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On the translation of a Kripke model into a Beth
model with constant domain
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Abstract

We revisit the fact that a first-order Kripke model can be translated into a first-
order Beth model with constant domain, and provide a detailed proof of this fact.
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1 Introduction

Kripke showed in [2] that a first-order Kripke model can be translated into a first-order
Beth model with constant domain by a sophisticated transformation such that the same
sentences are valid in both models. In [4, Section 13.1.6], Troelstra and van Dalen revisited
the argument in their context. Unfortunately, however, their construction of a Beth model
from a given Kripke model seems to contain a misreading of the argument in [2] (see
Remark 3.5). In this article, we reformulate the development in [4, Section 13.1.6] and
give a detailed proof of the above-mentioned fact (see Theorem 3.9). The underlying idea
of our construction of a Beth model from a given Kripke model is basically the same as
that in [2, Section 1.2].

2 Preliminaries

In this article, we fix a standard language L of first-order predicate logic containing the
logical connectives A,V,—,3,V, L. For simplicity, we assume that there are no function
symbols in our language L.

Notation. A finite list dy,...,d, (resp. w1,...,x,) of elements (resp. variables) is often
abbreviated as d (resp. Z) if it does not cause confusion. Let N be the set of natural
numbers and N* be the set of finite sequences of natural numbers. The letters o, 7 etc.
range over N* and () denotes the empty sequence. The length of o € N* is denoted by
|o|, and if ¢ < |o|, then o; denotes the i-th entry of 0. For k € N, (k) denotes the sequence
of length 1 consisting only of k. The concatenation of finite sequences ¢ and 7 is denoted
by o % 7. The letters o, 8 etc. range over functions from N to N, which are identified
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with infinite sequences of natural numbers. For o € NY and j € N, @j (€ N*) denotes the
initial segment of « of length 7, especially, @0 = (). For ¢ € N* such that |o| > 0, let oy
denote 0,1 and o * Xi.o; denote the function o € N¥ such that «(i) = o; for ¢ < |o| and
a(i) = oy for i > |o].

We first recall the definition of a first-order Beth model in [4, Section 13.1.1], which
is based on [6]. For the history and the variations of Beth models, see e.g. [5], [2] and [4,
Section 13.1].

Definition 2.1 (cf. [4, Section 13.1.1]). A Beth model is a quadruple B := (K, <, D, IF)
satisfying the following:

1. (K, =) is a spread with the initial segment relation < among the branches in K
(thus (K, <) satisfies that K C N*, () € K, for all 0 € N*, either 0 € K or o ¢ K,
K is downward closed under <, and for all ¢ € K, there exists m € N such that
ox(m) € K);

2. the domain function D assigns inhabited (non-empty) sets to elements o € K such
that for all 0,0" € K, if 0 < ¢, then D(0) C D(o');

3. for each constant symbol ¢ in £, its interpretation (name) ¢ is in D(o) for all 0 € K;

4. the valuation I~ is a binary relation between K and prime E(ﬁ)—sentences
P(dy,...,d,) (where P is a predicate symbol of arity n) with di,...,d, in
D= U D(o) such that for all o € K,

geK
BO: o W1,
Bl: oI P(dy,...,d,) if and only if dy,...,d, € D(o) and for all & € o, there
exists m € N such that am |- P(dy,...,d,), where o € o means that « is

an infinite branch of the spread (K, <) (namely, @j € K for all j € N) and
is an extension of ¢ (namely, a(i) = o; for all i < |o]).

The valuation IF is extended to compound £(5)—sentences by the following clauses (where
a € 0 means the same as in B1):

B2: olFAANB:< ol Aand o - B;

B3: olF AV B :& for all a € o, there exists n € N such that an I A or an IF B;

B4: 0lF A — B :& forall o' = o, if ¢/ IF A, then ¢’ IF B.

B5: o IF JdzA(x) < forall @ € o, there exist n € N and d € D(a@n) such that an - A(d);
B6: o IFVzA(z) i< for all ¢’ = 0 and d € D(d’), o' IF A(d).

For a L-sentence A, A is said to be valid in B if () IF A (where each constant symbol ¢ is
interpreted by its name ¢), and we then write B I+ A.

Remark 2.2. In Beth’s original definition [1], the domain function is constant, namely,
D(0) = D for all 0 € K. If the domain function is constant, then o I- VzA(x) if and only
if o IF A(d) for all d € D.
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Lemma 2.3. Let (K, =X, D,IF) be a Beth model. For a prime formula P(¥) whose free
variables are exactly those in @, 0,0’ € K such that o' = o, and deD, if o l- P(d) then
o' - P(d).

