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On computable real numbers uniformly distributed modulo 1
with respect to Koksma sequences

Kakeru Yokoyama

Abstract

This paper effectively constructs computable real numbers with uniform distribution prop-
erties using algorithmic randomness theory. Although classical uniform distribution theory
shows that many sequences are uniformly distributed modulo 1 for almost all real num-
bers, providing concrete examples has been challenging. By utilizing a total Solovay test,
we prove that for any effective K-Koksma sequence v = (un)nen, & computable real num-
ber = can be effectively constructed such that (u,(x)) is uniformly distributed and well-
distributed modulo 1. We also show that the discrepancy of this constructed real number

satisfies D (u|n(x)) < O <1%%)

1 Introduction

The classical theory of uniform distribution modulo 1 studies the asymptotic behavior of the
fractional parts of real numbers within the unit interval (0,1). In many contexts, the theory of
uniform distribution is developed within a real-analytic framework, where sequences and functions
are analyzed from a measure-theoretic perspective. As a result, many classical theorems assert
that a property holds for “almost all” real numbers, without identifying individual instances or
providing explicit constructions of such numbers. For instance, a theorem of Koksma [4] establishes
that for certain function sequences, most notably (z™),cn, the sequence is uniformly distributed
modulo 1 for almost all real numbers x > 1. However, this metric result does not specify which
concrete values of > 1 yield a uniformly distributed sequence. Furthermore, the behavior of such
sequences for specific, individual parameters is seldom addressed in the literature, leaving many
related questions unresolved.

One major obstacle to analyzing concrete real numbers is that almost all real numbers are un-
computable. Since it is inherently challenging to explicitly construct or manipulate uncomputable
objects, classical real analysis typically circumvents this difficulty by focusing on properties that
hold for “almost all” real numbers in a measure-theoretic sense. A similar challenge arises in the
theory of uniform distribution modulo 1; constructing concrete real numbers that exhibit specific
uniform distribution properties remains a difficult task using purely analytical methods.

Algorithmic randomness theory provides a suitable framework for analyzing individual instances
of objects that possess generic properties (i.e., properties holding almost everywhere). Indeed,
under various formal definitions of algorithmic randomness, almost all sequences (in the measure-
theoretic sense) are classified as random. This theory provides effective tools for analyzing random
sequences and offers methods to construct sequences with specific computational or random prop-
erties. For instance, Chaitin’s constant €2, which represents the halting probability of a universal
prefix-free Turing machine, is a well-known example of an uncomputable real number whose binary
expansion forms an algorithmically random sequence.

Therefore, it is natural to investigate the theory of uniform distribution modulo 1 from the
perspective of algorithmic randomness. For instance, Avigad [1] introduced the concept of “UD
random” real numbers, which generate uniformly distributed sequences when multiplied by a se-
quence of distinct integers, and situated this class within the hierarchy of algorithmic randomness.
Furthermore, Becher and Grigorieff [2] demonstrated that membership in specific randomness
classes guarantees corresponding uniform distribution properties. As a concrete implication of
this result, one can deduce, for example, that the sequence ((1 4 2)")pen is uniformly distributed
modulo 1. Real numbers exhibiting these distribution properties can be constructed using several
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different approaches (such as those in [8]), without necessarily focusing on the computability or
effective constructibility of the resulting numbers.

This naturally raises the question of whether there exists a computable or effectively con-
structible real number that yields a uniformly distributed sequence modulo 1 when substituted
into a function sequence such as (2"),en. The existence of such computable real numbers has
been studied by Levin [8] and Lerma [7] using different methodologies. In this paper, by extending
the techniques developed by Becher and Grigorieff [2], we provide a complementary, alternative
construction of computable real numbers possessing such uniform distribution properties.

2 Prerequisites

In this section, we introduce the fundamental concepts that serve as prerequisites for the Main
theorem.

2.1 Martin-Lof randomness

A fundamental property of random sequences is that they ”do not possess any special properties.”
In other words, sequences with special properties—such as the frequency of 1s being higher than
0s, or a 0 always being followed by a 1—are not random sequences. A random sequence can be
defined as one that completely lacks such properties.

