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TIME-FRACTIONAL NONLINEAR EVOLUTION EQUATIONS WITH
TIME-DEPENDENT CONSTRAINTS

YOSHIHITO NAKAJIMA

1. INTRODUCTION

This paper is an expository account of [13]. It is devoted to developing an abstract theory
of time-fractional gradient flow equations for time-dependent convex functionals in real Hilbert
spaces.

Throughout this paper, let T € (0, ) be fixed, and let H be a real Hilbert space with an inner
product (e, )y and the norm | e ||y := +/(e, ). For each t € [0,7], let ¢': H — (—00, ]
be a proper (i.e., ¢! # co) lower-semicontinuous convex functional. For k& € L'(0,T) and
w € L1(0,T; H), the convolution k * w is given by

(kxw)(t) := /0 E(t —s)w(s)ds for t € (0,T).

We consider the following abstract Cauchy problem:
[k * (u—up)|(t) + 0¢" (u(t)) > f(t) in H forte (0,71), (P)

where ug € H and f: (0,7) — H are prescribed, 9y is the subdifferential operator of ¢!, and
k is a kernel satisfying the following condition:

(PC) The kernel k € L{ ([0,00)) is nonnegative and nonincreasing. Moreover, there exists a

nonnegative and nonincreasing kernel ¢ € L{. ([0,00)) such that

(kx0)(t) = /Ot E(t—s)l(s)ds=1 forallte (0,00).

Under this assumption, we write (k,¢) € PC. A typical example satisfying (PC) is the
Riemann—Liouville kernel,

ta—l
ko(t) =

It is known that (k1_q, ko) € PC for a € (0,1). In this case, di[k1—_q * (u — ug)](t) coincides
with the a-th order Riemann—Liouville fractional derivative of u — ug,

The study of classical gradient flows dates back to the early work of Haim Brézis (see, e.g., [5])
on the evolution equation,

dpu(t) + dp(ut)) 2 f(t) in H forte (0,T), u(0)=uo,
for a proper lower-semicontinuous convex functional ¢ on a real Hilbert space H. This funda-
mental framework is nowadays referred to as the Brézis-Komura theory (see also [12]). Building

upon this theory, Kenmochi [10] subsequently extended the Brézis—-Komura theory to cover
evolution equations governed by time-dependent subdifferential operators,

du(t) + 0" (u(t)) 2 f(t) in H forte (0,T), u(0)=uo.

This generalization makes it possible to treat nonlinear parabolic equations on moving domains
and pave the way for applications to free boundary problems such as Stefan problems (see [11]).

In recent years, there have been several extensions of these classical results on gradient flows
to time-fractional variants. In [1], the well-posedness of the abstract Cauchy problem,

Ok * (u—up)|(t) + Ow(u(t))la f(t) inH forte(0,7T),

for t € (0,00) and « € (0,1).
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was established for proper lower-semicontinuous convex functionals ¢: H — (—o00,00]. More-
over, it is also extended to Lipschitz perturbation problems. Furthermore, the abstract theory
has been applied to time-fractional variants of nonlinear diffusion equations as well as Allen—
Cahn equations.

The main results in [13] is to establish an abstract theory concerning the existence of strong
solutions to the Cauchy problem (P). We immediately face a major difficulty due to the lack
of a valid chain-rule formula for time-fractional derivatives: while the chain-rule formula is a
crucial tool in the study of gradient flow equations, the usual chain-rule formula is no longer
valid for time-fractional derivatives (see, e.g., [17]). Nevertheless, an alternative formula was
established in [1], which yields a fractional chain-rule formula for subdifferential operators in
a practical form instead of the usual identities. However, this formula is restricted to time-
independent subdifferential operators, and hence, in order to handle the Cauchy problem (P),
where the subdifferential operator explicitly depends on time, we shall develop a time-dependent
version of the fractional chain-rule formula. Moreover, we also develop Gronwall-type lemmas
for nonlinear Volterra integral inequalities. This paper provides a streamlined exposition of
these arguments.

2. MAIN SETTING AND RESULTS

In this section, we present main results concerning existence of strong solutions to the abstract
Cauchy problem (P). For each t € 0,77, let ': H — (—00, o] be a proper lower-semicontinuous
convex functional with the effective domain,

D(o") :={w € H: p'(w) < 0o}.
We define a notion of strong solution for the Cauchy problem (P) in the following sense:

DEFINITION 2.1 (Strong solutions to (P)). A function u € L*(0,T; H) is called a strong solution
on [0,T) to (P) for (uo, f) € H x L?(0,T; H), if the following conditions are satisfied:
(i) It holds that k * (u — ug) € WH2(0,T; H), [k * (u — u9)](0) = 0, and u(t) € D(d¢")
for a.e. t € (0,T).
(ii) There exists ¢ € L*(0,T; H) such that
E(t) € 09" (u(t),  Oelk + (u—uo)](t) +£(t) = f(t)
for a.e. t € (0,T).

We write (u,§) € (P),, ; if u,§ € L*(0,T; H) satisfy the above conditions. The following
theorem concerns the uniqueness and continuous dependence on initial data of strong solutions
to (P).