Proof. By o IF P(cf) and ¢’ = o, we have d € D(d’). For each o € ¢', since a € o,

there exists m € N such that @m I- P(d), by our assumption o I+ P(d). Thus we have
o I P(d). O

Proposition 2.4 (Monotonicity). Let (K, =, D,IF) be a Beth model. For any formula
A(Z) whose free variables are exactly those in &, 0,0’ € K such that o’ = o, and de D,
if o I+ A(d), then o' I+ A(d).

Proof. By induction on the structure of formulas. For prime formulas, we are done by
Lemma 2.3. The induction step is verified in a straightforward way by the definition of
the valuation for compound formulas. O

Proposition 2.5 (Covering property). Let (K, <, D,IF) be a Beth model. For any formula
A(Z) whose free variables are exactly those in ¥, 0 € K and d € D(0), if for all a € o,
there exists n € N such that an I+ A(d), then o I+ A(d).

Proof. By induction on the structure of formulas. For prime formulas, we are done by
condition (B1) in Definition 2.1. For the induction step, assume that the assertion holds
for A(Z) and B(Z).

Suppose that ¢ € K, d e D(o) and for all @ € o, there exists n € N such that
an Ik A(d) A B(d). Then, by using the induction hypothesis (we write I.LH. hereafter), we
have o I- A(d) and o IF B(d) and hence, o IF A(d) A B(d).

Suppose that ¢ € K, d € D(o) and for all @ € o, there exists n € N such that
an I A(cf) Y B(cf) By the definition of Bn - A(d) v B(d), for each 3 € o, there exists
m € N such that Bm IF A(d ) or Bm I+ B(d). Thus we have o I+ A(d) v B(d).

Suppose that ¢ € K, d € D(o) and for all @ € o, there exists n € N such that
an I+ A(d) — B(d). To show o IF A(d) — B(d), fix o/ € K such that ¢’ = o and
suppose also o’ |- A(cf) We claim that for all 5 € ¢, there exists n’ € N such that
Bn’ I B(cf) Fix p € ¢’. Since 8 € o, by our supposition, there exists m € N such that
Bm I A(d) — B(cf) Now m < |o’| or m > |o’|. In the former case, since o’ = §|0’|, we
have B|a’| IF B(d). In the latter case, by Proposition 2.4, we have Bm - A(d), and hence,
Bm - B(d). Thus we have shown our claim. Then, by LH. for B(d), we have o’ IF B(d).

Suppose that 0 € K, d € D(o) and for all o € o, there exists n € N such that
an |- EIZA(Z,J). To show o I HZA(Z,CZ), fix § € o. By our supposition, there exists
m € N such that Sm IF 3zA(z, cf) Since 3 € 8m, there exists [ € N and d € D(BI) such
that Bl Ik A(d, d). Thus we have shown o IF 3zA(z, cf)

Suppose that 0 € K, d € D(o) and for all o € o, there exists n € N such that
an IF VzA(z,d). To show o I VzA(z,d), fix o/ € K such that o’ = o and d € D(o).
We claim that for all 8 € ¢/, there exists m € N such that Sm I- A(d,cf). Fix g € o'.
Since 8 € o, by our supposition, there exists n’ € N such that fn’ IF VzA(z,cf). Put
m = max{n’ lo’|}. Since 6|0’| = o', we have d € D(ﬁ|a’|) C D(Bm). Then, by the
definition of An/ I+ VzA(z d), we have Bm IF A(d,d). Thus we have shown our claim.
Then, by I.H., we have o’ I A(d, d). O
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3 Translation of a Kripke model into a Beth model
with constant domain

We first recall the definition of a first-order Kripke model in our language £ (which has
no function symbols).

Definition 3.1 (cf. [3, Section 3.5.7]). A Kripke model is a tuple K := (K, =<, D,IF)
satisfying the following:

1. (K, =) is an inhabited partially ordered countable set;

2. the domain function D assigns inhabited countable sets to elements k& € K such
that for all k, k' € K, if k < k', then D(k) C D(K');

3. for each constant symbol ¢ in L, its interpretation ¢ is in D(k) for all k € K;

4. the valuation I is a binary relation between K and prime E(E)—sentences
P(dy,...,d,) (where P is a predicate symbol of arity n) with dy,...,d, in

D= U D(k) such that for all k, k' € K,

keK
(a) kWL
(b) if kIF P(dy,...,dy), then dy,...,d, € D(k);
(c) ifklFP(dy,...,d,) and k X K, then k' |- P(dy,...,d,).

