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1 Introduction

This article is based on the joint work with Toru Kan (Osaka Metropolitan University). In
[9] the following boundary value problem has been introduced

Uze + Af(u) =0, z€(=1,1)\{0},
U, (—1) = u, (1) =

u(=0) + au,(— O) (+0) — au,(+0),
Uz (—0) = uy (+0),

where f € C*(R), A > 0 is a bifurcation parameter and a > 0 is a fixed constant. The
function f is supposed to be a bistable nonlinearity. For simplicity, we only discuss a
typical case f(u) = u — u? throughout this article.

In a special case a = 0, (1.1) is equivalent to a classical Chafee-Infante problem

wxx+uf(w):0, = (_1’1)’

(1.1

where ;1 > 0. It admits two stable constant solutions w = 41 and one unstable constant
solution w = 0 for every p > 0. To this problem (1.2), the existence of nonconstant so-
lutions and their stability are main issues. For a general nonlinearity f, any nonconstant
solution of (1.2) is known to be unstable; the homogeneous Neumann boundary condition
plays a crucial role (see [1]). On the other hand, the solution structure of (1.2) which
includes unstable nonconstant solutions, is interesting from the viewpoint of bifurcation.
It is shown in [2] that there exists a sequence
O=po < pg < o <+ <o+ < iy, <

with p,, — 0o as n — oo such that if © € (i, fms1], then (1.2) has exactly 2m noncon-
stant solutions +w,, = +w, (z;u) (n = 1,--- ;m), where w,, : [—1,1] X (,,0) = R
for n € N. The two functions w,, and —w,, are called the n-mode solutions; we can
take w,(—1) > 0 without loss of generality. In a framework of bifurcation theory
(pn,0) € Ry x C?[—1,1] is a bifurcation point; it lies on a branch for a trivial solu-
tion {(u,w)| u > 0,w = 0} and the branches for the n-mode solutions bifurcate from
(44, 0). In addition, we have the following:

* If nis odd, then w,, (x; ) ~ (—1)%1\/# [n SINNTT QS [L —> [hy.
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o If n is even, then wy, (z; 1) ~ (=1)2\/lt — iy, COSNTT  AS 1 — [y

The problem (1.1) is derived as a limit problem of a higher-dimensional case of (1.2);
it is expected that (1.1) possesses the stable nonconstant solutions (see [9] and also [8]).
This problem also admits two stable stationary solutions v = +1 and one unstable sta-
tionary solution v = 0 for every A > (0. We note that solutions u to (1.1) could be
discontinuous at x = 0; any continuous solution v must be an even function. A precise
bifurcation structure of (1.1) is discussed in [9]. It is shown that there exists a sequence

D= < A< g <o <o, <eee

with \,, — oo as n — oo such that if A € (A, A1), then (1.1) has at least 2m noncon-
stant solutions +u,,(x; \) (n = 1,--- ,m), where u,, : [—1, 1] x (\,,00) — R forn € N.
The two functions u,, and —u,, are called the n-mode solutions; we can take u,(—1) > 0
without loss of generality. More precisely, it is proved:

 If n is odd, then u, is odd and discontinuous at x = 0; A, € (i1, p,) and
Un (5 N) 7# wn (75 ).

e If n is even, then u, is even and continuous at x = 0; A\, = i, and w,(z;\) =
wy(x; N).

In the same way as the Chafee-Infante problem (1.2), (), 0) is a bifurcation point (in an
appropriate Banach space) and the branches {(\, u)|A > \,, u = +u,(-; )} bifurcate
from (A, 0). Furthermore, it is shown that the (local) secondary bifurcation occurs for
the branches {(\, w)|A > Aox_1, u = Fugr_1(;A)} (K = 1,2,...) exactly once, while
it never occurs for the branches {(A, w)|A > Ag, u = Fugi(;A)} (K = 1,2,...). This
implies, in particular, that 1-mode solutions +u;(z; \) are stable when A is sufficiently
large.