THEOREM 2.2 (Uniqueness and continuous dependence on initial data of strong solutions to (P)).
Let (k,¢) € PC, and let (u;,&;) € (P)uo,i,fi for i = 1,2, where up; € H and f; € L*(0,T; H).
Then there ezists a constant cp € [0,00) independent of ug 1, uo2, fi and fa such that

lur — sl 720 1oy < 1 <HU0,1 —uoellf + 11 - f2||%2(0,T;H)> :
In particular, if uo,1 = uo2 and fi = fa, then uy = ua.
In order to state existence results, we employ the so-called Kenmochi condition (cf. [10,11,
14,19]):
(A1) There is a constant ¢; € [0,00) with the following property: for each s, ¢ € [0,7] with
s <t and each z5 € D(p%), there exists zs; € D(¢") such that
1/2

||Zs,t_zs||H Scl|t_3|(1+|(708(28)|) y
2
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' (2s4) < 9°(25) +ealt = s|(1+[0°(25)])-
The following theorem is concerned with the existence of strong solutions to (P) for [ €
Wh2(0,T; H):

THEOREM 2.3 (Existence of strong solutions for f € W12(0,T; H)). Let (k,£) € PC and assume
that (A1) holds. Then, for every uy € D(¢°) and f € W12(0,T; H), the Cauchy problem (P)
admits a unique strong solution u € L*(0,T; H) on [0,T] such that
©*(u(e)) € L>°(0,T), € ||0[k * (u— ug)]||7 € L>(0,T). (2.1)
Furthermore, it holds that u belongs to C([0,T]; H) and u(0) = uyg.
The above existence result can be extended to more general external forces under the following
additional assumption:

(A2) There exists a constant co € [0,00) such that the following property holds: for each
u € L*(0,7T; H) satisfying ¢*(u(e)) € L'(0,T) and for each t € (0,7, there exists a
function w; € L?(0,t; H) such that

lwi(s) = u(s) | < ez [t — s (1+ [ (u(s))]) "/,

o' (wi(s)) < °(u(s)) + e |t — s (1 + ‘QDS (u(s)) ‘)
for a.e. s € (0,1).
REMARK 2.4 (A sufficient condition for (A1) and (A2)). Let A be defined by
A :={(t,s) €[0,T] x [0, T]: t > s}.
We introduce a nonlocal version of the Kenmochi condition:

(Ap')nr There exist a constant C' € [0,00) and a Carathéodory function ¥: A x H — H,
i.e., for each w € H, the mapping (t,s) — V(e e, w) is strongly measurable, and
for a.e. (t,s) € A, U(t, s,e) is continuous in H, such that

W1, 5,w) — w]|gr < C [t — 5| (1 + [ (w)]) "/,

o' (B(t,s,w)) < ¢*(w) + C[t = s (1 + |*(w)])
for all (¢,s) € A and all w € H.
Then (A¢')yy implies both (A1) and (A2) with ¢; = co = C.

Under these assumptions, we obtain the following existence result for the case where f €
L?(0,T; H):

THEOREM 2.5 (Existence of strong solutions for f € L?(0,T; H)). Let (k,¥) € PC and assume
that (A1) and (A2) hold. Then, for every ug € D(©°) and f € L?(0,T; H), the Cauchy problem
(P) admits a unique strong solution w € L*(0,T; H) on [0, T).

3. AUXILIARY FACTS

3.1. Maximal monotone operators and subdifferentials. We briefly recall several basic
facts on subdifferential operators; see, e.g., [3-5,8,16]. Throughout this paper, let I: H — H
be the identity mapping on H. For a set-valued operator A: H — 27 the domain D(A), the
range R(A), and the graph G(A) are defined by

D(A):={x € H:Ax#0}, R(A):= U Azr, G(A):={(r,y) € Hx H :y¢c Az},
z€D(A)
3
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respectively. The inverse A~': H — 2 is defined by
A'w:={rc H:xec Az} forxzc H.

Let p: H — (—o00, 0] be a proper lower-semicontinuous convex functional. The subdifferential
operator Op: H — 21 is defined by

0p(z) :={6 € H: p(v) —p(z) > (§,v—2)g for all v € D(p)}
for z € H, where D(yp) :={w € H: p(w) < co}. It is well known that dyp is a maximal monotone

operator. Here, an operator A: H — 2 is said to be mazimal monotone (or m-accretive) if the
following two conditions hold:

(i) (fl — &9, U1 — ’LLQ)H > 0 for all (ul,fl), (’LLQ,fQ) € G(A),
(ii) R(I + XA) = H for every X € (0, 00).
For each maximal monotone operator A: H — 2 the resolvent Jj\4: H — H and the Yosida
approrimation Ay: H — H are defined by
I—Jg
D

for A € (0,00), respectively. We also write A(w) for the minimal section of A at w € D(A). The
following properties are well known:

Ji=(T+XA)71 Ay

PROPOSITION 3.1 (see, e.g., [3-5,16]). Let A: H — 2 be a mazimal monotone operator. Then
the following properties hold:

(i) For each A\ € (0,00), the mapping J;f‘: H — H is non-expansive (i.e., 1-Lipschitz

continuous). Moreover, Jiw — w strongly in H as A\ — 04 for all w € D(A) " .

(ii) Ax: H — H is maximal monotone. Moreover, Ay is Lipschitz continuous in H with
Lipschitz constant 1/\.

(iii) Ax(w) € A(J{w) for every w € H and X € (0, 00).

(iv) |Ax(w)|lz < [[A(w)||g for every w € D(A) and X € (0,00). Moreover, Ay(w) — A(w)
strongly in H as A — 04 for all w € D(A).

We next define the Moreau—Yosida regularization ¢y: H — R of ¢ for A € (0,00) by

: 1 2
eatu) = inf (5l = 2l + 000))
for w € H. We recall the following well known result:

PROPOSITION 3.2 (see, e.g., [3-5,15]). Let p: H — (—o00, 00| be a proper lower-semicontinuous
convex functional, and let vy be its Moreau—Yosida regularization for X\ € (0,00). Then the
following assertions hold:

(i) @x is convex and Fréchet differentiable in H, and its derivative satisfies Opx = (0p)a,
that is, the derivative (py) of px coincides with the Yosida approximation (0p)y of
Op. Hence, for simplicity, the notation Opy is used instead of both O(py) and (Op)y in
what follows.
(ii) It holds that @(Jf‘pw) < pa(w) < p(w) for every w € H and X € (0,00).
(iii) pa(w) = p(w) as X — 04 for every w € H.

