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Optimal control problem for a nonlinear nonlocal evolution
system describing an interacting ternary mixture with an

evaporating component: 2D case with bulk evaporation

Arghya Kundu  Adrian Muntean *
April 30, 2026

1 Introduction

We report here our first preliminary results concerning optimal control formulations aimed as tools to help
deciding on classes of formed morphologies! as they occur in the framework of organic solar cells (OSC).
The reader is referred to the review paper [17] for more details on the technological application and in-
volved physical mechanisms. Although we nearly always have in mind the OSC setting, the reader should
note that quite similar phase-separation scenarios are encountered in very different materials science ap-
plications. We mention here for instance the case when one attempts to influence the microstructural
design of adhesive bands using lattice-based models for mixtures of (stochastically) interacting particle
systems; see here the details [12].

Returning the discussion to OSCs, the nice particular feature of our setting is in fact twofold: (i) two
components of the mixture are polymers and one is a solvent and (ii) the solvent evaporates - this fact is
used to arrest the formation of the morphology (i.e. to stop the phase separation at a fixed concentration
of evaporated solvent). We refer the reader to our numerical results reported in [6] where we discussed
evaporation matters in 2D; see loc. cit. for more references around this topic.

In the framework of this article, we aim to use the evaporation mechanism to formulate a first optimal
control problem that allows for a certain design of solvent distribution (linked in Section 1.1 to a given
function ¢4 € L?*(S x Q)) to be achieved?. To this end, we use the model equations listed in [14] and
consider the case when the evaporation mechanism acts as a bulk production term. The spirit of the
calculations shown here follow to a large extent the way of working from [9]. Notice as well that two
further cases of interest become apparent: (1) the evaporation takes place across part of the boundary
of our domain (hence, boundary controls will need to be involved), and (2) the inverse temperature 3 is

used as control parameter. These cases will be studied elsewhere.

*Both authors are with the Department of Mathematics and Computer Science, Karlstad University, Sweden

IMorphologies are geometric pathways for electrons, charges, and so on, to move through the internal structure of the
thin layer forming the solar cell, from anode to cathode.

2This work should be seen as a proof-of-concept that the posed optimal control question can in fact be addressed. We
present here only analysis results; serious computations are left for handling a more realistic physical scenario.
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1.1 Model equations

Let Q C R? be a bounded rectangle with the boundary dQ, and set a T > 0 as a fixed time. S := (0,T) is
the time interval where we define our problem. Furthermore, we take 0,50, Omaer € R with 0,50 < Oimas
and define the set

Upg :={0 € L*(S X Q) : Onin < 0 < Oppaza.e. in S x Q.

In this article, we aim to investigate the following distributed optimal control problem: Find 6 € U,q
such that

1

7(9) ;:-/ |¢—¢d|2dxdt+§/ 6]? da dt (1)
2 Jsxo 2 Jsxa

reaches its infimum with respect to 8 subject to both the control constraint

0 c u,,,d (2)
and the state equations
dym =V - [Vm — 2B(¢ — m?)(V.J *m)] inSxQ, (3)
Op =V - [V —28m(1l —)(VJ*m)] +a(l —¢)+6 inSxQ, (4)
m(t =0) =mp and ¢(t = 0) = ¢ in Q, (5)
¢, m are both periodic on 012, (6)

where t € S and = € 2 denote the time and space variable, respectively, m acts as a phase field indicator
distinguishing between two polymeric phases, § > 0 denotes the inverse temperature, J € C% (Q) is
symmetric compactly supported potential normalized so that fQ J(z)dz =1 and @ is the control variable.
For the variable ¢, 1 — ¢ represents the concentration of a solvent interacting with the polymers.

It is worth noting that this evolution problem is a parabolic system coupled in terms of a nonlinear,
nonlocal, degenerating drift. Its particular structure (with no productions by evaporation) was derived
in [15] as a suitable hydrodynamic limit of a Blume-Capel-Kac model with Kawasaki dynamics.

We refer to the state equations (3)—(6) by (P) and to the entire control problem (1)—(6) by (OP).

1.2 Organization of this work

The remainder of the paper is structured as follows. In Section 2, we introduce the necessary mathematical
preliminaries, including the definition of weak solutions and a continuous dependence result for the
proposed problem. Section 3 is devoted to the main results, where we establish the existence of an
optimal solution to the optimal control problem (OP), prove the Fréchet differentiability of the control-
to-state operator, and finally, derive the first-order optimality condition through the associated adjoint

problem. Section 4 explores possible extensions of the present study.
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2 Preliminaries

2.1 Notations

For the reader’s convenience, we recall some of the more relevant notation here. The notations L2(£2)

and H'(Q) conventionally denote the Lebesgue and Sobolev spaces with their respective norms

||UHL2(Q) = (/Q |u(gj)|2 dz)%

and
l[ull () = [lull2@) + [[Vul|L2(q)-

The spaces C*°(€2) and C3(£2) denote the space of the smooth functions and the space of all smooth
functions which are periodic on . We denote H} () as the closure of C3°() in the H'— norm and by
H ;I(Q) the corresponding dual space. For convenience of writing, we will often omit to write the index
# in the Sobolev space H#(Q), so we will simply write H'(Q), but we still want the periodicity property
to hold.

We denote LP(0,T; B) as one of Bochner spaces with the norm

T 1
[ullLe0,1;8) = (/ [|u(t, z)|P dm)".
0

Here, we are going to mostly use p = 2 and B is one of L*(Q), H'(Q), H}(Q) and H~'(Q). For the

reader’s convenience, we introduce the notation:
W= {u:ue L*(S;H (Q)), du € L*(S: H ' (Q))}.

More details on the definition and properties of the employed function spaces can be found, for instance,
in [4, 13].

2.2 Working assumptions

Our study relies on the following assumptions:
(A1) g>0.