In this article we are interested in the bifurcation structure of generalized problems of
(1.1). Here, we consider the three-component model of the Chafee-Infante type

((wl +AfWD)=0, wel, (j=123),
W0y =0, u0)=0,
uV(1) + aul) (1) = u®(=1) — au? (1),
! (1) = ui? (1), -
u®(1) + au (1) = u® (1) — aufP (~1),
\ uf)(l) = Ugcg)( ),

where I; = (0,1), I, = (—1,1) and I3 = (—1,0), respectively. The problem (1.3) is an
artificially extended problem based on (1.1); the three intervals 1, I5 and /5 are chosen
suitably from a symmetric point of view.

To the problem (1.3) we will apply a bifurcation analysis to show the existence of
branches of the bifurcating solutions from constant solutions. Both problems (1.1) and
(1.3) are regarded as the Chafee-Infante problems on the simple metric graphs (with the
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nodes of the degrees 1 and 2). Recently, reaction-diffusion systems on metric graphs have
been investigated by many researchers. See [10], [7] for the stability of solutions, [3], [6]
for the variational approaches, and [4], [5] for the propagation on unbounded graphs, and
so on. In many papers, the Kirchhoff boundary conditions are imposed at the nodes. In our
model the matching conditions at the nodes are different from the Kirchhoff conditions.
Also, we are interested in (1.3) from the viewpoint of bifurcation and stability.

The organization of this article is as follows. In Section 2 we will give the main
theorem. In Section 3 we will introduce a shooting method and reduce our problem into
the finite dimensional equations. In Section 4 we will give an outline of the proof of the
main theorem. Finally, the nondegeneracy of solutions will be discussed in Section 5.

2 Main result

We first introduce a framework with a certain symmetry in order to discuss solutions to
(1.3). Denote
Xo = C?(I)) x C?(I) x C*(I3).
and
u = (u(z),u? (), u® () € X,.
The function space X, becomes a Banach space with a norm introduced by a standard
C?-topology. We say that u is odd if
uM(x) = —u®(—2) for x € (0,1),
{ u®(x) = —u®(—2) for x € (0,1),
and that u is even if
uV(z) = u®(—2) for x € (0,1),
{ u®(z) = u®(—2) for z € (0,1).
We focus on the solutions of (1.3) in the set X C X defined by
X:={ueX,| —1<u(z)<lforzel;(j=1,23)}
Let us denote the set of all pairs (A, u) € R, x X of (1.3) as follows:
S = Urcoon I X Sy Syi={u € X [ w1, up and us satisfy(1.3)}.
Note that S contains a half-line which corresponds to a constant solution u = (0,0, 0).
Moreover, set
S:={ueS\|uisodd}, S§:={uecS,|uiseven}.

We focus on the structure of S5. Our main result is given by the following theorem.

Theorem 1. There is 5\1 > (0 such that for A > 5\1 there exist £u; = tuy(z;\) € S In
addition, u;(x; A) — (0,0,0) as A — Ay in the topology of X.

In Theorem 1 we can take ugl)(O) > 0 without loss of generality. Note that ugj ) is
decreasing in fj (7 = 1,2, 3); the solutions +u, is regarded as 1-mode solution of (1.3).
Moreover, (A1, (0,0,0)) is a bifurcation point in R, x X and the branches {(\, u)|\ >



094

A1, u = =4uy(-;A\)} bifurcate from (A;,0). The existence of the other odd solutions
corresponding to the higher modes (n = 3,5, ...) remains an open problem.
Let us consider the following problem

Uze + Af(v) =0, 2 € (=1,1)\{0},
v:(—1) =0, v(1) =0,

v(—=0) + av,(—0) = v(+0) — av,(+0),
v (—0) = v, (40).

2.1

The difference between (1.1) and (2.1) is the boundary condition at x = 1. There is the
one to one correspondence between S§ and the corresponding solution set of (2.1). In
particular, we have the following relation between the two solutions of both problems:
for any solution v of (2.1), u = (v (z),u?(z),u®(z)) € X, with

uV(z) =v(x—1), z€lf:=][-1,0),
uP(z) =v(x+1), xe€li_ :=(-1,0),
5 * (2.2)
u?(z) = —v(-z+1), zel; =][0,1),
u®(z) = —v(—x—1), z€Il:=(-1,0],
is an odd solution of (1.3). Conversely, for any odd solution u to (1.3),
uV(z+1) x€[-1,0)
— e 2.3
v(z) { u@(x—1) x€(0,1]. 2-3)

solves (2.1).

