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1 Introduction

Constructive algebra is the study of algebra without using non-constructive principles, such
as Zorn’s lemma or the law of excluded middle. See [MRRS88, LQ15, Yenl5, CL24] for recent
developments in constructive algebra. It is closely related to computer algebra since constructive
proofs have computational content, which can be extracted using proof assistants, such as Agda,
Rocq, and Lean.

In classical mathematics, a free module A®% admits an embedding into the direct product
A® | which yields a characterization of the equality of A®%. For example, es = 405 €; is equivalent
to (s =g t) V(1 =4 0), where e denotes the standard basis of A%, In constructive mathematics,
such an embedding is not available in general, yet the same characterization still holds. (See
the constructive proofs collected in [Luml8].) We provide a simple method for obtaining a
constructive proof from the classical one. Our approach is based on entailment relations [Lor51,
ScoT1, Sco74]!, and would essentially be the special case of Barr’s theorem [Wra80, Rat16].

2 The equality of elements of a free module

Let A be a ring. The free module A®® generated by a set S can be constructed as follows:
Let Ag be the set generated by the following constructors:

ses T,y € Ag ac A, xeAg
es€Ag 7 0€As ' x4+ycAg’ ar € Ag

The free module A®® is the quotient set Ag /~ with the canonical module structure, where
~ is the binary relation on Ag generated by the following constructors:

T~y Y~z T~y T~y Z~w T~y
r~x ’ T~z oy~ zxT r+z~y+w 7 axr~ay’

) 7

Otz~z ' (zt+y)tz~vat(yt+z) = rry~yte

ad~0 " alx+y) ~ar+ay ’

Ogz~0 " (a+bxz~ax+br ' laz~zx ' (ab)x ~ a(br)
!Neuwirth [Lor25] has recently translated [Lor51] into English.
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The equality of A®® has a simple characterization. First, define L : Ag — List(A x ) as follows:

L(es) = [(175)]7
L(0) ==},
Lz +y) == [m0, oy Tm—1,T -+ Tnq1]  ([T0s -+ s Tm—1] = L(x), [75,...,m_1] = L(y)),
L(ax) := [(aag, o), - - -, (aan—1,$n-1)] ([(@a0,80)s- -, (@n-1,8n—1)] = L(x)).

We note that if L(z) = [(ag,50), -, (@n_1,5n—1)], then & =4as S 7—; axes, holds. Using the
function L, we can state the characterization of the equality as follows:

Theorem 2.1. Let z,y € Ag, L(z) = [(ao,50),- -, (@m-1,Sm—1)], and L(y) = [(bo,t0),-- -,
(bn—1,tn—1)]. Then x = s y if and only if there exist a partition (Ao, ..., Ap—1) of {0,...,m—1}
and a partition (By,...,Bp-1) of {0,...,n — 1} such that

d VJG{Oavp—l}VkEAJWEBJ Sk:tl; and
® D kea, @ =D ep, b for all j.

This theorem is constructively provable by induction on the derivation of = =,as vy (i.e.,
x ~y). See [Luml18]| for other constructive proofs. However, in classical mathematics, the most
common proof would be the following one, which uses the universal property of the free module:

Classical proof of Theorem 2.1. By the law of excluded middle, we can define f : S — AS by

L

This map induces a homomorphism f: A®S — AS. The assertion follows from the equality
FO7 - ages,) = F(OS7Z, brer,) and the law of excluded middle. O

This paper aims to translate this classical proof into a constructive one by using entailment
relations. For simplicity, let us consider the following special case:

Theorem 2.2. Ifes = 05 €, then s =gt or 1 =4 0.
Classical proof. By the law of excluded middle, we can define f : S — A% by

if 5 —
) = {(1) if;éi

This map induces a homomorphism f : A% — AS. Then we have f(s)(t) = f(es)(t) =

fle)(t) = f()(t) = 1.
o If s =1t, we have s =t.
o If s # ¢, we have 0 = f(s)(t) = 1.

By the law of excluded middle, we have s =¢ or 1 = 0. O
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3 Entailment relations

Let Pgn P denote the set of finitely indexed subsets of P.

Definition 3.1 ([Lor51, Sco71, Sco74]). A binary relation - C (Pgy P) X (Pgn P) is called an
entailment relation on P if - satisfies the following conditions:

Urv UpkbV Uk V!
g T DU VYV U U VvV '

The application of entailment relations to constructive algebra dates back to [CC00, CPO01].
(The application of distributive lattices dates back to [Joy75].) We generate an entailment
relation g on {Eqg(s,t) : s,t € SH= S x S) by the following axioms:

= EqS(578)7 EqS(S7t)7EqS(t7 u) + EqS(Sau)7 EqS(S7t) F EqS(t7S)‘
The following statements can be proved by induction:
Proposition 3.2. The following hold:

o Ultgpo,...,on—1 if and only if there exists k such that U g .

o Utg Eqg(s,t) if and only if s ~y t, where ~y is the equivalence relation on S generated
by U.

Corollary 3.3. kg Eqq(s,t) if and only if s =t.

We define an entailment relation -4 on A similarly. We generate an entailment relation Fg 4
on {Eqg(s,t) :s,t € S}[[{Eqa(a,b) : a,b € A} by the following axioms:

+ EQS(‘SvS)v EQS(S7t)’EqS(t7 u) + EQS(S7U)7 EqS(Svt) F EqS(t7 5)7
F EQA (a’ a’)» EqA(a7 b) EqA(b» C) + EqA(aa C)v EqA (a» b) + EqA(b7 a)'
The following statements can be proved by induction:

Proposition 3.4. Let Ug, Vg € Pan{Eqg(s,t) : s,t € S} and Ux,Vy € Pan{Equ(a,b) : a,b €
A}. Then Us,Ua Fsa Vs, Va if and only if Ustg Vs or Us -4 Va.