The valuation I- is extended to compound £(l5)—sentences by the following clauses:
e kIFAANB & kl-Aand k- B;
e kLIFAVB: & EkIFAor k- B;
e kIFA— B:sforall K/ =k, if K’ I A, then k' IF B;
o kIF JzA(z) < there exist d € D(k) such that k I A(d);
o kIFVrA(z) & forall k' = kand d € D(F), k' I A(d).

For a L-sentence A, A is said to be valid in K if k IF A (where each constant symbol ¢ is
interpreted by its name ¢) for all £ € K, and we then write K |- A.

Remark 3.2. The monotonicity holds for Kripke models: for any Kripke model K :=
(K, =, D,IF), L-formula A(Z) whose free variables are exactly those in Z, and k, k' € K,
if d e D(k), kI A(d), and k < k', then £’ I A(d) holds.

Remark 3.3. For a Kripke model K := (K, <, D, IF), since K is countable, one can identify
K with a subset of N.

In the rest of this article, for a Kripke model K := (K, <, D, IF), we assume that K is
a subset of N and also that for all k € N, either k € K or k ¢ K.
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Definition 3.4 (Translation of a Kripke model into a Beth model with constant domain).
Let K := (K, X, D,IF) be a Kripke model. We construct a quadruple (K’, <’, D', IF) as
follows. Let K’ be a set of finite sequences o of elements in K such that

Vi,j <l|ol(i <j=0; X 0j).

Note that K’ contains the empty sequence (). Let o <’ ¢/ be a relation that o is an initial
segment of o’. Now, let C be the set of the interpretations (names) of constant symbols
in £ (in the Kripke model K), where we assume C' NN = () without loss of generality. For
all 0 € K’, let D'(c) := C UN. For the definition of valuation IF, fix a decomposition of
N into infinite sets {N; | i € N} such that N; N N; = () for all 4, € N such that i # j
and N = U N;. Let M, := cu U N;. In addition, fix a coding function 4., such that for

ieN j<i
each 0 € K’,
1. 1 is a function from M, to cu U D(o;);

i<|o]
2. Yy(m) = 1 (m) for all m € M), and o' >’ o;
3. Y maps Njg—; onto D(oy) for o # ();

4. 1y is the identity map over C.

Then we define the valuation |- as follows: For each o € K’, a prime formula P(xq, ..., z,)
whose free variables are exactly those listed, and dy,...,d, € C UN, o IF P(dy,...,d,) is
defined as 7; IF P(¢;(dy), ..., ¢, (dy)) for all 7 >’ ¢ (namely, 7 € K', 7 >’ ¢ and |7| > |0])
such that dy, ..., d, € M —1 (note 7, = 7j7—1).

Remark 3.5. A quadruple constructed from a Kripke model in [4, Section 13.1.6] may not
be a Beth model: In [4, Section 13.1.6], for a Kripke model (K, <X, D, IF), it is written that
for each ¢ € K’ and a prime formula P(zq, ..., z,),

o IF Pdy, ... dy) = oyl P(bo(dy),. .. 0o (dy)). (1)

Since 1(d;) is not defined when d; ¢ M),|, one should understand that the right-hand
side of (1) requires dy,...,d, € M),. However, this additional requirement collapses
condition (B1) in Definition 2.1: Let £ € K and d € N\ Ny. Then, for a prime formula
P(x) such that Vo € (k) Im € N(am I+ P(d)) (e.g., a tautological formula = = x), we
have (k) | P(d) since d & M|y

Proposition 3.6. For a Kripke model K := (K, =, D,IF), the quadruple By = (K', =’
, D' IF") constructed in Definition 3.4 is a Beth model with constant domain C UN.

Proof. 1t suffices to show that By , satisfies condition (B1) in Definition 2.1. Fix 0 € K.
Suppose that dq,...,d, € CUN and for all o € o, there exists m € N such that
am I P(dy,...,d,). To show o I P(dy,...,d,), fix 7 € K’ such that 7 >’ ¢ and
di,...,d, € Mj;_1. Put o’ := 7% \i.7;. Then o is an infinite branch of (K, X’) extending
o. Therefore, by our supposition, there exists m’ € N such that o/m’ IF' P(dy,...,d,).
Put j := max{m' + 1,[7[}. Then (¢/j); = 7 and ¢rz7;(d;) = ¢+ (d;) for all i € {1,...,n}.
Since o’'m’ IF' P(dy,...,d,) and o/j =’ o/m’, we have 7, I P(¢.(dy), ..., ¥ (dy)).