(A2) 0 < |mo| < |dg| <1 ae. in Q.

(A3) U is a bounded open subset of L?(S x Q) containing U,q and there exists a constant K > 0 such
that
[10]]22(sxq) < K for all 0 € U.

(Ad) 6 >0, pg € L3(S x Q), Onmin, Omax € LZ(S x Q) such that Oipn < Opas for ae. in S x Q.

All these assumptions are both physically and mathematically well motivated. (A1) and (A2) are needed

not only to be able to speak about a good concept of solutions (see Section 2.3), but they turn to be
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essential for the phase separation property to hold. In this spirit, Theorem 1.1 cf. [14] guarantees that
0<|m|<|¢|<1lae inQxS8S.

It is mathematically interesting to study the case 8 — oo (i.e. the limit towards a complete freezing of
the dynamics), while the case f < 0 is mathematically treatable, but physically it is a nonsense. (A3)
and (A4) are ingredients needed for the current optimal control formulation.

2.3 Concept of solution and basic properties

2 2
Definition 1. We say that a pair (m, ¢) € (L2(S; H,(Q))NL>(S; LZ(Q))) with (Oym, 0:¢) € (L2(S; H#;l(Q))>
is a weak solution of the state equations (P), if it satisfies m(0,x) = mo(x) and $(0,z) = ¢o(z) for all
x € Q together with the identities

(Oym, ) dt+/ Vm'leJda::/ 28(¢p —m?)(V.J xm) - Ve du, (7)
Q Q
(Or,m) +/&2 Vo - Vndz :/” 26m(1 — ¢)(VJ *m) - Vndz
a/ﬂ(l—¢)ndm+/ﬂ€ndm, (8)

for all (v,n) € H#(Q) X H#(Q)

Theorem 3.1, and respectively, Lemma 3.3 (both from [14]) ensure the existence, and respectively, the
uniqueness of solutions in the sense of Definition 1. For convenience of the writing in the next sections,
we omit to write the index # in the Sobolev space H#(Q); so, instead of H#(Q), we will simply write
HY(Q).

Theorem 1. Let the assumptions (A1), (A2), (A8) be satisfied. Then the solution (m,®) in the sense

of Definition 1 satisfies the following a priori estimate

[lml| L2 (s;m1 ) + 10l L2 (s;m 1)) + 1llL2(s;m1 )y + 10udl 1258 1(02)) < C,

where C = C(H?TLQHL2<Q), H¢0HL2(Q)7 H9||L2(S><Q)7T) >0 is aﬁm’te constant.

Proof. Multiplying (3) and (4) by m and ¢, respectively and integrating the resulting equalities over Q,

we obtain

1
5%”771/”%2(@) + ||Vm|\%z(g) z/ 28(¢p — m?)(V.J xm) - Vi dx
Q

< 25|Wm||L2(Q)||¢ - m2||L°<>(Q)Hv‘]||L1(Q)HmHL2(Q) 9)
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and

1d, o 2 _ em) . _
5 2110132 + IVl 26/ﬂm(1 OV m)- Voda+a [ ( ¢>¢dx+/ﬂe¢dx

Q
<28[Im(1 = @) Lo @ VI L1 [Iml| L2 (@[ V | L2() + Culll] 72
+ 101l 2@ 101l 2(0)- (10)

Now, from Young’s and Gronwall’s inequalities, (9) and (10) imply that
lml2(s:m1 (@) + |82 (s.m1(0)) < C,

where C1 = C1(|[mol|L2(q)» l|Pollz2), 10llL2(sxq), T)-
Furthermore, choosing v € H'(1) yields

[(@ym, )| <[[Vm| L2 VY| 220 + 261|¢ — m?[| L2 IV 5 ml| () I V]| 22 ()
S{HVmHL?(Q) + 28|l — m?|| 2 ||V ] * mHLw(Q)}H@HH](Q)-

We then get

sup (Orm, )| < ||Vml|p2q) +206]]¢ — m,2||L2(Q>HVJ * 1| Lo () (11)

Hd’”]—[](g'z)sl
and hence,
10yl L2(s;-1(q)) < Co.
Similarly, one obtains [|0;@||2(s;m-1(q)) < Cs, where the constants Cy and C3 depend on initial

conditions, K and T
O

Theorem 2. Let (m1, ¢1), (ma, d2) be two solutions in the sense of Definition 1 for given control func-

tions 01, 03 € U, respectively. Then the following estimate holds:

[lm1 — mal|p2(s;m1 Q) + [10ema — Oyma||L2(s;m-1 () + [é1 — b2l 22(s;m1 ()
H|0sd1 — OrballL2(s:5-1(02)) < Cll01 — 02l L2 (s5x ), (12)

where the constant C > 0 depends on K, T and the initial data.

Proof. Let (m1, ¢1) and (ma, ¢2) be two solutions of (3)—(5) with the same initial conditions and controls
01 and 6, respectively. Define m := my — ma, ¢ := ¢1 — ¢2 and 0 := 6y — 0, for t € S. Then the pair

(m, ¢) satisfies the equations

oym = Am — 28V - [(¢1 — m2)(VJ xmy) — (¢ — m3)(V.J + my)] in S xQ, (13)
Od =A¢ =26V - [m1(1 — p1) (VI xmy) —ma(l — ¢2) (VI xmg)] —agp+60  inS xQ, (14)
m(t=0)=0, ¢(t=0)=0 in Q, (15)

m=0, ¢=0 on S x 90. (16)
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Multiplying (13) by m and then integrating the resulting equality over Q yields
1 2 2
§HmHL2(Q)+va||L2(Q)
:2;‘3’{/ (¢ —m3)(VJ *my) - Vmdz — / (2 — m3)(VJ *mg) - Vmdzx|. (17)
Q Q
At this point, it is convenient to observe the following structure in the drift term:

