'l)(@) =ex | (€O dg

for p € L*(RY) where i := v/—1, ¢y := (2r)™" and (-, )y is the inner product on RY.
Then Gy, is given by

Gua(m, t) = Fylle AP () = ey / ¢~ (EEAEP )+ O N g

RN

and we readily see that

/ G, t)de = Fy[Fy'[e 1 THAP1](0) = e (AR =1,
RN =
Set gn(x) := Gno(z,1). That is,
(2.1) gy () = Fylle ! (x) = CN/ e lél H@EN g
RN

We derive the expansion of G, by use of gy and its derivatives.

Proposition 2.1 Gy, is represented as

GN)\(CL',t) = ILN/4 Z 277' (_Az) gN(m)
’ m=0 " )

where A, gy is the Laplacian of gn(2z) with respect to z € RY.
Proof. Applying the change of variable & = 1/t'/4, we have

mtm/Z

Gz, t) tN/4/ Z eI gy
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By the Lebesgue convergence theorem, we are able to interchange of integration and
summation. We obtain the desired result by some properties of the Fourier transform. [

Set ZY = {a = (ay, - ,an) € Z|a; > 0(i =1,---,N)} and Z, := Z. . Hereafter,
o= (ay, -+, ay) € ZY is a multi-index with || = o1 4 -+ + oy and D2 = 921 --- 90V

Theorem 2.2 There exist C, v, p, K > 0 such that for all « € ZY, m € Z, X € R, and
(x,t) € RY x (0, 00)

D (=A2)"Gra(, 1)]

< Cya|+2mr<|0¢| + 247” + N)t—(N+a|+2m)/4 (1 n |=|

(la|+2m)/3
> ol /0 KNP

In the case A = 0 this estimate is originally obtained in Eidel'man [8, Section 3 in Chapter
I] and Cui[6, Theorem 3.2]. However, in these references, the precise dependence of the
constant on @ € ZY and m € Z, is not stated.

Corollary 2.3 There exist C, v, pp > 0 such that for all « € Z%Y, m € Z,, and © € RY

la] +2m + N

D3 (=20)"gx ()| < Crir D (K22

)(1 || ) d+2m) /3 —plal 7,

We need the following lemma to estimate some integrations of Gy » in the next section.

Lemma 2.4 Let o € ZY with |a| < 2. Then there exists v > 0 such that for |[\[t'/? <~
0 A mtm/Q
> ”—' | D2 (=) gy ()| de < 0.
=0 m: RN

Proof. By Corollary 2.3, there exist C, v, u > 0 independent of m, such that

A"/ o m
T . ‘Dw(—Am) gN(CC) ‘ dx

241/2\m
- Mp(@ N M) / (1 + |])le+2m)/3—ulel? g
2 4 RN

m)

We use the polar coordinate to obtain

(|a|+2m) /4
/ (1 + ||)lel+2m)/3o=ulal’® go < ollal+2m/3c Jq 4 1 F(T 1 M)
RN y2 2 4

for a constant C; > 0 independent of m. It follows from the Schwarz inequality that
m  |al + kN o + &Ny ) V2
(5 + ) < {5
yt )= 2
for m € N and k£ = 1, 3. Therefore, we see that

(41/3|/\|V2t1/2)m e (41/3|/\|V2t1/2>m

|)\|mtm/2 DA—A_ )™ de < C
— RN’ 2(—Az) gN(iB)l =0 (m!)1/2 /2

m)!

4
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for constants Cy, C5 > 0 independent of m. Choose v > 0 satisfying v < 4’5;; . Then,
with the help of d’Alembert test, we can judge that the series

o0 41/3|)\|V2t1/2) (AR
converge uniformly for |A[t!/2 < ~, so that we obtain the desired result. ([l

Lemma 2.4 and the Lebesgue convergence theorem lead to the following lemma.

Lemma 2.5 Let a € Z% with |o] <2 and h € L>*(RY). Then there exists v > 0 such
that for |\|tY/? < ~

oo m m/2
/ Z .t Dg(—=Az)"gn () h(z)dzx

-\ mtm/2
Z Dy (—Ag)"gn(z) h(x)dz.
=0

RN

With regard to (=92 )" (—Az)™gn (', 0), we have the following representation.