3.2. Time-dependent subdifferential operators. We briefly collect some properties of time-
dependent subdifferential operators under the assumption (A1). For details, we refer the reader
to [10,11,14,19].

For each t € [0, 71, let ¢': H — (—o00, 00] be a proper lower-semicontinuous convex functional,
and assume that (A1) holds. In what follows, for each A € (0,00) and ¢ € [0, 7], the resolvent
stot of dp' is denoted by J¢ := (I + X dp")~!. We collect below several basic properties.

4



056

PROPOSITION 3.3 (see [11]). Assume that (A1) holds. Then there exists a constant C' € [0, 00)
such that for every A € (0,1), z € H and t € [0,T], the following inequalities hold:

¢'(2) = =Clzlm +1). I3zl < C(L+N2lla),
064G < S (14 [12m).
From Propositions 3.2 and 3.3, there exists a constant C' € [0, 00) such that
'(2) = o\(2) = ¢ (LR2) = =C(llzllm + 1)

forall A € (0,1), z € H and t € [0,T]. Hence there exists a constant D € (0,00) such that

0" (2)] < @' (2) + D(llzllm + 1), (3.1)

[PA(2)] < @a(2) + D(ll2llu +1) (3.2)
for all A € (0,1), z € H and t € [0, T7.

PROPOSITION 3.4 (see [11]). Assume that (A1) holds. Then for each A € (0,1) and v €
LY(0,T; H), the maps t — @4 (v(t)) and t — ©'(v(t)) are measurable in (0,T). Furthermore,
the maps t — J (v(t)) and t — 9¢4 (v(t)) are strongly measurable in (0,T).

PROPOSITION 3.5 (see [10,11]). Assume that (A1) holds. Let ®: L?(0,T; H) — (—o0, 0] be a
functional defined by

T
/0 o' (ut))dt if ¢*(u(e)) € LY(0,T),

00 otherwise

D(u) =

for w € L?(0,T; H). Then ® is a proper, lower-semicontinuous, and convex functional with the
effective domain,

D(®) = {w e L*(0,T; H): ¢*(w(e)) € L'(0,T)}.

Moreover, for each X € (0,1), the Moreau—Yosida reqularization ®y of ® is given by

T
Q) (u) = / o4 (u(t)) dt  for ue L*(0,T; H).
0

Furthermore, for each uw € L?(0,T; H), the subdifferential operator O®), satisfies
(0@ (w)](t) = 9 (u(t)) for ae. t € (0,T),
and the corresponding resolvent J/\a‘l’ s given by
(9% (w)](t) = J¢ (u(t)) forae. te(0,7T).
The subdifferential operator 0P can be characterized as
0P (u) = {w € L*(0,T; H): w(t) € 09" (u(t)) for ae. t € (O,T)}
foru e L*(0,T; H).

PROPOSITION 3.6 (see [11]). Assume that (A1) holds. Let A € (0,1) and u € W12(0,T; H).
Then the mapping t — ¢ (u(t)) is differentiable a.e. in (0,T), and for every s,t € [0,T] with

s <'t, it holds that
t

oA (u(®) = #3(uls) < %903 (u(r)) dr.
5
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Moreover, there exist a constant co € [0,1) and nonnegative functions ny,ne € L1(0,T) such that

LA 1) < (060 0) + oo WO
+ nl(t)’SDf\ (U(t))’ +1m2(t)

for a.e. t € (0,T). Here the constant co and the functions n1,m2 are independent of both \ and
w. In particular, it holds that

A ) = AR0) < [ TR (utr) dr
< [ 0 m). )y ar

+ [ (wloes o)} + mle3 () |+ () ar
for allt € (0,T).

3.3. Nonlocal and local time-differential operators. We introduce several nonlocal and
local time-differential operators. For more general settings, see [6,7,9,18,20].
Let (k,¢) € PC. We define the nonlocal operator B: D(B) C L?(0,7; H) — L?*(0,7; H) by

D(B) :={w e L*(0,T;H): k+w e W"?(0,T; H) and (k * w)(0) = 0},
B(w) := 0y(k *w) for w e D(B).

Then B is a linear maximal monotone operator in L%(0,7; H) (see [6,9,18]), and for each
A € (0,00), the Yosida approximation B} is given by

Ba(w) = 0s(ky xw) for w e L*(0,T; H),
where k) € W'li)cl([O, 00)) solves the Volterra equation,
Mex(t) + (U« ky)(t) =1 fort e (0,00), kx(0)=1/\

It has been shown that k) is a nonnegative and nonincreasing function. Furthermore, it is known
that ky — k strongly in L'(0,7) as A — 0,.. Moreover, the following chain-rule formula holds.

PROPOSITION 3.7 (see [1,2]). Let ¢ : H — (—00,00] be a proper lower-semicontinuous convex
functional. Let w € L*(0,T; H) and ug € D(p) be such that o(u(e)) € L*(0,T), u — ug € D(B)
and u(t) € D(dyp) for a.e. t € (0,T). Assume that there exists g € L*(0,T;H) satisfying
g(t) € dp(u(t)) for a.e. t € (0,T). Then it holds that

t
| (Bla= )90y dr = [ (o) = o)) )
for a.e. t € (0,T).
Let A: D(A) C L?(0,T; H) — L?(0,T; H) be the local time-differential operator defined by

D(A) := {w e W'(0,T; H): w(0) =0}, A(w):=dw for w € D(A).

Then we observe that D(.A) C D(B). We recall that for each u € D(A), the following inequality
holds:

| B A ) dr = 5 (6 1Bl (33
1]). Therefore, for every u € D(A

(Cx IBIE) () < (Blw), A(w)) p2(q 1)

6

for a.e. t € (0,T) (see ), Holder’s inequality yields

N = —
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< |1B(u) |l 20,11y 1A | 20,71 (3.4)
for a.e. t € (0,7).

