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Abstract

This is a resume article of the result [1] in which the authors give a nu-
merical analysis for the phase separation equation coupled with viscoelas-
ticity in two-space dimension. The system was formulated by Pawlow and
Zajaczkowski [8], and we proposed a numerical scheme for the system and
gave its mathematical analysis, such as the existence of a solution for the
scheme and the error estimate in [1].

1 Introduction

We give the numerical analysis for the problem in two space-dimension:

Jdu =V - %—Qg(s(u), X) +voiV - (Az(u)), (1.1)

p= A+ U0 + G, ) (to)eO.7]x0,  (13)
dy  d

u=0, % - % =0, (t,z) € [0,T] x 0Q,  (1.4)

u(0,-) =uy, u(0,) =vy, x(0,-) = xo, x € (), (1.5)

where v and ~ are positive constants, £ C R? is a bounded domain with a boundary
99, n is an outward unit normal vector on 9, and & = (z,y)’ € R%. The system
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introduced by Pawlow-Zajaczkowski [8] describes a phase separation process in a
binary deformable alloy quenched below a critical temperature. The unknowns
u = (ug,uy,)", x and p are the displacement vector, the order parameter (or phase
ratio) and the chemical potential difference between the components, respectively.
The unknown shear strain tensor £ = ¢(u) is defined by

_ Oyuy + Oyug

. Exx 5zy . . .
€= < . Eap i= Oglly,  Eyy i= Oylly, Egy: 5

€xy Eyy

Let us denote the scalar product for tensors € and € by € : € = Ez’,j:x,y €ij€ij. We
regards that Yy = —1 and y = 1 correspond to the phases a and b of binary a-b alloy,
respectively. The elastic energy w(e, x) is assumed to be the form;

1

we, x) = 5 —EX)) : Ale —E(x)),

where the fourth order tensor A = { Ak }ijki=zy 18 an elastic moduli tensor defined
by

Aiji = NijO + (031 + 00
with the Kronecker delta ¢;; and the Lamé contants A and p. From the definition,
we can confirm that

A:L‘a:xx = Ayyyy =+ 2“7 szyy = Ayyxx = /\a
Axwmy = Azmym = Aazymz = Ayazxm = Ayyyw = Ayyazy = Ayzyy = Amyyy = 07

A = Aymya: = A:L‘yya: = Ay:ca:y = M.

TYTY

Throughout this article, we assume A > 0 and A + p > 0 which assure the strong
ellipticity of A, that is, there exist positive numbers a, and a* such that for any &

ae:e<e:(Ae) <a'c:e. (1.6)
The function £ denotes the stress-free strain corresponding to the order parameter
X, defined by
Ex) = (1= 2(x))Ea + 2(X)5

. _ £ £ _ &y €y . .
with constant tensors g, = | _“** ") g = " ") which represent eigen-
Camy  Eayy Ebay  Ebyy

strain tensors of phases a and b, and sufficiently smooth given function z satisfying

0 for y < -1,
z(x) =
1 for xy > 1.

In addition, for simplicity, we assume that z € [0, 1] and &, & and " are uniformly

bounded, throughout this article. We suppose that the chemical energy 1 is the

general double-well form:

1
p+1

1
_X27 (17)

p+1
x| 5

Y(x)

2
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In the case of p = 3, the phase separation equation is called the Cahn-Hilliard
equation. However, from the technical reason, here we assume p € [2,3). Observe
that

W=t Br). e =20 Ak -200)
e =5 | e ="F00:AE—00),

Oeyer  Otyy
Y (x) =X - x
It is easily checked that

ow _ _
0= = (>‘ + 2#)(51‘:6 —Eee(X)) + A(gyy - Syy(X))v
ow ow _
R = R = 2#(51?; - gxy(X))a
Ty yr
ow _ _
D0 (e 20— 1))+ Mo — e (1)
vy

which implies 22 = A(s — £(x)).

We introduce the background of the problem (1.1)—(1.5). Gurtin in [4] pro-
posed the general model of the phase separation equation coupled with elasticity,
with additional anisotropic, heterogencous and kinetic effects, by using his ther-
modyanamical theory based on a microforce balance. The results for the system
under the quasi-stationary approximation of elastic equation are found in a lot of
references, e.g. Garcke [2, 3] (for more precise references we refer to [1]). On the
other hand, Pawlow and Zajazkowski in a series of their articles [5, 6, 7, 8, 9] stud-
ied the non-stationary problem (1.1)—(1.5) in order to observe a formulation of the
microstructure on a very fast time scale at the initial stages of the phase separation
process. We remark that the some physical effects such as the anisotropic effect
are omitted in the model for simplicity. The system is coupled of the (visco)-elastic
equation and the Cahn-Hilliard equation (i.e. p = 3). In [10, 11] the numerical
analyses for the problem (1.1)—(1.5) in the one-space dimension case are given, that
is, the structure-preserving finite difference schemes are proposed and the existence
of the solution and the error estimate are proved by applying the energy method for
the structure-preserving finite difference methods (see e.g. [12, 13]).