Lemma 2.6 Let gy be given by (2.1). Then

(—8§N)Z(_Am)mgN($,;0) = Z ( )‘FN . |:Z o k+g+£)| . |2(k+m*j)6*\-|4 (.’Bl)

7=0 =0

for {,m € Z.,, where

(2.2) Lo =2 /Ooo 7€ dg = %P(O Z 1)

for o > 0.

Outline of Proof. Fix any € RY. Taking account of [£[* = |&|* + &4 + 2|€]2€% for
&= (&, -, &v_1), we see that for ' = (21, ,Tn_1)

(=02,) (= Aa)"gn ()

m oo _2 k ) ) , o )
=CN E (T) /N E %|€/|2(k+m_])§]2\§k+]+£)€—|€ |4+1<517 ,ﬁ >N_1€—€;1V+1$N£N dﬁ.
=0 RY p=0 ™

Using Fubini’s theorem and Lebesgue convergence theorem, we get

(=02 ) (=A™ _CNZ< )/N 1 £/[20m 1) 1€ i €
R
Z (— /512\[(k+j+é)e—§§*v+ixN§Nd€N d&'.
k! R

k=0
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Substituting zy = 0, we have

— (=2, +6) et — (=2)F
Z o /Rszv(ﬂﬁ e N dgy = Z i €' Lok j10)-

k=0 ’ k=0

Since

m—j3) —|-|[*4i(z’,- G (_2>k -
| . |2( ])P, [-[*+i(’, ) v -1 Z Iy L2(k+j+£)| . |2k c L1<RN 1)
k=0 ’

by Fubini’s Theorem, we obtain the desired result. (]
From Lemma 2.6, it is seen that

o0

/R _on(#,0)d2 = e Fy [ﬁ;il [Z [+ et '4] (z’)] (0)

k=0

+o0o

—c Zﬂmq% -0t _ o
1 k' 140,
k=0

+00 k
<_2 | . |2k6—|-|4

/N X gN(Z,,O)ZJZdZ/ = leN—l [f];ll [ TLQk
RN— :

k=0

= (—i)chfN—l [‘7:1\_/1—1 [Z %LQH : |2k€_|'|4] (Z,)(—izj)z (0,)

k=0

:_Clz( 2) Lo 82 (|£|2k —|¢ |4)

k!
k=0

5/:01

Similar calculations yield that for ji, 7o, js=1,..., N — 1,
—12c1Ly (1 = J2),
0 dz' . :
/RngN(z 222 { —4dciLo (1 # ),
—60c1Lo  (j1 = j2 = Ja)
/N 9 N(2,0)22 25 27 d2' = ¢ —12e1Lg  (j1 = j2 # J3).
RN - —4cei1Lo (1 # Jo # J3 # J1)-

1 5
Here we have used Ly = ZLLO’ Lg = 1_6L0 (cf. (2.2)).

3 Asymptotic expansion of solutions to linear parabolic
equations

The purpose of section is to derive the asymptotic expansion of the solution u(x,t) to
(1.2) as t — +0. Originally Qy C R is supposed to be compact. However, to simplify
the argument, we assume in this section that g is defined by

Qo :={(z/,zn) | 2 € RV oy < f(2)}.
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Here f € C°(RN™!) satisfies V3, f € L=°(RV~!) and

N-1

1 1
(3.1) — 9 Z kgL 32 (@', Var) i1 f(0') + ] (&, Vo )y, f(O)
j=1 ’
51(:3 V) 1 f(02")  for some 6 € (0,1)

for ' € RN~! by choosing a suitable orthonormal coordinate in R¥ =1, (', V)% | f is
defined as follows:

(2, Va)y_if = (Zzz zz>

€N

!
- Z n—(zlan)dl T (ZN_laZN—l)dN_lf’
dy!l - dy_q!
di++dNn_1=n
Besides k; (j =1,2,...,N — 1) is the principal curvature of 92 at 0'.
Define the signed distance function to 9€)y as

(3.2) Ay, 69) — of ly—z| (y € ),
| — inf Jy—al (yeRY\Q)

Furthermore, in the following, we often use the notation F(x,t) = Op(b(t)). This means
that there exists C' > 0 uniformly for & € D, such that |F(x,t)| < C|b(t)].