4. KEY ESTIMATES

For the proof of the main results, several auxiliary results were established in [13]. We state
these results without proofs. First, we consider the following Gronwall-type inequality.

PROPOSITION 4.1. Let g1 € L>®(0,T), and let go, g3 € L'(0,T) be nonnegative functions. Sup-
pose that f € L>(0,T) satisfies

fit) <aq(t) +/0 92(8)f(s)ds + (g3 * f)(t) for ae. t € (0,T).

Then f(t) < G(t) for a.e. t € (0,T), where G € L*°(0,T) denotes the unique solution of the
Volterra integral equation,

G(t) = g1(t) + /0 92(8)G(s)ds + (g3« G)(t) fort e (0,T).

Next, we state two fractional chain-rule formulae for time-dependent subdifferential operators.
We first consider the case of Sobolev-regular kernels.

LEMMA 4.2 (Nonlocal chain-rule formula for regular kernels). Let k € WH1(0,T) be a non-
negative and nonincreasing function. For each t € [0,T], let ¢': H — (—o00,00] be a proper
lower-semicontinuous conver functional, and suppose that (A1) and (A2) hold. Let ug € D(°)
and let u,g € L*(0,T; H) be such that ©*(u(e)) € L'(0,T), u(t) € D(d¢") and g(t) € dp' (u(t))
for a.e. t € (0,T). Then there exists a constant ¢ € [0,00) independent of u, g, and k such that,
for all e € (0,1), the following inequality holds:

(aulk  (u = w))(1), 9(1))
> k[l o (u(9))] (1) = k()¢ (wo) — = [kl o1y 9Oy
= Skl (14 ¢ (u)])

Cc

< /O (=sK'(5)) o' (ult — #))]|ds

€

for a.e. t € (0, T), and moreover, the following inequality holds:
t
| @l (= w)(s). (), 05

> [k * " (u(®))] (t) — ¢ (uo) /O B(s)ds — e c kil 0 /0 lg(s)] ds

C
-t 1l L1 0. (1 + |9 (uo)l)

t
C

~ Slloom | et uls)]ds (1)
for allt € (0,T).

Here, combining Lemma 4.2 with the results stated in Section 3.3, we can obtain the following

lemma.
7
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LEMMA 4.3 (Nonlocal chain-rule formula for (k,¢) € PC). For each t € [0,T], let p': H —
(=00, 0] be a proper lower-semicontinuous convex functional, and suppose that both assumptions
(A1) and (A2) are satisfied. Let (k,¢) € PC, ug € D(¢°), and let u,g € L*(0,T;H) be such
that u — ug € D(B) (see Section 3.3), p®(u(e)) € L1(0,T), u(t) € D(d¢) and g(t) € Dot (u(t))
for a.e. t € (0,T). Then, for all = € (0,1), the following inequality holds:

/0 (8,5[113* (u — up)](s), g(s))Hds
> [k + " (u())] (1) — ¢ (uo) /0 b(s)ds — e |10 /0 lo(s)]2 ds

C
— Ztlklpom) (1+ |¢%(uo)])

t
Il 0y [ 1 ()] as
for all t € (0,T], where ¢ is the constant of (4.1) in Lemma 4.2 and is independent of u, g, k

and . In particular, there exists a constant C' € [0,00) independent of u and g such that, for
all e € (0,1), it holds that

/0 (D1 * (u— up)](5), g(5)) ; ds

Cc
£

> [k % " (u(®))] (t) — ¢ (uo) / k(s)ds — = C /0 lo(s) 2 ds

0
=Slras ) + [ et as) (12
for all t € (0,T7.

5. OUTLINE OF PROOF FOR THEOREM 2.2

In this section, we give an outline of proof for the uniqueness and continuous dependence on
initial data of strong solutions to (P). Let (u;,&;) € (P)Uo,i,fi fori=1,2, where up; € H and f; €
L?(0,T; H). Then we have (u; —ug) — (uo1 —uo2) € D(B) (see Section 3.3). Furthermore, since
&1(t) € ' (u1(t)) and &(t) € Ot (ua(t)) for a.e. t € (0,T), it follows from the monotonicity of
¢t (see Section 3.1) that

t
[ (6406) = a(5), wr (o) = ) ds = 0 (5.1)
0
for a.e. t € (0,T"). Moreover, we observe that

B[(u1 — ug) — (uo1 — uo2)] (t) = —(&a(t) — &2(2)) + f1(t) — fa(t)

for a.e. t € (0,T). By multiplying both sides of the above identity by u; —us € L?(0,T; H) and
integrating it over (0,t), we deduce from (5.1), Proposition 3.7 and Holder’s inequality that

1
5 [k (o = ua||f — lluog — wo2lF)](6) < 1 = fellz2omm llur — w2l L2,z (5.2)

for a.e. t € (0,7). Since k+£ =1 on (0,7) and (1 % £)(t) < ||€]|p1(0,r) for ae. t € (0,7), by
convolving both sides of (5.2) with ¢ and using Young’s inequality, we obtain

3 o) = ol as
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1 [t t
=5 [ Qhon(s) = wa(s) Iy = s = o) s+ o — woely
1 '
=3 [5 s [k ([lur — uallFy — [Juoy — UO,ZH%{)]] (t) + 5lluos — o2l %
t
< elcrom) 1 = Fall 2o lun = w2llzz o zommy + 5lluos = uo 2|l

1
< ||€||%1(0,T) 1f1— f2||%2(0,T;H) + 1 Jur — U2H%2(0,T;H)
T
+ 5 lwox = woal
for a.e. t € (0,T). Hence it follows that

lur = w2220 7.1

< 40710,y 11 = follTzo,rmm + 2T luog — woel%
< max{4 ||€||i1(0,T), 2T’} (IIUo,l — uozllir + I f1 — f2||%2(0,T;H))'

This completes the outline of the proof.