Corollary 3.5. Fg 4 Eqg(s,t),Eq,(1,0) if and only if s =gt or 1 =4 0.

4 Conservative extension

We will extend =g 4 conservatively so that we can simulate the classical proof of Theorem 2.2.

4.1 Negation and excluded middle

Theorem 4.1 ([Lor51, CC00]). We can conservatively adjoin {—y : ¢ € P} with the following
axioms to an entailment relation

o, bk, Fp,mp.

Proof sketch. Let F- denote the extended entailment relation. By induction, Uy, -U; - Vp, =V3
implies Up, Vi F Vi, Uy, where Uy, Uy, Vo, Vi € P P and —U :={-p: p € U}. O
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4.2 Operations of distributive lattices
Theorem 4.2 ([Lor51, CC00]). We can conservatively adjoin connectives T, A, L,V with the
following axioms:

ET, ooy, oAl o AP Y,

Lb, olovey, dEeVd, pVYEe .

Informal proof sketch. Let U Fppat V denote the extended entailment relation and define [U; V]
as follows:

[U;vlj:=UrVv (UV: (T,A,L,V)-free),
[U,T;V]:=[U;V], [U;V, T] := true,
[U.oAy; V] = [U, 0,95 V], [U; Vo A] = [U; V, ] and [U; V9],
[U, L; V] := true, [U;v, 1] :=[U;V].
[U.oVy; V] :=[U,¢; V] and [U, 4; V], [U; Vo Vi) = [UsV,0,9],

Note that the proposition [U; V] does not depend (up to equivalence) on the order of computa-
tion. By induction, U tFpae V' implies [U; V]. O

4.3 The functions f,f

Proposition 4.3. We can conservatively adjoin elements of the form f(s,t) (s,t € S) (of type
A) and function symbols +' : A2 — A, /: A2 — A to g4~ with the following azioms:

Eqg(s,t) F Eqa(f(s,t),1), —Eqg(s,t) FEqs(f(s,t),0),
FEqa(a, @), Eqa(a, 8),Eqa(8,7) F Eqa(e,), Eau(a,B) - Eqa(B, ),
Eqa(a, 3),Eqa(7,0) F Eqa(a+' 8,7+ 9), Edqa(e, B), Eqa(v,0) - Eqa(a -’ 8,7 9),
FEq 0+ a,a), FEgq((a+ 8)+ v,a+ (B+7)), FEasla+' B,8+ a),
FEqs(1'a,a), FEqs((a’B)"va’'(87)), FEq(a’B B a)
(o, B,y may contain f,+',"),
FEqs(a+'b,a+b), +Equ(a-'bab) (a,be A).

Proof sketch. Let

[[@(f(SO: tO): SR f(Sn—h tn—l))]]

= \/ (_|i0 Eq5(307t0)/\"'/\_'in_1 Eqs(sn—lvtn—l) /\99(1_2'07---71_Z.n—1))7
iO,‘~‘,in—1€{071}

where +/, -/ are replaced with +, - on the right hand side. By induction, U g 4 - 7+ V implies
[U] Fs,a,-pLat [V], where [U] := {[¢] : ¢ € U}. O

Proposition 4.4. We can conservatively adjoin elements of the form f(x,t) (x € Ag,t € S)
(of type A) and function symbols +" : A* — A, " : A> — A to bg a4 with the following
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axrioms:

FEqa(fles,t), f(s,1), FEqa(f(0,1),04),
FEaa(f(x +y,t), flx,6) +" f(x,1), + Eaqa(f(az,t),a" f(z,1),
FEqa(0+" a, ), FEa((a+”8)+"y,a+" (8+"7), FEaala+"B,8+" a),
FEqu(1 " a.a), FEqu((@”B)"v,a"(8"9)), FEq(a"B,8"a)
(o, B,y may contain f,+'.-" f,+","),
FEqu(a+"b,a+"b), FEqs(a"ba’b) (a,bmay contain f,+', ).

Proof sketch. Define [f(z,t)] as follows:

[f(es, )] := f(s,1),
[£(0,)] := 0a,
[f(@+y. )] = [f (=, )] + [f(y,0)]
[f(az, )] = a ' [f(z,1)].

Let [¢] be the formula obtained by replacing f(z,t), +”, and - with [f(x,t)], +/, and

in ¢, respectively. By induction, U g 4 _ ¢/ /7 v » V implies [U] Fsa- ¢+ [V], where

[U]:=A{l#]: p €U} O

Proposition 4.5. Let x,y € Ag. If v =jos y, then g o ¢ 015 nn Equ(f(z,t), f(y,1)).

Proof Sketch. Note that A®S := Ag/~, where ~ is defined in Section 2. The assertion follows
by induction on the proof of x ~ . O

We can finally present a constructive proof that e; =4@s e; implies s =gt or 1 =4 0:

Constructive proof of Theorem 2.2. Suppose e; = 4as ;. By Proposition 4.5 we have
|_57A7“yf7+/y'/7f7+”7’" EqA('f(PS’ ) f(Pt7 ))
By simulating the classical proof on the entailment relation, we have

Foanparsfann Bds(s ), Equ(1,0).

By the conservativity, we have g 4 Eqg(s,t), Eqs(1,0). Hence s =g t or 1 =4 0 holds. O
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