The converse direction is trivial. O
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By Proposition 3.6, for a Kripke model K := (K, =<, D,IF), we call the quadruple
By = (K', =/, D', IF') constructed in Definition 3.4 the induced Beth model of K (by
a coding functlon 1/)).

Remark 3.7. The underlying idea of our construction of the induced Beth model from a
given Kripke model in Definition 3.4 is basically the same as that by Kripke in [2, pp.
112-113], which was pointed out by Naosuke Matsuda.

Lemma 3.8. For any Kripke model K = (K,=,D,IF) and its induced Beth model
By = (K'. 2", D', IH) by a coding function v, for any L-formula A(zy,...,x,) whose
free variables are exactly those listed, o € K', and dy,...,d, € My, the following hold:

(i) ifo =), then
o IF A(dy, ... dy) < kIF A(dy, ..., dy) for all k € K

(i) if o # (), then
o IH A(dy,. .., dy) < oy I A@e(d),s - .., 60 (dn)).

Proof. By induction on the structure of formulas. In what follows, for 7 € N* and
d=dy,....d,, weloosely use the notation 1, (d) to mean v, (dy), . .., 1, (dy).

For the base step, fix a prime formula P(¥), o € K’ and de ]\[‘U‘

(i) Let o = (). Since My, :C’andsz()—w (d) = d for all 7 =’ o, it is
straightforward to see that o I P(3 is equivalent to that k IF P(d) for all k € K.

(ii) Let o # (). First, suppose o I P(d). Since o * (0;) =’ o, by the definition of
o IF P(d), we have o, IF P(1h,(d)). Next, suppose o; - P(1h,(d)). Fix 7 =" o such that

de M,;—1. Since 7; > 03, by the monotonicity of I and the property that v, (d ) = .(d),
we have 7, - P(1.(d)). Thus we have shown o I P(d).

For the induction step, assume that the assertion holds for A(Z) and B(Z).
Case of (A A B)(7): Fix 0 € K’ and d € M.
(i) Let 0 = (). Then

o IH (A A B)(d)
— () IF A(d) and () IF B(d)
— klI-A(d) for all k € K and k I+ B(d) for all k € K

(i) of LH.

<~ kIF(AAB)d) forall k € K.
(ii) Let o # (). Then

o IH (A A B)(d)
— ol A(d) and o IF B(d)
— oIk A(t(d)) and o IF B(t(d))

— o1 IF (AN B) (e (d)).
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Case of (A V B)(“) Fix o € K' and d € M. By the monotonicity of IF, we have
that o IF (A\/ B)(d) is equivalent to that (%)1 : for all @ € o, there exists n > 0 such that
an IH A(d) or ain IH B(d).

(i) Let o = (). In the following, we show that (x); is equivalent to that k I+ (AV B)(d)
for all k € K. First, suppose that (x); holds. Then we have that for all & € K, there
exists n > 0 such that (\i.k)n IF A(d) or (Ai.k)n IF B(d) (note that Ai.k is an infinite
branch of (K’,=<’)). Then, by (ii) of I.H., we have that for all £ € K, there exists n > 0
such that & I A(Yr, (d)) or k IF B(zﬂmn( 1)). Since d € M|, the latter assertion is

equivalent to that k|- (AV B )(cf) for all k € K. For the converse direction, suppose that
k- (AvV B)(d_j for all k € K. Fix an infinite branch « of (K’,=’). By our supposition,
we have a(0) |- (A V B)(d), and hence, a(0) I+ A(d) or a(0) IF B(d). Then we have
((0)); I A(aoy )(d) or (a(0)), I B(ta(oy)(d). By (ii) of LH., we have that @l IF A(d)
or al IH B(d).

(ii) Let 0 # (). In the following, we show that (x); is equivalent to that o I-
(AV B)(1by(d)). First, suppose that (x); holds. Then there exists n > 0 such that
(o * Ni.oy)n IF A(d) or (o * Ni.oy)n IF B(d) (note that o  Mi.oy is an infinite branch of
(K’,=<")). By the monotonicity of I, we may assume n > |o|. By (ii) of I.LH., we have
that o, I A(¢,(d)) or o IF B(t,(d)), which is equivalent to oy I+ (A V B)(1y(d)). For
the converse direction, suppose o; I (A V B)(1,(d)). Then, for any infinite branch o of
(K',=') extending o, by (ii) of I.H., we have that @|o| IF A(d) or @|o| H B(d). Thus we
have (x);.