6. OUTLINE OF PROOF FOR THEOREM 2.3

In this section, we give an outline of proof for Theorem 2.3. Let A and B be the operators
introduced in Section 3.3, and let ® be the proper lower-semicontinuous convex functional on
L?(0,T; H) defined in Proposition 3.5.

6.1. Approximate problem. For v € (0,00) and A € (0,1), we show that the following
approximate problem admits a unique strong solution:

(VA + B)(uyx — up) + 0Py (u,\) = f in L*(0,T; H). (6.1)

It suffices to show that there exists a unique function u,y € Wh2(0,T; H) with u,,1(0) = ug
such that

v Opuy (1) + O [k * (uy n — u0)| (t) + 05 (upa(t)) = f(t) in H

for a.e. t € (0,7). As already mentioned in Sections 3.1 and 3.2, the mapping (¢, w) — d¢' (w)
is a Carathéodory function, that is, for each w € H, the map ¢ — Ogof\(w) is strongly measurable
in (0,7), and moreover, for each ¢ € [0,77], the map w — J¢}(w) is continuous in H (see
Propositions 3.1, 3.2 and 3.4). The following lemma guarantees that the approximate problem
(6.1) admits a unique strong solution. We omit the proof for brevity.

LEMMA 6.1. Let X be a real Banach space. Let k € L'(0,T), p € [1,00], and let F: [0,T] x X —
X be a Carathéodory function such that there exist a constant Cy € [0,00) and a function
p € LP(0,T) satisfying the following:
[1F(t. w)llx < Collwllx + |p(t)],
[1E(t,z) = Ft,y)|x < Collz —yllx

for all w,z,y € X and for a.e. t € (0,T). Then, for each v € (0,00), v9 € X and f €
LP(0,T; X), there exists a unique function v € WIP(0,T; X) with v(0) = vy such that

v Opu(t) + O [k + (v —vo)| (t) + F(t,v(t)) = f(t) in X forte (0,T).
9
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6.2. A priori estimate. We next derive a priori estimates. For each v € (0,1), let u, €
WL2(0,T; H) be such that u,(0) = ug (i.e., u, — ug € D(A) = D(vA+ B), see Section 3.3) and

(vA+ B)(uy —ug) + 02, (wy) = f in L*(0,T; H). (6.2)
Testing (6.2) by A(u, — ug) = dpuy, = 0 (uy — ugp), we get
v|[Au, — uo)(s)Hz + (B(uy — uo)(s), Auy, — uo)(s))
+ (awi(uy(s)), asul,(.s))H
= (f(s), Os(uy — u0)(s))
= 05 ([ (), un(s) — o) ;; — (9sS(5), un(s) — uo)

for a.e. s € (0,7). Integrating both sides over (0,¢) and using (3.3), (6.2), Propositions 3.2
and 3.6 together with Young’s inequality, there exist nonnegative functions 71,72 € L'(0,T)
independent of v such that

t
/0 yHA(u,, — uo)(s)HiIds + %[ﬁ || B(uy, — uo)H%{} (t) + cp,tj(uy(t))
¢
<)+ [ m()ds+ 1l orin [ (8) = ol
t t
-+ 4/0 Hf(s)”%{ ds + 4V2/0 H.A(u,, — uo)(s)HiIds
t ¢
+4/0 ||B(u,, — uo)(s)HiIds—i-/o nl(s)‘cp;i(u,,(s))|ds

1 [t 1 [t
+35 / |0 ()13 ds + 5 / v (5) = woll7 ds
0 0

for a.e. t € (0,7"). Consequently, there exists a constant Cy € [0, 00) independent of v such that
v =27) [ A = u0) )]} s+ 5 [0 10, — )] 0
+ o1, (w(8)) = I1f | oo o) 1w (t) — wollu
< Cy+ 4/OtHB(u,, — uo)(s)HiIds + /Ot n1(5)|gp,‘i(uy(s))’ ds

1 t
w5 | lte) = wolfy as (63

for a.e. t € (0,7). Since (k,¢) € PC and u, —up € D(A) C D(B), it follows from Holder’s
inequality that

o (t) — uol3r = ||[€ * Buy — uo)](B)]|3,
/' (1 — 5) 03 (1 — 3) Bluy — uo)(s) ds
0 H

< (il 2o,y + 1) [€ 1B (u, — uo) I3 (£) (6.4)
for a.e. t € (0,7). From (3.2), (6.4) and Young’s inequality, for every ¢ € (0, 1), we observe that

2

1
5 [0 1B(uy = wo)llZ] (8) + & (wo(8)) = || fll o o.umm) lluw (8) — woll

1 _
> 710 18w —uo)l7] (1) + 7 (1 + 1€l 2 0.1)) e (£) = ol

—_
Skl
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€ 1
+ ]l (u (1) — §Huu(t) — ol — —D2 — Dl|luollm — D

3
= gl (t) = uollf — 3 HfHL (0T3H)

for a.e. t € (0,T), where D is a constant satisfying (3.2). Hence there exists a constant gg €
(0,1/4) independent of v such that

%[5 # | Bluy — wo) 7] (£) + & (un (8) = | £l oo 0,7,0) luw(t) = woll

> L1 1B — uo) 3] 1) + <ol (1) — ol

+ |ir, (un (1)) \—% (6.5)

for a.e. t € (0,T). Using (6.3) and (6.5) together with k*¢ =1 on (0,7, there exist a constant
C3 € (0,00) and a nonnegative function n3 € L' (0,7 independent of v such that

(v — 4?) /0 [ A, — uo)(s)||5 ds + C%F,,(t)

t
< C3+C3(k*F,) (1) + / n3(s) F,(s)ds (6.6)
0
for a.e. t € (0,T), where

Fy(9) = |luy(®) = uoll7r + |3 (wn (o)) + [€* | Buy — uo)7] (o).