2 A Finite Difference Scheme

Our aim of this talk is to propose a finite difference scheme for the system (1.1)-
(1.5). Before introducing the scheme, we first reformulate the system (1.1)—(1.5)
into the simplified version suitable for subsequent analysis, following the results by
Pawlow and Zajazkowski [8]. Using the elastic operator @) defined by

o oy (N 2p)0 + (A + p)9,0, Uy
Qui=phu+ A+ p)V(V-u) = ( A+ w)2dy (420,02 + 02 )\ )

3
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we represent Qu = V - Ae. Setting the first order differential operator

B (A4 20)0, A0, 240,
2, (A +2u)d, 2ud,)’

the following identity

Eaa(X)
V- Az(x) = B [ g4 (x)

Eay(X)
holds. By using the above notations, we simplify the equations (1.1)—(1.3) such as

#(5)-o()ma()-s(5n) e
Ox + A% X +Ax = A (XTI —F(0) s A(e —E(x))) - (2.2)

Let us first give a setting for the finite difference method. Throughout this paper,
we assume that € is a two-dimensional rectangle as §2 := [0, L,] x [0, L,] > (z,y).
We denote the numbers of split with respect to ¢,  and y by N, K and M, respec-
tively. Denote the split sizes by At = T/N, Az = L,/K and Ay := L,/M. We
will use various kinds of difference operartors such as the first order difference op-

erators 0, 5; 0,07, 0,0, 5§1>, 5;,”, 5t<1> and the second order difference operators

58, 5332), 59@. We first define the forward difference operators 7, 6, and ¢, and the
backward difference operators 4,7, 4, and d; by

f(n7k+17m)_f(n7k7m) f(n7k7m)_f(n7k_17m)

+ = - =

O ) Az A Az ’
5 f = f(n,k,m+1) — f(n, k‘,m)’ 6= f = fln,k,m) — f(n, k,m — 1)7
y Ay v Ay

otf.— f(n+17km)_f(n7k7m) 5_f_ f(n7k7m)_f(n_17k7m)
te At L At '

+ —
The first order central difference operators are defined by 52” = 20 gy E=ux,y,t,
and the second order difference operators are defined by

07 = 6707 = 008 (E=wyt), 0P =

Let us define the discrete domains €, and Qg by

Qi ={(k,m)|k=1,2,..., K—1, m=1,2,...,M — 1},
Qq:={(k,m)| k=0,1,2,....,K, m=0,1,2,..., M},
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and the discrete boundaries 0y ., d€2q, and 0§24 by

gy ={(k,m)|k=0,K, m=0,1,...,M},
00, = {(k.m) | k=0,1,.... K, m=0,M},

and 0€Qy 1= 0824,,U0Qy,,. Remark that 0€4,M0Q,, = {(0,0), (M,0), (0, K), (K, M)}.

Obviously it holds that Qg := Q4U . We also define the exterior boundary point
sets 0€1g , and 0§ by

o, = {(k,m) |k =-1,K+1,m=0,1,

oo, M}
o0, = {(k,m) | k=0,1,

o Kom=—-1,M+1},

Using the abbreviation f(n) for f(n,k,m), our scheme corresponding to (2.1)
and (2.2) is as follows: for n=0,1,..., N —1

z(n+1)+Uz(n)
@ (Us(n)) _ Celntd) sy (Us(n)
O (Uy(n)) oF <Uy(n+l)+Uy(n) Vo, ' Qa

o) Uy(n)
Zee(X(n+1))
Bd (Eyy(X(n + 1))) 5 (k,m) S Qd, (23)
Euy(X(n+1))
57X (n) = AgP(n (2.4)
P(n) = —A, <X(n+1;+)((n)) e <X(n+1;+)((n)>
1 ow (X(n+1)+ X(n —
+‘Ig§n>@< (n + 2) ( ),g>, (k,m) € Tu, (2.5)

where (4, B, Ag and A(n) are defined by

xy

(A + )% (A +20)882 + sl
A+208 A8 2us”
Ba = (1) W o <) |
Ady AN+ 2u)by " 2udy
A(n) :={E7(n), € (n),EF(n = 1), (n = 1)},

4.\ et B 6EU,(n) % 5jcth(n)-|—5jUx(n)
200 =220 = (4 ) sy © st )

0, — <(>\ +20)08 + o (A + )6 >

Ag =02 + 6,

' oF . :
Observe that for Vi := ( 5"1 the following relation holds
y

U, 1 _

5
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The discrete boundary conditions are as follows:
U(n,k,m)=0 (k,m) € 0Qq, m=0,1,..., N, (2.6)