Set r(t) := (0, Vt) and consider the behavior of u(r(t),t) as t — +0. We assume that
V' is the outward normal velocity of 0§} at 0'.

Recalling Proposition 2.1 and Lemma 2.5, we see that

u(r(t),t):%+ 3 mtmﬂ /RN / (2)dz.

—0
oml

1 mtm/Z
&cju(r(t),t):—m /RN / 0. (~AL)"gn(2)dz,

where ¢ == —V¥/4 1= VAf(11/42") and j = 1,2,..., N.
By (3.1), we see that

1/4N 1
(3.3) (=—Vi!h+ Zm] (2, V)X f(0)
3/ t
+ o (2 Ve f(0) + {2 V)i f(0r12)

for some 0 € (0,1).
We obtain the following precise asymptotic expansion of the solution to (1.2).
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Theorem 3.1 Let v be a constant obtained in Lemma 2.4. Then, an asymptotic expan-
sion of a solution to (1.2) is given by

(3.4) u(r(t),t)
1 3 "
:§+01F<Z>Ht/

_ap(l s 1o, ) y
2F(4){V+ <A H + HI|A| H +2 Z Kiy Kiy i /\H>}t

21 19,i3=1
11 <i9<is

+ Oaq, (1)
for any x € 0, A € R and t > 0 satisfying |\[t*/? < 7.
Outline of Proof. Set

/ /QN )dzndz', =1 / / z)dzydZ,
RN-1 RN-1

where ¢ = —V3/4 4 ¢=V/4£(t1/42"). Then we are able to prove that

1
(35) ’ll,(’l“(f),t) ey 5 _|_ E(O) _ )\tl/2E(1) + OaQO (t)

[I]

We derive the precise asymptotics for Z(® and =), Applying the Taylor’s expansion
of gn(2z) and (—A,)gn(z) in the variable zy and taking account of

Doy gn(2,0) =02 gn(2',0) =0, 0. (—A2)gn(Z',0) =0,
which follows from ¢\ (p) = —pgn+2(p) for p > 0, we see that

=0 = [ gn(20¢a 45 [ e 0P+ [0 gn (2 0Q)C ded,
RN- 1 3‘ 5‘

/ !/ 1 / !/
=0 :/ (—AL)gn(2,0)¢dz" + 5/ & (—A2)gn(z ,91C)C dzndz,
RN-1 RN-1

for some 6y, 6, € (0,1). Since ( is a polynomial of at most fifth-degree, we observe by

Corollary 2.3 and this fact that

[ ot 000)C0
RN-1

= Oao, (t°*), = Opa, (/).

/ P (—A)gn(2,0:0)¢%dZ
RN—l

Then it follows from (3.3) and the formulae in the end of the previous subsection that

N-1

(36) E(O) :201.[/2 Z Ki0t1/4

0=1

N—1
_CILO{V‘I’%(Z f‘l' Z i) ZZQf_ Zﬁzo__ Z ’1{11"122

0=1 11,12=1 0=1 11,12=1
11 <12 217512

N-1
> “iﬁzﬁzﬁ) }t3/ o Oaay (1).

11,42,i3=1
11<12<13
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Similar arguments yilds that

N-1
— 1
(3.7) =0 = —§t1/401L0 Z ki + Ooa, (7).

j=1

From (3.5), (3.6) and (3.7), we prove (3.4). Taking account of Ly = I'(1/4)/2 and
Ly =T(3/4)/2, we obtain

u(r(t),t) =5 L ch( ) Z gt/

io=1
N-—1 N-—1
_dp g f—|—2 E 0% 0% f 55 K3—§ E K2 K
2 Ziq ZZQ "10 2 iiq Vi
io=1 i1,i2=1 io=1 i1,i2=1
11 <@g 117102
N-1 N-1
E E 3/4
R RigRig — )\ /ii()) }t / + OBQO (t)
11,12,13=1 10=1
11 <12<13

Since we observe that

H= ZHZ, |A]? = Z/@Z,

1
A H + HIAP - SH
N-1 5 N-1 3 N-1 N-1
SIHEED IR Y “g2N =G D Khke =3 ) Kakak,
io=1 i1,i2=1 =1 i1,i2=1 ill,ig',igz'l
11 <12 11712 11<12<13
we have (3.4). O

4 A thresholding algorithm to the flow by (1.1)

In this section, we assume that Qo C R is a compact set and 9€) is of class C°.