From the embedding u, € W12(0,T; H) C L*>(0,T; H) together with (3.2), (3.4) and Proposi-
tions 3.1 to 3.3, we can deduce that F, € L>*(0,T). Since v — 4v? > 0 for all v € (0,1/4), it
follows from Proposition 4.1 that

esssup || Fy || e (0,m) < o0 (6.7)
ve(0,1/4)

In particular, recalling k£« £ =1 on (0,7") and using Young’s convolution inequality, we obtain

esssup ||B(u, — )HLz (0,7;F) = €SSSup sup / | B(u )(8)||3; ds
vE(0,1/4) vE(0,1/4) te(0,T)
— esssup || (k) * [1B(uy — w3 <o)
ve(0,1/4)
< Ikllzrory esssup (1€ By = uo)ll | Lo (o) < oo (6.8)

ve(0,1/4)

Moreover, from (6.6), (6.7) and the fact that v —4v2 > (1/2)v for all v € (0,1/8), we also deduce
that

esssup vt ||vA(u, — UO)H%%O,T;H)

ve(0,1/8)
t
= esssup sup / v||[A(uy — u0)](s)||% ds < oo. (6.9)
ve(0,1/8) te(0,T) Jo

Combining (6.2), (6.8) and (6.9), we can deduce that

esssup [|0®, (u,j)HLz (0.7;H) = €SSSup ||8g0;(u,,(0))||%2(0’T;H) < o0. (6.10)
ve(0,1/8) ve(0,1/8)
11
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6.3. Convergence of approximate solutions. We first show that

i e = s lz0m) = 0,

that is, the family (u,),e(0,1/8) forms a Cauchy sequence in L?(0,T; H). Fix arbitrary p,v €
(0,1/8), and let u, and u, denote the solutions to (6.2) corresponding to the parameters p and
v, respectively. From (6.2) and u, — u, € D(A) C D(B), we get

By — w)(8) = — Ay — u0)(8) + v Aluy — uo)(t)
— (9 (u(t)) = O}, (un (1))
for a.e. t € (0,T). Multiplying both sides by u, —u, € L*(0,7; H) and integrating it over (0, ),
we deduce from Proposition 3.7 and Holder’s inequality that
5 e o — w30
< uA(uy — wo) 20,11 lww — wvll 20,11

+ lvA(uy — uO)”L2(O,T;H) Jup — “VHL2(0,T;H)

ntv
1 (Ha(I)H(uH)”ZLQ(O,T;H) + ”aq)l/(uv)”ZLQ(o,T;H)) (6.11)

for a.e. t € (0,T), where we used Komura’s trick (see, e.g., [5,16]),
(9} (a) = Dy, (b), a = b)
> L2 (0gt (@)l + 0w ()13
for all a,b € H and all t € (0,7). Smce kxf=1on (0,7) and (1% £)(t) < [[£|z1(0,1) for a.e.
€ (0,7, convolving both sides of (6.11) with ¢ and applying Young’s inequality, we obtain

/ g (7) — ()2 dr = S (€% E) * [l — i |3)(8)

2 1
< 2([|wA(up — wo) 2o,y 11l L2 0,1)) ™ + gHuu — |20 a1y

_l’_

~—

l\')l}—t

2 1
+ 2(|[vA(uy — wo)ll 20,10 1Nl L2 0.m))” + g”uu — | Z20.m0)

jt v
(P00 0 B + 1080 oy ) Wl

for a.e. t € (0,T"). Taking the supremum of both sides over ¢ € (0,T"), one can take a constant
¢p € [0,00) independent of  and v such that

ftv

[Jup — UVH%?(O,T;H)
< CO(H#A(W - uO)H%Q(O,T;H) + v A(u, — UO)”%%O,T;H))

+ ot + ) (109 07511, + 1090 () F2g0, 7))

From (6.9) and (6.10), we obtain limy, , 0, ||, —uy[12(0,7,) = 0. Hence there exists a function
u € L*(0,T; H) such that

u, —u in L*(0,T; H) as v — 0. (6.12)
Furthermore, combining (6.10) with (6.12) and using the identity wu, (8)—J3 (uy (o)) = v 0pd(u,(e))
(which follows from the definition of the Yosida approximation), we can deduce that
J(uy(e)) = u(e) in L*0,T;H) as v — 0. (6.13)
12
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By virtue of (6.8), (6.10) and the reflexivity of L?(0,T; H), there exist functions (1,(2 €
L*(0,T; H) and a subsequence (not relabeled) such that

B(uy, —up) — ¢ weakly in L?(0,T; H) asv — 0y, (6.14)
0D, (uy,) — ¢ weakly in L*(0,T; H) asv — 0y. (6.15)
Passing to the limit in (6.2) and using (6.9), (6.14) and (6.15), we obtain
Gt)+CG(t)=f(t) in H forae. te(0,7).

Since B is maximal monotone and demiclosed (see Section 3.1), it follows from (6.12) and (6.14)
that u —up € D(B) and ¢ = B(u — up). Furthermore, by virtue of Propositions 3.1 and 3.5,
we have 9% (uy (o)) € 0P (J3(uy(e))). Since OP is also maximal monotone and demiclosed (see
Section 3.1), we can deduce from (6.13) and (6.15) that (s € 0P(u). From Proposition 3.5, we
obtain (3(t) € 9! (u(t)) for a.e. t € (0,T).