Case of (A — B)(Z): Fix o € K" and d € M. Then o IF (A — B)(d) is equivalent
to (%) : for all o € K’ such that o’ =' o, if o’ IF A(d), then o’ I B(d).

(i) Let o = (). In the following, we show that (x) is equivalent to that for all k € K, if
kI A(d), then k IF B(d), which is equivalent to that k IF (A — B)(d) for all k € K. First,
suppose that ( )2 holds. Fix k € K. Suppose k I A(d). Then, by (ii) of LH., we have
(k) IF A(yy (d )) Note that 1 (d I) = d since d € M,y Since (k) € K', by ()2, we have
(k) IF" B(v (d)). Again by (ii) of LH., we have k I+ B(d). For the converse direction, fix
o' € K' and suppose o’ [F A(cf) Then, by using I.H. as in the above argument, we have
o' IF B(d). Here we use (i) of LH. in the case of o/ = () and (ii) of LH. in the case of
o #£ ().

(11<)> Let ¢ # (). In the following, we show that (x)s is equivalent to o; I (A —
B)(1,(d)). First, suppose that (x), holds. Fix k € K such that k = ;. Note that
Vo (d) = lba*(k)(af) since d € M,. Suppose k I+ A(1,(d)), equivalently, k I- A(zpo*<k>(af)).
By (ii) of LH., we have o * (k) IF A(d). Since o % (k) € K’ and o * (k) = o, by (%)a,
we have o % (k) IV B(d). Again by (i) of LH., we have k I- B('d)a*<k>(cf)), equivalently,
k IF B(1y(d)). For the converse direction, suppose o; IF (A — B)(1y(d)). Fix o’ € K’
such that o’ = o. Suppose o’ I+ A(d). Now o’ # () since o # (). By (ii) of LH., we
have o I+ A(ty(d)). Note that 1y (d) = t),(d) since d € M,. Since o] = o, we have
o) I+ B(t,(d)) by our supposition and the monotonicity of IF. Again by (i) of LH., we
have o’ IH B(d).

Case of JyA(y,7): Fix 0 € K and d € M.
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(i) Let ¢ = (). By using the monotonicity of I, we have that o IF JyA(y, &) is
equivalent to ()3 : for all @ € o, there exists n € N and m € M,, such that an I+ A(m, d).
In the following, we show that (x)3 is equivalent to that for all k& € K, there exists

— -

dy € D(k) such that k IF A(dy,d), which is equivalent to k IF JyA(y,d). First, suppose
that (x)3 holds. Fix k € K. Since Ai.k is an infinite branch of (K’, <’), by (x)s, there

B — —

exists n € N and m € M, such that (Xi.k)n I A(m,d). By the monotonicity of I, we

may assume n > 0. By (ii) of L.H., we have k I A(wmn(m)7wmn(cf)) Note that

q/)mn(dj — d since d € M)()). In addition, we have Vr57,(m) € D(k) by the definition

of ¢». Then we have that there exists dy € D(k) such that k I- A(dy, d). For the converse

direction, suppose that for all k& € K, there exists dy € D(k) such that &k IF A(do,cf).
Fix an infinite branch « of (K’,=<’). Then a(0) € K. By our supposition, there exists

—

do € D(«(0)) such that o(0) IF A(do,d). Since o) : M1 — D(a(0)) and 40y maps
Ny onto D((0)), there exists m € M; such that ) (m) = do. Since m, de Mz, we

— —

have (a@l); IF A(vg1(m), ¥z1(d)). By (ii) of L.H., we have @l IF A(m, d) for this m € M;.
Thus we have ().
(ii) Let o # (). Note that o I JyA(y, ¥) is equivalent to (), : for all & € o, there

—

exists j,n € N and m € M, such that aj I A(m,d). In the following, we show that

=

(%)4 is equivalent to that o; IF JyA(y,1v,(d)). First, suppose that (x)4 holds. By the
monotonicity of IH, ()4 is equivalent to for all a € o, there exists j,n € N and m € M,

such that j > |o| +n and @j IF A(m,d), which implies a(j — 1) IF A(z/zaj(m),z/zaj(cf))
by (ii) of I.H. (note j > |o| > 0). Applying this to the function «, := o * Ai.g;, which
is an infinite branch of (K’,=<’), we have that there exists j,n € N and m € M, such
that j > |o| + n and o; IF A(¢az;(m), daz;(d)). Since j > |o| + n, we have ta=;(m) €