4.1 A thresholding algorithm

Let u be a solution to (1.2). Set u,(x,t) := u(x,a*t) for x € RY and a > 0. Then, it
follows from Theorem 3.1 that for V € R and small ¢ > 0

uq(x + Vin(x),t)

1 3
=5 tal (Z) aHt"*

a(IN(V d i,
_dp(2Y)) L o 1.3 _ 3/4
2r<4){a (A H + H|AP = S H® +2 > kikiki, /\H)}t

11,22,13=1
11 <tg<ig
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Choosing a > 0 such that 18a*/11 = 1, we see that

1
(4.1) use(x+ Vin(x),t) — 3use(x + Vin(x),t) + 3u,(x + Vin(x),t) — 3
1le; (1 1 =
1 & b
— _EF<Z> (V + Mg H + HIAP = SH® +2 | Z 1/@1/@2/@3 - AH) 3/
11,12,i3=
i1<i23<i3
+ Oago(t).

From the above observation, let us introduce a threshold function and a new set generated
by it. Define a threshold function U(x,t) as

(4.2) Uz, t) == uga(x,t) — Buge(x, t) + 3uy(x, t)
for a > 0 satifying 18a*/11 = 1 and set

(4.3) ar) = { < BY|Ua.1) > %}
For any « € 0€)y and small ¢ > 0, we define V = V(x,t) by
(4.4) x+ V(x, t)tn(x) € 00(t).

Then, setting y(x,t) :== x + V (x, t)tn(x), we notice that

d(y(z, 1), o)

Ve, t) = — . ,

|d(y(z, 1), 0)| = |y(z,1) — |

for all ® € 99y and small ¢ > 0. Hence we are able to regard that V is the outward
normal velocity from 9y to 0Q(t). Here d(y, d€) is defined by (3.2).
We assume that

(4.5) V]| oo (890 x (0,40)) < 00 for some #5 > 0,

and U(x + V(zx,t)tn(x),t) = 1/2. Then, by (4.1)

N-1
V+ AJH + H|A]? - %H“f +2 ) KRk — AH = Ogg, (t4),
i1,i2,i3=1
11 <12<13
where g = g(x) and k; = k;(x) for € 0Qy. We emphasize that the assumption (4.5) is
actually valid as we show in the next subsection.

Based on the above argument, let us derive a thresholding algorithm to (1.1). First
we solve the initial value problem (1.2) for the initial function xq,(x) and let u° be the
corresponding solution. Define a threshold function U%(x,t) as (4.2) and a set Q°(t) as
(4.3). Fix a time step 2 > 0 and define ; := Q°(h). Repeat this procedure to obtain a
sequence {2 rez, of compact sets in RY. Then, setting

Q"(t) = Qy, for t € [kh, (k+1)h) (k € Z.)

and letting h — 0, we can expect that at least formally there is a limit flow {Gﬁ(t)}tzo
of {09 (t) }+>0 as h — 0, which moves by (1.1) with T'(t) = 9Q(¢).

10
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Remark 4.1 Set

1 || 1 s
Ea(mvt) T (ta)Np (t_a> ) p(S) T Wexp <_Z) s
Let V12E) (T) be the L*-gradient of EY(T) given by

N-1
1
VEN(D) = A H + H|AP? — 5H3 +20) KRk,
i1,i9,i3=1

11 <12<13

and set
wa(@,t) = (Ea(-, 1) * Xao) ().

Since Eyjo(x,t) is the usual heat kernel, wy/ is a solution to

w; = Aw in RY x (0, 00),
w(zx,0) = xq,(x) in RY.

Here the precise asymptotic expansion of wij(x + Vin(x),t) up to the order 3/2 s
represented as

wy2(x + Vin(x),t)
1

=5 — oV — H)t?