(1 — m2) (VT xmy) — (dg — m3)(V.J % my)
=¢1(VJ xmy) — 02(VJ xma) + ¢2(VJ xmy) — ¢2(VJ % my)
—m3(VJ xmy) +m3(VJxmy) —mi(VJ xmy) +ma(V.J xms)
=¢(VT xmy) + ¢o (VT xm) — m(my +mo)(V.J xmy) —m3(V.J xm). (18)

As a consequence, (18) turns now (17) into
1d |
2dt

< 25{||¢|\L2<n)||vm||L2(sz>HVJ *ma|pe () + [192llL2@ [Vl @) VI * ml[p o)

‘m'H%?(Q) + va’”%?(ﬂ)

+ [Im 2 IVl 22 @)l lm1 + ma|lra@) [V * mi|| =)

o lImalF ooy 197 # ml| (o V| 2(cn - (19)

Now, multiplying (13) by ¢ and integrating the resulting equality over 2, we obtain

1
§H¢||%2(Q) +IVollZ2 (0

:Qﬁ/ﬂ[ml(l — 1) (VI xmq) — ma(l — ¢2)(VJ *ma)] - Vopda — Oz/ﬂgzb2 dx -I—/Qﬁczﬁda:. (20)
It holds

mi(l — 1) (VI xmq) — ma(l — ¢2)(VJ *xma)
=m1(VJ xmy) —ma(VJ xmy) +ma(VJ*xmy) —ma(VJ xms) + mig1(VJ xmy)

—mad1 (VI xmy) +maed1(VJ xmy) — maga(VJ xmy) + made(VJ xmq) — maga(VJ xms)
=m(VJ xmq) +mo(VJ xm) +me1(VJ xmy) + mad(VJ xmy) + maga(VJ *m). (21)

Hence, (20) becomes

1d
5@”@5”%2(9) + V81720

SQ/B{|\m|\L2<m||V¢HL2(m||VJ*m1||L°<>(Q> + [Imallr2 @) IVl L2 IV * m|| Lo ()
+ [[ml|La|[Vl L2 l|d1l[ L) VT * mal| L ) + [Imal|La@ |9l La@) VOl L2 () ||V T * mal| e (a)
+ Hm2|\L4(Q>|\¢2||L4(Q)HV¢HL2(Q>HVJ*mHLw(Q)} + 101122 18] 2() + el T2 (- (22)
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As next step in the calculations, we add (19) and (22) and use the facts || V.J*u|| L) < [|VJ|[L2@)llul|L2)

2
and (m;, ¢;) € (LQ(S; H, (Q))NL>(S; LQ(Q))) . These ingredients combined with Young’s and Grénwall’s
inequalities imply that

||7”/||L2(S;H1(Q)) + ||(/)HL2(S;H1(Q)) < 01||9HL2(SXQ),

where the constant C; > 0 depends on T'.
Furthermore, choose 1 € H'(Q) to get:
[(Osm, )| <|[Vm|r20) [V 12(0) +2ﬁ{|l¢|\L2(Q)||VJ*mlllem) + @2l r2@)IVI * ml[ 1= (q)
+ HmHL4<Q)||m1 +n1/2||L4(Q)HvJ* mlHLoo(Q) + H7n2”%4(9)||vj*77L||Lo<>(Q)}HV'Z/)HL2(Q)
S{HVmHL?(Q) +25(|l¢|\L2<Q)||VJ*m1||L°°(Q) +[@2llL2 @)V * m|[ Lo (q)

+ [[mll sy llma + ma||ps@) [V * ma| L= o) + Hm2|\%4<m||v«7*m||Loem))}|WHHl(ﬂ)-

Hence, it holds

P [(Oym, )| <[[Vm|r2(q) +25(H¢||L2(Q)HVJ*m1||L°°(Q) + 2]l 2@ [V 5 m| Lo (q)
Plg1 o)<t

|l gy llma + mal| sy [V = mal ey + mal oy IV % ml e ) ).
which finally ensures
[[0em|L2(s:5 1)) < Call0l]L2(sx0)-

Similarly, one obtains

sup |90, m)| <[Vl 20 +25{Hm|\L2(Q)HVJ*mll\Lw(Q) +[|ma|lp2(0)| |V * m|| L= (0
el g1 (o)<t
+ Imllpallé1llpa @IV * mal| L @) + [ImallLa)l|9llLa@) VT * mal[Le(a)
o+ lImallzaolidal L[V = ml Loy } + 18]l z2(@) + all8llz2(@)
= [[0edl]L2(s;m-1(02)) < C3ll0l]L2(5x0)-

Putting all these facts together, we simply conclude that the control-to-state-operator i.e., S :  — (m, @)

is Lipschitz continuous from L?(S x Q) to
F:=HY(S; H ' (Q)NL*S; H'(Q) x H'(S; H ()N L*(S; H(Q)).

Hence, the control to state mapping S : § — S(0) = (m, ¢) is well-defined as a mapping from L?(S x )
onto F. Moreover, S is a Lipschitz continuous mapping from U of L2(S x Q) to F.
a
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3 Optimality condition

3.1 Existence of an optimal control
Theorem 3. Assume (A1)-(A2) are satisfied. Then the optimal control problem (OP) admits a solution.

Proof. Abusing a bit of notation, we let m := inf J(#). Since 0 < m < oo, there exists a sequence

ad

(On)n € Uaa C L*(S x Q) such that lim J(6,) = m. Further assume that the pair (my, ¢,) satisfies
n—o0

the state equations (P) for a given 6, with n € N. Hence, relying on the a priori estimates stated in

Theorem 1, one can extract subsequences (my)n, (O¢mn)n, (On)n, (Otdn)n and (0, ),, still indexed by n

such that the following convergences hold:

(i) O, 2 0in Uag C L2(S x Q),

(ii) m, = m in L3(S; HY(Q)),

(iii) dym, = dym in L2(S; H-H(Q)),

(iv) oo = ¢ in L*(S; H'(Q),

(v) Oepn = Opop in L*(S; H(2)),

(vi) m, — m strongly in L?(S x Q),
(vil) ¢,, — ¢ strongly in L?(S x Q).