The generality or specificity of a property is represented by the size of the set of elements
satisfying that property. That is, ”a sequence has a more special property” means that "the
sequence is contained in a set with a smaller measure.” From this, saying that o € 2“ is non-
random can be expressed as a being contained in some set of small measure. Conversely, being
random means not being contained in any set of small measure. The formal definition is as follows.

Definition 1.

For a computable measure p on the Cantor space, a uniformly c.e. sequence U; (where U; C 2¢)
satisfying pu(U;) < 27% is called a Martin-Lof test.

A sequence a € 2% is said to be Martin-Lof random if o ¢ (), U; holds for any Martin-Lof test
Us.

2.1.1 random test

By slightly modifying the definition of the Martin-Lof test, we can consider different definitions of
random sequences.

Definition 2.

For a computable measure y on the Cantor space, a uniformly c.e. sequence U; C [0, 1] satisfying
w(U;) < 27% such that each p(U;) is uniformly computable is called a Schnorr test.

A real number o € [0, 1] is said to be Schnorr random if o ¢ (), U; holds for any Schnorr test

(Us).

Since Schnorr tests are subsumed by Martin-Lof tests, it naturally holds for the random se-
quences defined outside them that Martin-Lof random = Schnorr random.
We can also consider the following definition.

Definition 3.
A uniformly c.e. sequence U; such that ), u(U;) converges to a finite value is called a Solovay
test. Furthermore, if it converges to a computable real number, it is called a total Solovay test.

Belonging to at most finitely many U; for any Solovay test is equivalent to being Martin-Lof
random. Also, belonging to at most finitely many U, for any total Solovay test is equivalent to
being Schnorr random.
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2.2 u.d. mod1

Definition 4.
A sequence of real numbers (z,)nen 8 said to be uniformly distributed modulo 1 if it satisfies
the following;:

1
V[a,b] € [0,1] lim —#{n< N :z, — |z,] €[a,b]} =b—a
N—oco N
Hereafter, it is abbreviated as u.d. mod 1.

# represents the counting measure. That is, %#{n < N :x, — |xn] € [a,b]} represents the
proportion of the first N terms of xz, whose fractional part falls within [a,b]. The fact that the
limit of this proportion equals the length of the interval itself, for any given interval, implies that
the distribution is uniform.

Let us consider the following sequences as x,:

o bz
e a4,z (a,: distinct integers)
o (1+a)

For almost all real numbers z on [0,1], these are u.d. mod 1. However, it is difficult to give a
specific, concrete example of such an z. In fact, if a Martin-Lof random real or a Schnorr random
real is taken as z, all three of these sequences become u.d. mod 1 [2, Theorem 1].

A random test was defined as the intersubsection of a sequence of sets with decreasing measures,
i.e., a null set. Since random sequences or random reals are elements that do not belong to these
sets, it can be said that almost all real numbers on [0, 1] are random reals. Through this concept of
”almost everywhere,” randomness and u.d. mod 1 can be connected. For instance, we can consider
the following concept:

Definition 5.
A real number x € [0,1] such that (a,x) is u.d. mod 1 for any sequence of distinct integers ay,
is called UD random.

Since (a,x) is u.d. mod 1 for any Schnorr random real z, the implication Martin-Lof random
= Schnorr random = UD random holds.

2.3 Weyl’s Criterion

Theorem 6 (Weyl’s Criterion). [5, Theorem 2.1]
The following are equivalent:

e (z,) is u.d. mod 1

N-1
1
o Vh e Z\{0} Nlim N E exp(2irhz;) =0
—00

j=0
Intuitively, this property is interpreted as the equivalence between ”being uniformly distributed
on the interval [0,1]” and ”the average position of points on the unit circle being the origin.”
2.4 well-distributed modulo 1

Definition 7.
A sequence of real numbers (x,)nen is said to be well-distributed modulo 1 if it satisfies the
following:

1
Vk € N,V[a,b] C [0,1] J\}im N#{n—i— k<N :2pip— |ZTontk] €la,b]} =b—a
— 00

Hereafter, it is abbreviated as w.d. mod 1.