1 1 1 1
+ clﬁ{évmé’év(r) + ZV(2|A|Q + H?) — ZVQH - E‘/?’}t?’/2 + Ogq, (7).
We remark that the precise asymptotic expansion up tp the order t'/? is obtained in
FEvans[10] and its expansion is the basis of the BMO algorithm for the mean curvature
flow (c¢f. Bence-Merriman—Osher [5]). On the other hand, considering the asymptotic

expansion of w4 (x + Vin(x),t), we have
(4.6) wia(x + Vin(xz),t)

1 1 -
—5 +aTH N —am (V= Vel (1)) 0+ Oy 0,

The difference between (4.6) and our expansion
u(x + Vin(x),t)

:% + clr(z) Hit'/4 — %FG) (V + %VL25(§V(F)) 3% £ Opoy, (1),
which is given by (3.4) with A = 0, is the sign before V2E) (T). This difference is due to
the fact that wy,4 satisfies the second order parabolic equation w;, = (Qﬁ)_lAw, whereas
w fulfills the fourth order parabolic equation u, = —A*u. The thresholding algorithms of
the Willmore flow based on (4.6) are derived for N = 2 in Esedoglu—Ruuth—-Tsai[9] and
for N = 3 in Grzhibovskis—Heintz[11]. Since the difference explained above is essentially
related to the parabolicity, the same threshold function as ours, that is, U given by (4.2)
can not be chosen if w4 is used.

11
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4.2 Properties of evolving sets

We give a justification of the argument in the previous subsection, more precisely, we prove
that the assumption (4.5) is actually valid. To do so, we prepare several propositions and
lemmas. In the following, we use the notation defined as in (4.2), (4.3), and (4.4).

Proposition 4.2 There exists K, > 0 and t, > 0 such that
oQ(t) C {x € RY||d(x,00)| < K.t'/*}
fort € (0,t,), where d(-,00) is the signed distance function to 0§y given by (3.2).

This is proved by directly calculating U(x, t).
Furthermore, we are able to derive the following refinement of Proposition 4.2.

Proposition 4.3 For any € € (0, 1), there exists t.. > 0 such that
o0 t) C {x € RN ||d(x, 0Q)| < et'/*}
fort e (0,t.c).

In order to prove this proposition, we need several preparations. Let us consider the case
where A = 0 and Qg = {x € RY | zx < 0}. Moreover, let & = u(xy,t) be a solution of

i = —0, U in R x (0,00),
(4.7) 1 in (—oc,0],

u(zy,0) = X(—o00)(zn) = { 0 in RN\ (—o0,0].

and it is represented as

—.’L‘Nt_l/4
+ / g1(z)dz.
0

Since @ is also a solution of (1.2) with A = 0 and Qy = {x € RY | zy < 0}, we have
u(x,t) = u(xy,t) by the uniqueness. As a result, it follows that for & € 9Qy = {x €
RN | N = 0}

DN | =

ﬂ(a:N, t) =

1/4

(4.8) w(x +ovn(x),t) = % + /0—“ _ g1(r)dr.

For r > 0, set

r/(3a) r/(2a) r/a
I(r) := / g1(zn)dzy — 3/ g1(zn)dzy + 3/ g1(zn)dzn.
0 0 0

Using this formula, we can prove the following lemma.

Lemma 4.4 I(r) > 0 (resp., < 0) forr >0 (resp. <0).

12
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We omit the proof of this lemma because it is very complicated.
Now we are ready to prove the Proposition 4.3.

Outline of Proof of Proposition 4.3. In this proof we assume that ), is given by

—_

Qo = {(CUIJ?N)

< L,y }

[N}

and consider the motion of 02 at the origin. Here (-,-)y_; denotes the inner product in
RY~! and A’ is a symmetric matrix of order (N — 1). Set x := (0',zy) € 9(t). Then
xy/t is the normal velocity of 09y at the origin.