To this end, we give a remark on the structure of S5. There is a one to one correspon-
dence between S and the correspoinding solution set of (1.1). In particular, we have the
following relation between the two solutions of the both problems: for any solution u of

1.1, u = (uW(z),u?(z),u®(z)) € X, with

uV(z) = u(x —1), x€l:=[-1,0),

u@(z) =u(x+1), zelj_:=(-10),

u?(z) = u(-x+1), z¢c I§‘+ = [0, 1), 24)
u®(z) == u(—r—1), x€l}:=(-1,0],

is an even solution of (1.3). Conversely, for any even solution u to (1.3),

() = { uV(z+1) x€[-1,0), 25)

solves (1.1). Hence the analysis for even solutions of (1.3), except the stability and the
secondary bifurcation, is completely reduced into the analysis for solutions of (1.1).
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3 The shooting method

In this section we introduce the shooting argument developed in [9] in order to show
Theorem 1. Let U( - ;, d) be the solution of the initial value problem

U+ f(U) =0,
{ U0) =7, U'(0)=0. (3.1)

For a convenience, we set
F(u) = 2/“ f(s)ds, Bo:=+/F(£1).
0
A bounded solution of (3.1) satisfies
(U'(y)* + F(U(y)) =0+ F(y) < forally €R.

We note that U(y; 0, £0,) are the heteroclinic solutions satisfying U(+o00) = 41 and
U(—o00) = F1, respectively.
Define
So:={(7,0) |y € (=1,1). 8"+ F(v) < S}
In a standard shooting method we construct solutions of (1.3) in terms of U with suitable
~ and J. Considering that [; = (0,1), I, = (—1,1) and I3 = (—1,0) respectively, we
look for the solutions to (1.3) of the form

WY1, 72,73, 05 ) == (U(VAz;71,0), U(VAz; 99, 6), U(—VAz; 73, 0)) (3.2)
with (71,72, 73,9) € X, where

Y= {(71,72,73,0) € (=1,1)% x (=B, Bo) | (72,0) € o}

To discuss the matching conditions of u(v1, 72, 73, 0; A) at the boundary of I; and /5, and
at the boundary of I, and I5 respectively, we define the functions P*, Q% : ¥ — R for
each A > 0;

PE(v,0;\) == U(£VX;7,68) £ aV AU (£VA; 7, )

and
QF(7,0; ) := U'(£V\;7,0).

Moreover, we define R : ¥ — R?

PH(71,0;A) — P (72,03 )

. o Q+(’7170;)‘> - Q_<7275; /\)
R(71:72,73, 03 A) 1= P8 0) — P (s, 00 (3.3)

Q" (72,05 A) — Q™ (73,05 \)

The following proposition is fundamental (see Lemma 2.3 in [9]).
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Proposition 3.1. Fix A > 0. Let u = u(v;,75, 73, 0% A). Then, u € S, if and only if
R(¥:75:73.0%A) = 0. (3.4
Moreover, u is nondegenerate if and only if

det [Ry, o0, (71> 75,73, 0% A)] # 0, (3.5)
where R, ~,,,5) denotes the Jacobi matrix of 'R.

When we consider the odd solutions of (1.3), we obtain the following proposition by
combining Proposition 3.1 with a symmetry of U (in y, v and 0).