- =

D(oy) and ¢azj(d) = ¥s(d). Therefore we have o; |- JyA(y, ¥,(d)). For the converse

-

direction, suppose o; IF JyA(y,1¥,(d)). Fix an infinite branch « of (K’ <’) extending

=

0. By our supposition, there exists dy € D(o;) such that o, IF A(dy, ¥y (d)). Since v,
maps Nj;_; onto D(0;), there exists m € M, such that dy = 9,(m). Then we have

-

o1 b A(the(m), s (d)). By (ii) of LH., we have o IF' A(m,d). Since o = @o], by taking j
and n as |o|, we have that m € M, and aj IF" A(m,d). Thus we have (x)4.

-

Case of VyA(y, %): Fix o € K’ and d € M, . Note that o IF VyA(y,d) is equivalent

=

to (x)5 : for all o’ € K’ such that ¢’ =" 0, n € N and m € M,, o' I A(m,d) holds.
(i) Let 0 = (). In the following, we show that (x)s is equivalent to that for all k € K,

—

for all ¥ € K such that &' > k, and for all dy € D(k'), k' I+ A(dy,d) holds. Note

-

that ()5 is equivalent to that k |- VyA(y,d) for all k£ € K. First, suppose that (x)s
holds. Fix k, k" € K such that &' > k and dy € D(K'). Since 4y maps Ny onto D(K'),
there exists mo € M; such that dy = 94 (mg). Therefore, by ()5 (note (k) € K'),

=

we have (k') I A(mg,d). By (i) of LH., we have k' IF Ay (mo), e (d)).  Since
w<k/>(cf) = w<>(cf) = d, we have K IF A(dy, cf) For the converse direction, suppose that for

—

all £ € K, for all " € K such that k' > k, and for all dy € D(K), k' I+ A(dy,d) holds.
Fix ¢’ € K',n € N and m € M,. By Proposition 2.5, it suffices to show that for all
a € o', there exists j € N such that @j IH A(m,cf). To show the latter, fix an infinite
branch « of (K’,=’) extending o’. Put j := |0'| + n + 1. Take k" as (ayj);. Since vg; is
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a map from M; to UD(Oz(Z’)), we have ¢gz;(m) € D(k'). Then, by our supposition, we
i<j
have K I A(z;(m), d). Since d =y (d) = ¢s;(d), by (ii), we have @j IF A(m, d).
(ii) Let o # (). In the following, we show that (x)s is equivalent to that for all k € K

—

such that k > oy, for all dy € D(k), k IF A(dp, ¥,(d)) holds. Note that the latter assertion
is equivalent to o; I- VyA(y,v,/)U(cf)). First, suppose that (x); holds. Fix k € K such
that £ > o; and dy € D(k). Put o' := o x (k). Since 9),» maps Nj,| onto D(k), there
exists m € M, such that 1), (m) = dy. Since o' € K’ and o' > o, by (¥)s5, we have

o IF A(m,d). By (ii) of LH., we have k Ik A(thy (m), o (d)). Since 1y (m) = dy and
Yo (d) = ¥,(d), we have k I+ A(dy,,(d)). For the converse direction, suppose that for

all k € K such that k = oy, for all dy € D(k), k IF A(do, ¥o(d)). Fix o’ € K’ such that
o' =" o,n €N and m € M,. By Proposition 2.5, it suffices to show that for all a € ¢’,
there exists 7 € N such that aj IF A(m, (f) To show the latter, fix an infinite branch « of
(K',<') extending o’. Put j := |0/| + n. Note 7 > 0 now. Take k as (aj),. Since aj >’ o,

we have (aj); > o;. Since 15, is a map from M; to U D(a(i)), we have ¢g;(m) € D(k).

i<j
Then, by our supposition, we have (@j); IF A(¢g; (m), 1y (d)). Since thy(d) = Vaj (d), we
have k I+ A(waj(m),;/}aj(cf)). Then, by (ii) of LH., we have @j I+ A(m, d). O

Theorem 3.9. For a given Kripke model K := (K, =, D,IF) and its induced Beth model
By = (K', =", D'|IF) by a coding function 1),

BeyHASKIFA
holds for all L-sentence A.

Proof. Immediate from (i) of Lemma 3.8. O
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