Now, we recall that J € Cf_(ﬁ) and compactly supported implies that V.J € L'(Q). Then ||V.J *
ml|z2(q) < Cllm||r2(q). So the map m — V.J % m is linear and continuous from L?(Q2) — L?(€2). Hence,

my, — m strongly in L?(Q) implies V.J % m,, — V.J % m strongly in L?(€).

Hence, (m, ¢) is the weak solution of the state equations corresponding the to the control 6. Next, the
weakly lower semicontinuity of 7 implies that 6 € U,q4 is an optimal control for the proposed optimal
control problem; see e.g. [16, 19] for more background in the context of optimal control problems posed

for PDEs. Od

Within this framework, the symbol 0 € Ung consistently denotes a locally optimal control, while

(h, ¢) = S(A) represents its corresponding state.

3.2 Structure of the linearized system

Let h € L?(S x Q) be fixed arbitrarily. Now, to be able to ensure the Fréchet differentiability of the
control to state operator S, we need to find firstly the linearized form of the state equations (P) around
the solution pair (m,é) Taking m = m + ¢1, ¢ = ¢ + @2 and substituting this in (P), we obtain the

following linearized system
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dipr =V - [Voor = 28(p2 — 2imp1) (VT % 10) — 28(6 — 10?) (V] # 1)) in S x Q, (23)
s =V - [Vipa = 2Bi(1 — §)(VJ * p1) — 281 (1 — 9)(V.] # 1)

+ 2Bpan(VJ « )] — apg + h inSxQ, (24)

1,2 are periodic on 09, (25)

Pt =0)=0, ga(t=0)=0 in 0. (26)

Theorem 4. For any h € L*(S x Q), the linearized system defined by (23)—(26) possesses a unique weak

solution

(p1,02) EW X W.

Furthermore, the following stability estimate holds

erllrz(s;m ) + 110eprllLasm-10)) + [|@2llrzis;m @) + [10ep2lL2(s;m-10)) < ClIl|z2(sx0),
where C > 0 has the same dependency as in the statement of Theorem 1.

Proof. The existence of weak solutions to the linearized system (23)—(24) follows from a straightforward
application of the Galerkin approximation method, see e.g. [7].

In the context of this proof, we are mainly concerned with ensuring the stated stability bound with
respect to h € L2(S x Q). Multiplying (23) by ¢; and then integrating the resulting equalities over €,

we obtain the following expressions:

1d
Sl
—25 /Q {2 — 21 ) (VT 1) + (6= ) (VT w 1)} - Vi

llerllZz 0y + [1Ve1l1Z20)

<26 [ (o2 = 2ivgall @197 ¢ llzeiey +116 = 220y 97 5 rllzen ) Veoalzocoy
Q
<2B|le2ll 2@l IV T * | L @)l Vel L2() + 4B [ L (@) VT * || e @) le1]| L2 [ Vo1 12 (0)
+ 2816 — 0|2 VT 2@ lleal 2@ Ve ll 2 - (27)
Again, multiplying (24) by ¢2 and integrating the resulting equalities over €2, we obtain

1d

24t

=/ 26{7%(1 — ) (VT % 1) + @1(1— @) (VJ x1h) — oV x m)} Vo dr + / (h — apa)pa dx
Q Q

ll2llZ2) + 11Ve2llZz ()

SQﬂ{Hm(l - </3)|\L2<Q)||VJHL2<Q)||<P1||L2(Q) + [erll2@)ll(1 = $)(V.J * 1)|| Lo ()

+ [[p2llz2(o [ (VT * 7”71)||L<>o(sz)}|\V<P2||L2(sz) +allpall7z ) + lRllL2 @) ll@2] L2 (0)- (28)
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Now, adding (27) and (28) and applying the Young’s inequality, we obtain
d
%(H‘Pl”%ﬁ(ﬂ) + H%H%z(n)) + (||V<P1H2L2(Q) + |W<P2||%2(Q))
< Ci(llenllfag) + lleallTzy) + Collbl[fzq),
where
C1=C(1+||VJ*W||% + ||| F e ) IV T 70| + 1@ — 12720 IV 117
> () L>=(Q) L= () L2(2) L2(2)
+|[r (1 — @H%Z(Q)HVﬂ\%z(m + (1 - Qg)(vj*ﬁl)l‘QLoo(Q) + [l (V] * m)“%w(m)-

Integrating the above inequality over (0,t) and applying the Gronwall’s inequality, we obtain

T
(ler Ol Z 200y + llp2(D)72(0) +/ (IVerllZ () + 1Ve2ll72() dt < Collhll72(sxq),
0

for a.e. t € S. Furthermore,

T T
/ 10so1 1 111 (c2ydt S/ {HV%HB(Q) + |2 — 2mp1|| L2 ()| [V * 10| Lo ()
0 0
+[|6 — 10| 2@y VT * 991|\L°°(Q)}df

and

T T
| 10alliayde < [ (19012 + 28{ 101 = Dz 191zl 120
+ el 2@ |1 = Q) (VT 510 e ) + lIspal [ L2 (o |7 (V.T * m)HLw(Q)}

+alleallia) + [hllia | dt.

3.3 Differentiability of the control to state operator

Theorem 5. Let the assumptions (A1)-(A8) hold true. Then, for any 6 € U, the control to state mapping
S is Fréchet differentiable from L*(S x Q) into the space F. Moreover, for any h € L*(S x Q), its Fréchet
derivative DS is given by

DS(@)(h) = (p1,92),
where the pair (p1,p2) is the weak solution to the linearized system (23)—(26) with respect to h.