Orn. k -0 k Q
bl oom) € 0oy _onN, @)
sy'U(n,kym) =0,  (k,m) € 0Q4,,

(1) . _ 5 . _ .
5?”)((71, k,m) = 62{1>P(n, k,m) =0 (k,m) € 0044, n=01. . N (28
oy 'X(n,k,m) =20y P(n,k,m) =0 (k,m) € 004y,

where U = (U, U,)", st f(k,m) = f(kH’m);f(k_l’m), s F(k,m) = f(k’mﬂ);f(k’m_l)
and the initial conditions are

U(0, k,m) = uo(kAr, mAy),
U(—1,k,m) = (uy — Atwvg)(kAz,mAy) on Qq, (2.9)
X(0,k,m) = xo(kAz, mAy) on Qq.

There are 4{(K + 1)(M + 1) + 2(K + 1) + 2(M + 1)} unknowns in the system
(2.3)—(2.5). Indeed, there are (K + 1)(M + 1) lattice points on €y, in addition,
2(K +1) +2(M + 1) lattice points on g , and € required in (2.4) and (2.5), and
there are 4 unknowns U,, U,, X and P. There are the same number of equations
(2.3)—(2.8) as the unknowns, because there are 2( K — 1)(M — 1) equations in (2.3),
2(K 4+ 1)(M + 1) equations in (2.4) and (2.5), 4K + 4M equations in (2.6), 4(K +
1)+4(M +1) equations in (2.7), and 4(K +1)+4(M +1). t In the actual numerical
calculation, we first obtain X(1) by solving the nonlinear equations (2.4) and (2.5)
with (2.8) at n = 0 for given X(0), U(0) and U(—1), where we need to fill their
exterior values by (2.6)—(2.8) beforehand. Next, we pursue U (1) in Qy by solving the
linear equation (2.3) for given U(0) and U(—1) and X'(1) obtained in the previous
step. Lastly, with the help of the boundary conditions (2.6) and (2.7) again, we fill
the exterior and boundary values U(1) in 9QU 95 , U 9Q . In the same fashion,
repeating the procedures from top to bottom step by step:

e Solve the nonlinear equation (2.4) at n by the iterative method introduced
later, and get the value X'(n + 1) in €, from known values X(n), U(n) and
U(n-—1).

e Solve the linear equation (2.3) at n, and get the value U(n + 1) in 4, from
known values U (n) and U (n — 1) and X(n + 1).

e Fill the exterior and boundary values U(n +1) on 92, U0Q5 , U0, by (2.6)
and (2.7).

3 Numerical Simulation

Although we will give several numerical results in the actual talk, in this abstract
we restrict ourselves to give only a figure of numerical simulations for the scheme.

6

I
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Set the initial value as uy = 0, vog = 0 and xo = %sin (%) sin (%), the domain as

2 =10,1] x [0,1], and the eigen-strains as &, = ((1) (1)) and 7, = ((2) (2)>

15 15
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00
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09
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03

x at T'=0.25
| S

watT =05

4 Mathematical Results

Applying the energy method introduced in [12] and [13], we can show the existence
of unique solution for the numerical scheme (2.3)—(2.9)

Theorem 4.1 (Existence of Unique Solution). For any given initial data satisfying
X0, EX(0), EE(—1),v9 € L2, there exists some constant C., determined by the initial
data such that if At < C., there exists a unique solution (U (n), X (n)) satisfying the
difference equations (2.3) and (2.4) under the boundary conditions (2.5) and (2.6)
and the initial condition (2.7).

In a similar manner, we can also prove the error estimate between the exact
solution for (1.1)—(1.5) and the solution for (2.3)—(2.9) in the following sense.

Theorem 4.2 (Error Estimate). Denote the errors Uy (n, k, m)—u,(nAt, kAx, mAy),
Uy(n, k,m)—u,(nAt, KAz, mAy) and X (n, k, m)—x(nAt, kAz, mAy) by e, (n, k,m),
euy(n, k. m) and ey (n, k,m), respectively. Assume that (1.1)~(1.5) has sufficiently
smooth solution (u,x) and

[X ()|, etz < Chaa-
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Then for some constant Cepp = Coepp(L, T, Cyaa), if At < Copp, it holds that
16, eu(n)ll 2 + llec(n)ll 2 + llex(n)ll 2 < C(AL+ Az? + Ay?),  n=1,2,...,N,

2 125+ lez 125

where e, (n) := (eysz, €uy)’ and ||eg||%3 = 5 < qith
0eus(n) 1 (6Feyy(n) + 6Fe (n)))
ef = E%(eu(n :< @ 2 \"z uy y Cux )
€ (€u(n)) %(cﬁteuy(n) +5§teux(n)) O;teuy(n)

For more detail, we refer to the original article [1].
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