It is seen that
1 G
u(zx, a't) = = +/ / gy (2)dzndZ,
2 RN—I 0

ry  att/t
Ca = —m —+ 5 (A/Z,, Z,)N—l

where

for ¢ > 0. Then we have

1 CSa C2a Ca
O N Y S Y ) PRI
RN-1 RN-1 RN-1

Note that U(x,t) = 1/2 and hence |ry| < K,t/4 for ¢ € (0,1,) by Proposition 4.2.
Let us prove oy = 0uq, (t'/*) as t — +0. In the proof by contradiction, suppose that
there exists {(tx, 1) }>5 C (0,400) x R such that

\G] I

Up ) = % 2 = (0, —raty) € 0Q(t), Tim (ters) = (0.72)  (re 2 0)

k—+o0
Then
1/4
Tk atk o
o= —+——(AZ, 2" )n_
Ca=" 5 ( IN-1

It follows from (4.8) and the exponential decay of g that

1 r«/(3a) r«/(2a) - r«/a
= lim U(xg, tg) = = / / —3/ / +3/ / gy (x)dx
k—o00 2 RN-1, RN-1 ., RN-1 Jg
1 r+/(3a) r+/(2a) r«/a
2 0 0 0

By Lemma 4.4 and r, # 0, we see that

7+ /(3a) T+ /(2a) T /a
/ —3/ +3/ g1(r)dr # 0.
Jo J0 J0

This leads to a contradiction. Therefore, xx = 0gq, (t'/*) as t — +0. O

We next prove an estimate of the derivative of U, which guarantees that 0§2(t) is a
smooth hypersurface. Set My, := 11¢1Lo/(6a).

13
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Proposition 4.5 There exist ¢g € (0,1) and C > 0 such that for t > 0 small enough,
x € 09 and |v| < gt/
3My.q
(4.9) - To’t—l/“ — o+t
MO,a

< (Vi U(x+vn(x),t),n(x)y < VA 4 Ogg + 4.

Furthermore, 0)(t) is a smooth hypersurface for t > 0 small enough.
We omit the proof of this proposition because it is proved by direct calculations.
Theorem 4.6 There exists a Cy > 0 such that

sup |d(x, 0)| < Cot
xeN(t)

fort > 0 small enough.

Proof. Applying (3.4) with V' = 0, there exists a C; > 0 such that
1
(4.10) ‘U(m,t) — 5’ < O34

for x € 9Qy and t > 0 small enough. For any y € 00(t), let * € 9y be a point
satisfying |d(y,0Q)| = |y — x|. Then y can be represented as y = x + Vin(x) where
Vit =d(y,0). This implies that

Ulx + Vin(x),t) — Uz, t) = (V U(x + 0Vin(x),t),n(x))y Vi

for some 6 € (0,1). Taking account of U(y,t) = 1/2 for y € J€2(t) and using Proposition
4.5 and (4.10), we see that

(VoU(x + 0Vin(x),t), n(x))y V| < O 34,
— Cot ™V < (V,U(x + 0Vin(x),t),n(x))y < —Cst~1/*

for t > 0 small enough where C5, C'3 are positive constants independent of & € 9€), and ¢.
As a result, it follows that there exists Cy > 0 such that |V| < C, for & € 9§y and small
t > 0. This is the desired result. ([l

From this theorem, it follows that V' is bounded on 92 x (0,t) for some small 5 > 0
and hence the argument in subsection 4.1 is justified, that is:

Theorem 4.7 There exist C > 0 and tg > 0 such that

1.
V+ A H + HIAP = S H 42 > kikiky, — AH| <

il,igjigelA
11<12<13
for allt € (0,ty) and & € 98y. Especially, this estimate turns to
1 .
V 4+ A H + H|A]? - §H5 — AH‘ < Ct'* if N=2,3
for all t € (0,t) and x € 9.

14
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Remark 4.8 (i) If 9Qq is of class C™ (n > 6), we can replace t*/* with t'/% in Theorem

4.7,

But we omit the detail because the actual calculations are more complicated.

(i) Based on the boundedness of V', we can improve (4.9) as follows:

(VoU(x + Vin(x),t), n(x))y + Myt~ V4 < CH/*,

Moreover, we can also estimate

(VoU(x+ Vin(x),t), 7(x))| < C3/4

where T(x) is any unit tangential vector of 9y at © € Q. Thus the outer unit normal
VU 1) /|VLU(, t)| of 9Q(t) is nearly equal to n(-), that of 9, for any small t > 0.
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