Therefore, u is a strong solution to (P). Moreover, due to Theorem 2.2, the strong solution
is unique. Since |@ (J5(uy(t)))| < |t (un(t))| for a.e. t € (0,T) (see Proposition 3.2), it follows
from (6.7) and (6.13) that (2.1) holds. Furthermore, from [2], we can deduce that u belongs to
C([0,T]; H) and u(0) = up. This completes the outline of proof.

7. PROOF OF THEOREM 2.5

In this section, we give an outline of proof for Theorem 2.5. We define B as in Section 3.3,
and let ® denote the proper lower-semicontinuous convex functional on L?(0,T; H) defined as
in Proposition 3.5.

Let (fn) be a sequence in W12(0,T; H) such that f, — f strongly in L?(0,7; H). Then,
from Theorem 2.3, there exist functions u,,&, € L?(0,T; H) such that ¢®(u,(e)) € L*(0,T)
and (up,&n) € (P),, 5. that is, u, —ug € D(B), §& € 0P (uy), and moreover, u, and &, satisfy
the equation,

B, —uo)(8) + &n(s) = fu(s) for ae. s € (0,7). (7.1)
We first consider Theorem 2.5 under the additional assumption,
©'(2) >0 forallte[0,7] and all z € H. (7.2)

Multiplying both sides of (7.1) by &, € L?(0,T; H), integrating it over (0,¢), and employing
the fractional chain-rule formula obtained in Lemma 4.3, for every € € (0, 1), we deduce from
(7.2) and Young’s inequality that

5 2 )]0~ o) [ hs) s —<C [ lea(s)17
- lras )+ [ emenas]+ [l
< [ (Bl = 0)6) + 5. 66)),,
= [(alo) @) s < o [ 1salas +5 [ eatolas

1
< ol + 5 [ Il ds
¢ neN 0
for a.e. t € (0,T). Here, C € [0,00) denotes the constant satisfying (4.2) and independent of €
and n. Hence, choosing ¢ sufficiently small and using k¢ =1 on (0,7"), we can take a constant
13
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Cy € [0, 00) independent of n such that
t
[+ ¢ (un(9))] (1) + /0 1€n ()17 ds

< Cy (1 +/0 0 (un(s)) ds) = Co+ Co [0 # (k% *(un(e)))] (t) (7.3)

for a.e. t € (0,7). Since ¢*(uy(e)) € L®(0,T) and k € LY(0,T), we have k x ¢*(un(e)) €
L*>°(0,T). Therefore, applying Proposition 4.1, we obtain

sup [+ * (n (@)l 0w 0.1) < 00- (7.4)

Moreover, combining (7.3) with (7.4), we get

\ [ et as

Furthermore, since (7.1) holds and sup,,ey || full 2 (0,7;) < 00, We also have

< 0. (7.5)
Lo(0,T)

sup [|€nl|7 20,71 = SUP
neN neN

Slelg 1B(un — o)l 200,11y < 00- (7.6)

Next, we prove that (u,) forms a Cauchy sequence in L?(0,T; H). Fix arbitrary n,m € N.
Since (un,&n) € (P)y, 1, and (um,&m) € (P),, ;. , it follows from Theorem 2.2 that there exists
a constant Cy € [0, 00) independent of n and m such that

len = wmlz20, sty < Cillda = Sl oo 7im-

Since f,, — f strongly in L*(0,T’; H), we conclude that 1imy, m o0 [[ttn = Um|| 20,7,y = 0. Hence
there exists a function u € L?(0,T; H) such that

u, —u in L*(0,T; H) as n — oo.

From (7.5), (7.6) and the reflexivity of L?(0,T; H), there exist functions (1, (s € L?(0,T; H) and
a subsequence (not relabeled) such that

B(un —ug) — ¢ weakly in L?(0,T; H) as n — oo,
& — (o weakly in L*(0,T; H) as n — oo.
Passing to the limit in (7.1), we obtain
G@)+CE)=f(t) in H forae te(0,7T).
Repeating the same argument as in Section 6.3, we conclude that u is a strong solution to (P).
Hence the proof is complete under the assumption (7.2).
Finally, we treat the general case. From (3.1), there exists a constant Dy € [0, 00) such that
() + 22zl + Do 2 ()] +12 0
for all t € [0,7] and all z € H. For each t € [0,T], we define a functional ¢': H — (—o00, cc] by
PH(2) = () + %quﬁf 4+ Dy for s H.

Then ¢! is the proper lower-semicontinuous convex functional, and the condition (7.2) holds
when ¢! is replaced by v*. Furthermore, the family {T/}t}te[o,T} satisfies assumptions (A1) and

(A2). Thus, for every g € L%(0,T; H), there exist unique functions v,¢ € L2(0,T; H) such that
v —ug € D(B) (see Section 3.3) and

C(t) € o' (v(t),  Blv—uo)(t) +¢(t) = g(t) (PP)

14
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for a.e. t € (0,7). We write (v,() € (PP),, , if v,C € L%(0,T; H) satisfy the above conditions.
We next define A: L2(0,7; H) — L?(0,T; H) as follows. For each h € L?(0,7; H), denote by
(v,¢) the unique pair in L(0,7; H) x L*(0,T; H) such that (v, () € (PP).y. s+Don- We then set
A(h) := v. Here, a straightforward computation shows that the mapping w — £2 |lw[|% + Dy
is convex and Fréchet differentiable in H, and its Fréchet derivative is given by Dg Iy, where
Iy: H — H denotes the identity mapping on H. Thus, for each t € [0,T], we have D(9¢') =
D(9¢") and
0% (w) = 9" (w) + { Do w}

for all w € D(9p') = D(9Y!) (see, e.g., [5,16]). In order to complete the proof, it suffices to
show that there exists a unique function v, € L?(0,T; H) such that A(vy) = vs. Let 8 € (0,00)
be a constant which will be determined later, and set X5 := L?(0,7; H) equipped with a norm
given by

t
o / lew(s)[3 ds

for w € Xg. Then (Xg, || @ [|x,) is a Banach space. Let xg € (0,1) be fixed. Then we can choose
B € (0,00) sufficiently large such that

= [le™”*[1 [|w%]

[wllx, := esssup

te(0,T) (.)HL”(QT)

[A(w1) = A(wz) ||z, < ko [lwr — w2z,
for all wy,ws € Xg = L*(0,T; H). In particular, A is a contraction mapping on the Banach
space (Xg,, || ® [|lx,,). By virtue of Banach’s fixed point theorem, there exists a unique function
ve € X, = L*(0,T; H) satisfying A(v,) = v,. This completes the outline of proof.