Proposition 3.2. Fix A > 0. Let u = u(v;,7,73,0"A). Then, u € S if and only if
V= —73 7 = 0and

Pr(y1,0;A) + PR(0,0%A) \ _ (0 (3.6)
QT (77,0;4) = Q*(0,6%0) )\ 0 )" '
Moreover, u is nondegenerate if and only if
P (71,0;)Q7(0,0% ) + P (0,85 0)Q7 (77,0 A) #0 3.7)
and
PF(37,0,)Q5 (0,07 4) + F7(0,6% M) Q7 (77, 0;A) # 0. (3.8)

Now we give a new representation of u(vyy,vs,7, 3,9; \) by introducing a function
G : [=Bo, Bo] — [—1,1]; G is the inverse of the mapping u — sgn(u)+/F(u). It follows
from v? = F(G(v)) = F(u) that

& (v) = W for v € (=5, fo).

it is easy to see that GG is odd and G’ is even. Moreover,

L L F@F@Y
G (U)_f(u) (1 )2 ) for v € (—fo, Bo) \ {0}

and we also see that G”(v) > 0 for v € (0, 5p).

Proposition 3.3. Suppose (v,0) € X\ {(0,0)}. Then, there exists (3,6y) € (—fo, Bo) X
R\ {(0,0)} such that

{ Ul(y;7,0) = G(Bcosb(y; B, 60)),
Uy(y;,0) = —Bsinb(y; 3, 0y)

where 0(y) := 0(y; 5, 6y) is defined by

0
/ G'(BcosT)dr = y.

0o
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Proof. We see that G is bijective and that (G~*(u))? = F(u) for u € (—1,1). For any
(v,0) € 3\ {(0,0)}, we choose (8, 6y) € (—5o, o) x R\ {(0,0)} as a solution of

{ G~ 1(v) = Bcos by,

§ = —Bsinb,. 3-9)

Then we will show that the function U(y) = G(f cos 6(y)) solves (3.1). Since 0(y) is the

unique solution of
do 1

a Gl
we obtain »
U'(y) = G'(Beos(y)) - (—Bsinf(y)) d—y
= — Bsinf(y).
Also, since 3
Beosf(y) =G H(U(y))
= sgn(U(y)\/ F(U(y))
= f(U(y)) - G'(Bcosb(y)),
we are led to i 1
U'(y) = — Bcosb(y) - G (Feosbly)

= — [(UY))-
Moreover, U (0) = ~ and U’(0) = § come from (3.11). Thus it completes a proof. O

In Proposition 3.3 we can choose (8 and 6, as follows:
e =G (y)and Oy = 0if § =0,
«B=—6> Oandﬁozgandiffyzowith5< 0.

Set u’(a, d; ) = u(G~Ha),0,—-G(a),d;\) for a € (0,5p) and 6 € (—fy,0); it
follows from Proposition 3.3 that

u’(a, 0;\) = (G(a cos Ql(ﬁx)),G( — d cos 92(\/X$)), —G(acos «91(\/Xa:))> :
(3.10)
where 0 (y) and 05 (y) are defined by

61 02
/ G'(acosT)dr =y and / G'(dcosT)dT =y,
0

us

2
respectively (note that G’ is even). Since G’ is positive, the functions #; and 6 are in-
creasing in .
By Proposition 3.2 we are led to the following lemma.
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Lemma 3.1. Let A\ > 0, a € (0,59) and § € (—f,0). Then, u’(,d;\) is an odd
solution of (1.3) if and only if (o, d, \) satisfies

( G(acos ¢y) G (0 cos )

¢1 @2 = 2a,
/ G'(acosT)dr - asin ¢y / G' (8 cos T)dT - d sin ¢y
0

™

2

asin gy + dsin ¢y = 0,

¢1
/ G (avcos T)dT = VA,
0

P2
G'(6 cosT)dT = VM.

(3.11)

\

[SIE]

with some ¢1 > 0 and ¢o > g

Remark 3.1. Suppose (a, 0, A) be a solution of (3.11) with ¢; € (O, g) and ¢y €

(z, 77). Then it follows from Proposition 3.3 and (3.10) that (u))'(z) < 0 for x € I;
(U =123).
m

Suppose («, d, ) be a solution of (3.11) with ¢; € (0 5

we see that

) and ¢y € (g,ﬂ>. Then,

G(acos¢r) > G(d cos ¢s). (3.12)

It follows from a monotonicity of G that cvcos ¢ > d cos ¢ > 0. Moreover, it follows
from G”(s) > 0 for s € (0, 5y) that

G(acos 1) — G'(acos ) cos p; < G(dcos da) — G'(0 cos pg)d cos pa < 0. (3.13)

4 Sketch of Proof

In this section we show a sketch of proof for Theorem 1.