Proof. Assume that for any fixed € U,S (é) = (1, ¢) be the associated solution to the state equations
(P). Since U is an open subset of L?(S x ), there exists A > 0 such that for any h € L*(S x Q) with
[[h]|z2(sxq) < A, one can say 6+ h eU. For such h € L2(S x ), we let (m", ¢") be the solution to the
state equations (P) with respect to 6 + h. Define m" — /i =: y; and ¢" — ¢ =: yo, then the pair (y1,y2)

10
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satisfies
Oy =Ayr — 2BV - [(¢" — (mM)2) (VT 5 y1) + {yo — y1(m" +y1) HVT +10)] inSxQ, (29
Oyo =Ayz — 28V - [m" (1 — ") (VT = y1) + (y1 — 110" — i) (VT x )] —age +h in S xQ, (30
Y1 = 0, Yo = 0 on S x (()Q, (31)
U1 (va) = 07 y2(0»33) =0 in ﬁ (32)
O
As next step, we define zq := y1 — 1 and 29 1= ya — @9, then (21, 22) satisfies

Orz1 =Dz — 28V - [(o" — (mM)2) (VT x 21) + (y2 — ya(m™ + 1)) (VT * 1)

+ (20 — 21nz; — y3)(VJ % m)] in S x Q (33)
Opzo =02y — 2BV - [m" (1 — ¢") (VT * 21) + (y1 — mPya + dy1) (VT * 01)

4 (21 — "21 — prya — Mzp) (VI x1)] in S x Q (34)
21(0,2) =0, 22(0,z) =0in Q. (35)

Multiplying the equation (33) by z; and integrating the resulting equalities over €2, we obtain

1d
5%”21”%2(9) + HVZlH%?(Q)

:25/ {((bh — (mM2)(VJT % 21) + (y2 — g (m" + 1)) (VT % 1) + (20 — 2mzy — y?) (VT * Th)} -Vzrdz
)

< 25{||¢h — (m"?|| L2 IV T * 21| ey + |ly2 — y1(m" + 1) L2y || VT * 1| e ()
+ [|22 = 2mz1 — Yl L2 |V * mHLw(Q)}HVZlHH(Q)
SZﬂ{H(/)h — (") 2@ IV T2 21|22 ) + lly2 — ya(m™ + 1) |22 IV T * 1]l ()

+ 1122 = 2mz1 = 3l 2o IV T 5 1l 11 V21 2oy

Again, multiplying zo with (33) and integrating the resulting equality over 2, we get

1d 2 2
ial‘ZQHLZ(Q) +IV22|72(q)
SQB/ {mh(l — ") (VT % 21) + (y1 — mPya + dy1) (VT # 01)
Q
+ (21 — @21 — prys — 122) (VT % m)} -V + (1”22”%2(@)
< 2ﬁ{|\mh|\L4(sz)||1 — " a1V T * 21l + [lyr — mPy2 + byl L2 [V * o1l @)

+ |21 — 021 — pry2 — el 20|V * m||L°<>(Q>}|\VZ2HL2(Q) +allze[|F2q)

11

(36)

(37)
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Adding (36), (37) and using the Young’s inequality, we obtain
i 2 2 \v4 2 \v4 2 <C 2 2 C 38
dt(”'leL2(Q) +|22ll220)) + (IV21l[12(0) + [V22[|72(0)) < Cilll21ll72(q) + |22]l22()) + C2s (38)
where

Gy = C(l + 1" = m" 72 IV 11720 + 17T e (o) IV % 100l F e () + 16" 700 () [ VT % 2|7 ()

+Hmh|\%4(m||1 - ¢h||%4(Q)HVJ||%2(Q) + |11 2o () [V T m”%w(n))
and

O = C(Hyz =y (m" + )| (720 11721V F2 (0 + 62l Fa oy VT #7070
+lyr —m"ys + ¢y1H2L2(s'2)||801||%2(sz)HV']H%MZ) + ||801||%4(s2)”v']*mHZLw(sz)
1yl VT % 1 Fc ey )

Now, Gronwall’s inequality implies that

T T
T
1Ol @) + 2y + [ 19211 + IVliaq)des ([ Ca@ar)eld 0t (39)

Furthermore,

T T
/O|\3t21|\H—1(g>dt§/O {HVZlHL%Q)ﬂL?B{lW—(mh)2|\L2<Q)||VJHL2<Q)||21HL2<Q)

+ llyz = yr(m" + )| L2 [V * 1l o ()
+ HZ2 — szl — y%HL2(Q)||vJ * m||Loo(Q>}i|dt

and

T T
/ [CEAEY g/ 19231220y + 28{llm" |z @11 — 6" |1s() |97 + 21 o
0 0

+ [lyr — mPy2 + Sy || L2 IV T * 01| e (o

+l21 — @21 — ry2 — || 2|V * mHL‘”(Q)} + Ol||Z2HL2(Q)] dt.

Now, from the Theorem 2, Theorem 4 and the explicit form of the C; and Cs imply that

T
2111720y + 1221720 +/ (IV21ll72 () + IV22l172 () + 1021 1) + 11822l 1r-1(0)) dt
0

< Ct | Ihll 2sxa)lPll72(sxq),  (40)

12
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where lim C(t, ||| 12 (sxq)) = 0. Hence,
[Pl L2 (sxay—
IS0+ h) = S(6) —DS(O)h]| _

0.
[Pl L2 (sx0)—0 H]”|L2(SX§U

Next, we derive the necessary variational inequality characterizing optimal controls. Due to the
quadratic nature of the cost functional and the application of the chain rule, the reduced functional
defined by the composition

J(0) =T (5(0),0)

admits a Fréchet derivative at every el , where the Fréchet derivative is given by
DI (0) = D5y T (S(0),0) - DS(0) + Dy TS(0).
Now, using the convexity of U,q we obtain that for any local minimizer be Uyg of T in Uy,

DI B)(6 —6) >0 for all € Uyg.
We summarize these calculations in the next result.