8. APPLICATION

In this section, we apply the abstract results obtained so far to the Cauchy—Dirichlet problem
for certain nonlinear parabolic equations on moving domains.

We denote by d € N, by @ = (x1,...,24) a generic point of R%, by v = (71,...,74) a multi-
index and by DJ the differentiation,

ol
where || = Z;l:l ;. Let U C R? be a bounded domain with smooth boundary AU, and for
each t € [0,7], let ; C U be a bounded domain of R? with smooth boundary 9€;. We impose
the following assumption:
(B) It holds that Q; C U for all t € [0,7]. Furthermore, there exists a diffeomorphism
O = (0%,...,0%) of class C! from U onto itself with ©;(Qg) =  for every ¢ € [0,7]
such that Oy is the identity on U and D7 6! is continuously differentiable in ¢ on [0, ] x U
for every multi-index v with |y| <1landi=1,...,d.

Let Q C [0,T] x U and 9Q C [0,T] x U be defined by
Q= U ({ttx), 0Q:= |J ({t} x o).
t€[0,7] te[0,T]

We now consider the following Cauchy-Dirichlet problem:

8?(11 — uo) —Apu=f inQ,
u=0 on 8@,} (CDP)

where o € (0,1), p € [2,00), and uy = up(x) and f = f(t,z) are prescribed. Moreover,
O (u—ug) 1= Oy [k:l_a * (u— uo)} denotes the a-th order Riemann—Liouville derivative of u — ug,
15
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and A, is the so-called p-Laplacian given as Apu := —div(|Vu[P72Vu). For each t € [0, 7], let
K(t) c W2(U) be defined by

K(t) := {w e W'P(U): wlg, € WyP(Q), w(z) =0 for ae. x € U\ Q}.
We are concerned with the definition of L?-solutions to (CDP).

DEFINITION 8.1 (L?-solutions to (CDP)). Let ug € L?*(U), and let f € L?(0,T;L*(U)). A
function w € L*(0,T; L*(U)) is called an L*-solution to (CDP) if the following conditions are
all satisfied:
(i) It holds that ki_q * (u — ug) € WH2(0,T5 L3(U)), [k1—a * (u — u0)](0) = 0 and u(t,e) €
K(t) for a.e. t € (0,T).
(ii) There exists a null set N C (0,T) such that for allt € (0,T)\ N, the following properties
are satisfied: a(t,e) :=u(t,e)|q, € Wol’p(ﬂt) and Aya(t,e) € L*(Q), and

Nlk1—a = (u—uo)|(t, ) — Apu(t,8) = f(t,®) in L2(y).

Let {€}1e(0,77 be a family of bounded domains such that (B) holds, and set H := L*(U). For
each ¢ € [0,T], we define ¢! : L*(U) — [0, 00] by

1
. — [ |[VwlPdz if we K(t),
(Pp(w) =3P/
00 otherwise

for w € L?(U). Then for each t € [0,7], !, is proper, lower-semicontinuous, and convex in
L*(U), and moreover, dpk(w) coincides with —Apw equipped with the homogeneous Dirichlet
boundary condition in the distributional sense for w € D(@goé), where

D(9ph) = {w € LXU) N K (t): wlo, € WyP(Q) and Ay (w]g,) € L* ()}

Hence the Cauchy—Dirichlet problem (CDP) is reduced to the following abstract Cauchy prob-
lem:
O[k1—a * (u—uo)|(t) + Ol (u(t)) = f(t) in L*(U) forte (0,T).

Moreover, the assumption (B) guarantees that both (A1) and (A2) are satisfied. Indeed, from
the assumption (B), we can define a continuous mapping ¥,: [0,77] x [0,7] x L*(U) — L*(U)
by Up(t, s,w(e)) := w(O(s,071(t,e))) for (t,s,w) € [0,T] x [0,T] x L*(U). Then, there exists
a constant C' € [0, 00) such that

s 1/2
1T, (5, w) — w2y < Clt = s (1 + | (w)]) 2,

L (Tp(t,5,0)) < g(w) + C lt = s|(1+ g} (w)])

for all (¢, s, w) € [0,T]x [0, T]x L?(U) (see [11]). Hence (Ap")n1 holds. From Remark 2.4, these
estimates enable us to verify that conditions (A1) and (A2) are fulfilled. Thus we can apply
Theorems 2.3 and 2.5 to conclude the existence of L?-solutions to (CDP).

THEOREM 8.2 (Existence of L2-solutions to (CDP)). Let {Qu}ecpor) be a family of bounded
domains of R% such that (B) holds. Then, for every ug € L*(U) satisfying uola, € Wy (Q0)
and f € L? (O,T; LQ(U)), the Cauchy-Dirichlet problem (CDP) admits a unique L?-solution. In
addition, if f € WH2(0,T; L?(U)), then the unique solution u satisfies the following properties:
ko * H(?t [k’1—a * (u — uo)] ”22(U) € L*°(0,7),
esssup ||u(t, °)||W01"’(Qt) < o0.

te(0,T)
16
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