In order to prove Theorem 1, we prove that the system (3.11) as in Lemma 3.1 has
a solution for each A > 0. More precisely, we regard o € (0, y) as a new parameter
instead of \, and construct one parameter families d(«), ¢ (), ¢2(a) and \(«) satisfying
some suitable properties.

The following Lemmas 4.1 and 4.2 are proved by a standard continuity argument.

Lemma 4.1. Fix « € (0, 5y), § € (—0o,0) arbitrarily. Consider the equations for 0 <

¢1<gandg<¢2<7r:

asin ¢y + dsin ¢y = 0,

¢1 2
/ G'(acosT)dr — / G'(dcosT)dr = 0. @D
0 w/2

Then, the following (i) and (ii) hold.
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(i) If 6 = —«, then there exist a unique 0, (o) € (0, g) such that (1, p2) = (O (), m7—
0.(a)) satisfy (4.1).
(ii) If 6 > —q, then there exist a solution (¢1, p2) = (d1(, 9), Pa(v, 0)) of (4.1).

Remark 4.1. A pair (o, —a, 0. («), ™ — 0,(«)) as in Lemma 4.1 does not satisfy (3.11)
for all a € (0, By).

By the implicit function, ¢ («, ) and ¢o(«, §) are C*-function of («, ¢) and

5111}1 ¢1(a,9) = O,(a)and 51ir£1 d1(a,0) =7 — 0.(a).

By using a continuity argument again with the inqualities (3.12) and (3.13), we obtain the
following two lemmas.

Lemma 4.2. Fix o € (0, 5y) arbitrarily. Consider the equation for 6 € (—a,0)

G(acos ¢1(a,0)) — G(d cos pa(a, 6))

o ~2a=0, 4.2)
/ G'(acosT)dr - acsin ¢ (v, 9)
0

where (¢1(a,0), ¢o(v, 0)) is defined in (ii) of Lemma 4.1. Then, there exists a solution
d=0(a) € (—a,0) to (4.2).

Lemma 4.3. Fix o € (0, 5y) arbitrarily. Suppose that (¢1(, ), ¢o(,0)) is defined in
(ii) of Lemma 4.1 and that §(«) is defined in Lemma 4.2. Set A\(«) by

61(6(a)) 2
AMa) = / G'(acosT)dr | .
0

Then, the following hold:

(i) (a,0(a), M) is a solution of (3.11) with ¢ = ¢1(a, d(a)) and ¢o = ¢o(a, 0(ax)),
(i) 2 (0) > 0 fora € (0, o)

(iii) M) = A as o — 0 and Ma) — 0o as o — f,.

By Lemmas 3.1 and 4.2, it is concluded that +u°(«, §(«); A(«v)) is a desired solution
of (1.3) by (3.10), and the inequality |G(v)| < M |v| with some M > 0; in the topology
of X,

u’(a, 0(a); M) — (0,0,0) as o — 0.

See also, Remark 3.1.
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S Remark on nondegeneracy of solutions

In a bifurcation analysis it is also important to consider the nondegeneracy of the so-
lutions; in general, a degenerate solution implies the secondary bifurcation. When we
investigate the nondegeneracy of the solutions u(71, 72,73, 0; A) defined by (3.2) and the
odd solutions u(vy1,0, —71,9; \), the conditions (3.5) and (3.7), (3.8) as in Propositions
3.1 and 3.2 respectively, play crucial role. For the odd solutions, the condition (3.8) is
obtained while the condition (3.7) is not obtained yet.

By using this fact we have a partial result on the nondegeneracy of 1-mode solutions
of (1.3).

Proposition 5.1. Let \; > 0and +u§ = tuf(x; \) € S} be as in Theorem 1, respectively.

Suppose \ > A1. Then the solution +uf is nondegenerate in the space
X§ :={ue Xy |uisodd}.
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