Theorem 6. Assume that (A1)-(A3) are satisfied and let O be an optimal control for the (OP) with the
associated state S(0) = (1, $), then for 0 € L2(S x Q) it holds

/ (é—d)d)wgdxdtw/ (0 — )8 dx dt > 0,
SxQ SxQ
where DJ(@)(@—@) = (1, p2) is the unique weak solution to the linearized system (23)—(26) for h := -0,

3.4 Adjoint problem
We start off by constructing the following Lagrangian function

JWXWXUpg xWXW =R

such that

1 1)
Aom.0u0.m02)i= 5 [ (o= duPdudr+ [ (6P deds
2 Jsxa 2 Jsxa
—/ {Btm—v-{Vm—2/3(¢—m2)(VJ*m)}]fyl dzdt
SxQ

[ (06 =V (Vo 2mi1 ~ )V s m)} +a(1 = 6) + 6] rade .

Step 1: We compute the Gateaux derivative of the Lagrangian with respect to the variable m. The
Gateaux derivative of J taken at (1, a@, é) in the direction h; is defined by

13
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D3 (1, ¢,0)hq = 0 in other words %J(m + Ahq1) =0 for all hy with h1(0) = 0.

Now,

d
—J(1h + Ahq)

X
. % [at(m + A1) — V- {V (0 + Ahy) — 28(6 — (1 + Ah1)2) (VT * (1 + Ahl))}}  dedt
SxQ
_d / [ew VAV — 2800+ M )(1— ) (VT * (1 + A1)} + a1 — ¢) + e} o da dt
dA SxQ

_— / [athl — V- {Vhy + 480 + MNy)ha (VT * (i + Mhy)) — 28(6 — (i + Mhp)2) (VT * hl)}} e dt
SxQ

_/5 ) [V (2631~ 6)(V.T (1 M) 4+ 26000 4+ M) (1 6)(V.T = )} | v .

Therefore,
L300+ )|t (. 0)
d)\d m 11 o at (m,
=- / {&thl =V - {Vhi +48mhi(VJ x 1) — Qﬂ(ds —m?)(V.J % hl)}} 1 dz dt
SxQ
[ [T 2m( - )T ) + 2601~ 6)(VT k) s dat
SxQ
T
1st term: O¢hiy1 dxdt = — O¢y1hy dxdt + / (hyyl)‘ dr,
Sx0 SxQ Q 0
2nd term: —Ahyvy dedt = / —A~v1hy dedt — / v1Vhy - ndsdt + / h1Vy, - ridsdt,
SxQ SxQ Sx o0 Sx 00
3rd term: — V - {4p1mhy (VJ * 1)}y dedt = / 461mhy (VJ x 1) - Vo dadt
SxQ SxQ
— / v V{4pmhy(VJ x 1)} - i dsdt,
)
=0 as m satisfies periodic boundary conditions
4th term: V - {28(¢ — m?)(VJ % hy) Yy dadt = — / 28(¢p — m?)(V.J % hy) - Vyq dadt
SxQ Sx

+ / Y1 V{28(¢ — m?)(V.J % hy)} - it dsdt
Sxo0

=0 as 7?1,(2) satisfy periodic boundary conditions

_ / 26(6 — m2)(V.J * V)b dadt,
SxQ

14
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5th term: V - {28h1(1 — ¢)(V.J % 1) }ys daedt = —/ 28h1 (1 — ¢)(VJ % 1) - Vo ddt
SxQ SxQ

+/ 12128k (1 — $)(VJ =)} - il dsdt,
Sx0Q

=0 as 'rh,éﬁ satisfy periodic boundary conditions

6th term: V - {28m(1 — §)(V.J % hy) e dedt = —/ 28m(1 — @)(VJ % hy) - Vya dzdt
SxQ SxQ

+/ v2{28m(1 — §)(V.J x h1)} - fi dsdt
Sx 00

=0 as m,é& satisfy periodic boundary conditions

= - / 268m(1 — ¢)(V.J * Vyz)hy dzdt.
SxQ

Hence,
d ., . ooy
A+ Ahl)’ _at (1, @) =0
implies
{071 + Ayy — 4BI(V.T % 100) - Vyg + 26(d — m?) (VT % Vp) + 28(1 — ¢)(V.J % 1h) - Vg
SxQ

+2ﬂ’ﬁ1(1 — é)(VJ * V’)Q)}hl dxdt + / (hl’\/l)(T) dzx +/ h1V’yl -ndsdt = 0. (41)
Q2 Sx 00

Now, for all hy € C§°(S x ), (41) becomes

/S Q{am + Ay — A8 (VJ 1) - Vg + 28(¢ — m?)(VJ % V) 4 28(1 — ¢)(VJ % 1) - Vg

+261m(1 — ¢)(VJ * Vya) oy dudt = 0.
Since, C§°(S x Q) is dense in L*(Q2), then we have

By + Ay — 4B(VJ x1i) - Vg + 28(¢ — 1?)(VJ * Vyr) + 2B(1 — @)(VJ x 1) - Vo
+28m(1 — @) (VJ % V) = 0in S x €.

Next, choose y; € C1(S x Q) such that y1|sxan = 0, then

/(hl"/l)(T) dr =0 in Q,
Q

= 'Yl(T) =0in Q.
Finally, choose y; € C1(S x ) to get that

Vyr-i=0o0n S x 00.

15
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Summarizing the above equalities yield

Oy1 + Ayy — 4B (VT % 1h) - Vg + 28(d — m?) (VI  Vr) + 28(1 — ¢)(VJ % 10) - Vs
+2B8m(1 — @) (V.J % V) =0 in S x €,
V1 -1 =00n S x 99,
v (T, z) =0 in Q.

Step 2: Next, we compute the Gateaux derivative of the Lagrangian with respect to the variable ¢.
The Gateaux derivative of J at (1h, ¢, ) in the direction hy is defined by

DyJ(n, ,0)hy = 0 in other words di;\fj(qg + Ah2) o 0 for all hy with ho(0) = 0.

We can now compute the following:
936+ Aha)
d)\‘J 2
drl - )
—_ |z Mo — 2 e 2
dA[2/sm|¢+ 2 — ¢dl dxdt+2/SXQ|9| dxdt}

- ;—1)\ / [Bym — V - {28(d + Ahgy — m?)(V.J * m)}|y1 dadt
AN JsxQ

_ 4
dA SxQ

:/ (55 + Mg — ¢g)ho dzdt + V - {2B8hao(VJ * m)}y1 dadt
SxQ SxQ

[0,(¢ 4+ Aha) — V- {V(d 4+ Aha) — 2Bm(1 — ¢ — Aho) (VI s m)} + (1 — ¢ — Ahy) + 0]y dadt

- / [Ohs — ¥ - {Vhy — 26m(—ha) (V] m)} + a(—ha)|ys dedt
SxQ

d N 1 3 n _
0+ Ahg)‘A:O at (1, ¢) =0
= [ (b—da)hadudt+ | V- {28ha(VJ 1)}y dadt
SxQ SxQ

- / [Bhy — V - {Vhg — 2Bm(—h2)(VJ % 10)} + a(—ha)]y2 dedt = 0
SxQ

R T
= (¢ — ¢a)ho dxdt + V - {2B8ha(VJ x ) }y1 dadt +/ O¢y2ho dxdt — / (’)/th)‘ dx
SxQ SxQ SxQ Q 0

+ Aryoho dadt + V - {28mho(V.J = m) }ye dedt + « / Yoho dxdt (42)
SxQ SxQ 5xQ

— / hQV"}/Q -ndsdt =0
Sx00

16
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= [ (D da)hodudt - / 2Bhs(V.J + 1) - Vo dadt + /3

Y1{2B8h2(VJ % 1)} - fidsdt
SxQ SxO Q

X O

T
+ / Oyy2ho dadt — / (72}1/2)‘ dx + / Avgho dadt — / 28mha(V.J xm) - Vyg dadt
SxQ Q 0 SxQ Sx0

Sx00N

Sx 0

Sx8

Following the same fashion as mentioned in Step 1, (43) yields

Oiys + Ay — 2B(VJ % 10) - Vg — 28m(VJ % 10) - Vg + vy = — (¢ — da) in S xQ,
Vg -1 =0 on S x 01,
Yo (T, z) =0 in Q.

Theorem 7. Let the assumptions (A1)—(A4) are satisfied and assume that 6 be an local optimal control
of the optimal control problem (OP) with the associated state (1, ¢) = S(0), then the following adjoint

problem

Aiy1 + Ay — 4B (VT % 1) - Vg 4 28(¢ — m?)(V.J % Vyp)

+28(1 — @) (VJ 1) - Vya + 267(1 — ¢)(VJ % Vz) =0 inSxQ, (44)

Ay + Ay — 2B(VJ % 1h) - Vg — 28m(V.J % 1h) - Vs + aryy =g — ¢ inSxQ, (45)
V- =0, Vg - 1 =0 on S x 00,  (46)

n(T,2)=0,v1(T,z) =0 in Q, (47)

has a unique solution (y1, v2) € W x W.

Proof. The existence of a solution to the adjoint problem (44)—(47) follows in a straightforward way, for
instance by applying suitably the Galerkin method. In what follows next, we present a proof for the a
priori estimate.
Multiplying the equation (44) by 71 and integrating the resulting equalities over €2, we obtain
1d 9 9
5&”71”/:2(9) - ||V71HL2(Q)
:/ {4ﬁm(w w1 - Vo, — 28(d — m2)(V.J x V1)
Q
—26(1 = §)(VT 1) - Vg — 28(1 = 6)(VJ * V12) by da
S{%’IIWVJ w17) || oo (o) IV | 22 () + 2611(6 — 1) (VT % V)| p (0

+26]|(1 = @) (VI #10) || Loe () [ V72l 200y + 2611771 = )l 2 [V vallem)}H“/lllem)- (48)

17
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Again, multiplying (45) by 72 and integrating the resulting equalities over €2, we obtain

1d . . .
57elliz ) = IV92llZeq) :/ﬂ {280(9.7 + 1) - V72 + 28(V T w10) - Vo1 — a3

- (- ¢d)}72 dx
<{28lli(9.7 i)l @ IV 2y + @llrell 20

+2B||V.T %10 | poo () [V | L2 (00) + 16 — ¢d||L2(Q)}H’Yz||L2(Q)« (49)

Now, adding (48) and (49) and applying the Young’s inequality, we obtain

d
- %(H’YlHQL?(Q) + H’72||2L2(Q)) + (HV’YlHQLZm) + |W’Y2H2L2(Q))

< CillmllZa + 1h2llfz ) + Calld — dalliz ()
where

C1 =CA+ |[m(VT % m)| |7 () + (6 = 1) [ oo (o IV |72y + [[(1 = @) (VT )13 )
+1m(1 = O[Tz I VI T2y + (VT % 100) [ e )

Integrating the above inequality over (¢,7T") and applying Gronwall’s inequality, we obtain

T
)17z +||72(t)|\2m(9)+/0 Vi) + IVr2llZz (o)) dt
< C(llmollrz(): ol 2), 101l r2(0), T)-
Furthermore, we now see that
T
/ 01l -1 () dt
0

T
S [ {19ty + 481077 50 L @1V ey + 28116 = 59T« ) o

+28[[(1 — @) (VT * )| o) VY2l 22y + 28|10 (1 — QS)HLZ(Q)HVJ * v“/2||L°<>(Q)} dt
and
T
/ 102l H-1() dt
0

T
5/ {HVWHLZ(Q) + 28[|m (VT x )| L )| [Vr2l|L2() + ellv2ll 2@ + 28]V T« il Lee )|Vl 20
0

+ |6 — ¢d|\L2(Q)}dt~

The uniqueness of weak solutions is guaranteed by the linearity of the adjoint system.
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Lemma 1. Assume that conditions (A1)-(A4) are satisfied and let § € Uyq be an optimal control for the
problem (OP), with associated state (1, d) = S(0). Let (v1,72) denote the solution of the corresponding

adjoint problem. Then the optimal control 0 satisfies the following variational inequality:

/ (v2 +30) (6 — 6) dadt > 0,
SxQ

holding true all admissible controls 6 € U,q.

Proof. Taking test functions y; and 72 in the weak formulations of (23) and (24), respectively, we obtain

/(8,5@1,71) dt = V- [V — 28(a — 2y (VT % 1) — 28(¢ — 1h2)(V.J % @1)]y dadt
S SxQ
=— V1 - Vi dadt + / 28(p2 — 21p1)(VJ xm) - Vg dedt
SxQ SxQ
+ / 26(¢p — m?)(V.J % @1) - Vg dadt (50)
SxQ

and

/ (Oupa.72) dt = / {v Vo — 2811 — ) (V] * p1) — 281 (1 — §)(V.J * 1)
S SxQ
+ 2B8pomn(VJ x )] — aps + h}"/g dadt

=— Vg - Vg dzdt + / 28m(1 — ¢)(VJ * 1) - Vg dadt
SxQ SxQ

+ / 28p1(1 — ¢)(VJ % 1) - Vo dadt — / 2Bpamn(VJ x 1) - Vg dzdt
§xQ 5xQ

X

- / Yoy dxdt + / h~ys dadt. (51)
SxQ SxQ

Again, taking test functions ¢ and ¢4 for the weak formulations of (44) and (45), respectively, we obtain

/<0t’Y17 1) dt + / {A’h —48m(VJ xm) - Vy + 2/3(({5 —m2)(VJ * V)
S SxQ
+26(1 = G)(VJ 1) - ¥z + 28(1 = 3)(VJ « V) fon dadt = 0

= — /<0t<,01, Y1, ) dt — Vv - Vp dadt — / 4Bm(VJ 1) - Vyro1 dedt
S

SxQ SxQ

+ / 28(¢ — m?)(VJ % V1)1 dedt + / 26(1 — ¢)(V.J % 10) - Vyoepy dadt
SxQ Sx0Q

+ / 28m(1 — $)(VJ * Vz)pr dedt = 0 (52)
SxQ
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and

/<8t’)/2,§02> dt + / {A’yg —2B(VJ x 1) - Vg — 28m(VJ *1m) - Vg + aye
S SxQ
— (9= 64) jp2 dadt = 0

= — /<0t<p2, Yo dt — / Vs - Vo dadt — / 2B8Mm(VJ * 1) - Vyaps dadt
S SxQ SxQ

- / 28(VJ 1) - Vv, dxedt + a/ ~Yoipo dxdt — / (6 — ¢q)p2 dadt = 0. (53)
SxQ SxQ SxQ
Now, for h = 0 — 6, equations (50), (51), (52) and (53) yield

/ (¢ — ba)padrdt + 6 (0 —0)fdxdt >0
SxQ SxQ

é/ (2 + 60)(6 — 0) d:dt > 0.
SxQ

O

Looking at the closing of this proof, it is worth noting that, due to the box constraints defining the
admissible set U,q, the indicated variational inequality implies that the optimal control can be charac-
terized pointwise as the L2(S x Q) orthogonal projection of —%72 on to U,q. This provides an explicit

representation of the optimal control in terms of the adjoint variable.

4 Outlook on possible extensions

As anticipated already, our main interest lies de facto in formulating a boundary optimal control formu-
lation in 3D as this fits best to the physical setting we have in mind. This work is just taking care of
the theoretical foundation of a somewhat simpler problem. From the mathematical analysis perspective,
we expect to be able to draw some inspiration in this direction from the work [10], among other sources.
Our long-term intention is to link the mathematical analysis of the problem that relies on PDE-based
estimates with bounds on finite-volume schemes so that, at the end, we provide a computational efficient
(convergent) framework to approximate numerically in 3D the solution to the target optimal control for-
mulation. In other words, we wish to extend our work [5] to include realistic, “controlled”, evaporation
effects.

Inspired by the RIMS talk of Prof. Shuji Yoshikawa (Hiroshima) (related to the works [18, 1]) made
us realize that is in fact possible to employ for our setting the microforce balance concept by M. Gurtin
[11] (and collaborators like E. Fried cf. e.g. [8]) together with the celebrated Coleman-Cole procedure
to enrich our model with viscoelasticity properties for the mixture components, which for organic solar
cells morphologies are a mix of two different polymers immersed within a solvent. Consequently, such
coupling in 3D between our current mass-balance model with viscoelasticity-like equations is likely to
lead to more realistic [and mathematically challenging] control problems. Intuitively, we expect that the
mechanical properties of the mixture components hinder the realization of optimal control plans that

are purely based on evaporation model parameters; this is yet to be investigated from both analysis and
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computational viewpoints.

We are mentioning in passing that further optimal control ideas could makes sense to explore (at least
mathematically): a regional control could focus on the local solvent behavior within a specific region of
interest like in [2], or perhaps a sliding mode control (in the spirit of [3]) can be in principle posed to
control morphology formation within a minimum time (which can perhaps be re-written in term of a
minimum solvent boundary concentration for a (boundary) control setting with surface evaporation in

3D). All these are possible investigations paths that remain to be explored.
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