128

Intuitively, w.d. mod 1 is interpreted to mean that the sequence remains u.d. mod 1 even if
any finite number of initial terms are discarded. Weyl’s Criterion also holds for w.d. mod 1.

Theorem 8 (Weyl’s Criterion for w.d. mod 1).
The following are equivalent:

o (z,,) is w.d. mod 1

1 k+N-1
o VkENVhEZ\{0} lim = exp(2imha;) =0
—00
j=k

2.5 discrepancy

Definition 9. For an N bit prefix (zy) of a sequence of real numbers (z,,)nen, the discrepancy
Dy (zy) is defined as follows:

P Tp — n 7b
DN(:CIN):O<1SJ,1iIZ<1 #{n<N : N LI J - [a ]}

—(b—a)
Intuitively, discrepancy is interpreted as the degree of bias in the interval with the largest
deviation within the N-bit prefix. Naturally, when (z,) is u.d. mod 1, Nlim Dn(zy) = 0
—00

holds. It is also known that Dy (z|y) > O(IW%N) generally holds as a lower bound for the rate of
convergence.

2.6 koksma sequence

We have already shown that x such that bz, a,z, (14 )", etc., are u.d. mod 1 applies to almost
all real numbers on [0, 1], including Martin-Lof random reals and Schnorr random reals. The three
types of sequences given as examples here can be further generalized.

Definition 10.
For K > 0, a sequence of functions u, : [0,1] = R is called a K-koksma sequence if it satisfies
the following;:

e All u, are continuously differentiable.
e For any n,m, u,,(z) — u, (z) is a monotonic function on [0, 1].
e For any n # m and x € [0, 1], |ul,(z) — ul(z)| > K.
When all u,,u!, are computable, it is called an effective K-koksma sequence.

The sequence of real numbers obtained by substituting a Martin-Lof random real or a Schnorr
random real into any effective koksma sequence is u.d. mod 1 [2, Theorem 1]

3 Main theorem

The following is the main theorem of this paper.

Theorem 11.
For any effective K-koksma sequence u = (up)nen, & computable real z such that (u,(x)) is
u.d. mod 1 can be effectively constructed.

The following are lemmas for proving this theorem.

Lemma 12. [2, Lemma 27]
Let e(z) = €*™. For a sequence of real numbers X = (xy)n>1, let Sy(x) = Z;VZI e(x;).
Also, let hx denote the sequence of real numbers (hxy)nen. The following conditions are equivalent:

1. The sequence (In)nzl is u.d. mod 1.
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2. For all h € Z\ {0}, imyn_, Sy (hx) = 0.

3. There exists a strictly monotonically increasing sequence of positive integers (My)ken such

that M1 — My, = o(My,), and limy_, o S, (hx) = 0 holds for all h € Z \ {0}.

Proof.

The equivalence of (1) and (2) follows from Weyl’s Criterion.

By setting My, = k, (2) = (3) is trivial.

We prove the converse, that is, (3) = (2).

Note that since |e(z)| = 1 for all z, the absolute value of the sum of p such exponentials is
bounded by p. Therefore, if M < N < My,

M, N
S (he) = S )| = | (7~ 57 ) Doelhan + 5 D elha)

The last inequality holds because the function = iw b
for t > M.

By the triangle inequality,

is monotonically increasing with respect to ¢

2(Myy1 — M,
S 0)| < IS5, (106)| + 55 (0%) = S ()] < [, () -+ 2L =2
+
By assumption, |Sys, (hx)| — 0 as k — oo. Also, My41 — My, = o(M},) implies M’“%;M’“ — 0,
which implies MA’HI — 1, so M’“#;M’“ — 0 as well. Therefore, both terms on the right-hand side

of the above inequality converge to 0. Thus, |Sy(hx)| — 0 as N — oo. d

Lemma 13.
If By, is a total Solovay test, then among the elements belonging to at most finitely many By,
there exists a computable one, and it can be effectively constructed.

Proof.

1
Let L be a natural number satisfying ( U Bk) < 1
E>L
Hereafter, let «,, denote the n-bit prefix of a finite or infinite sequence «, let [z] denote the set

of all infinite sequences having a finite sequence x as a prefix, and let zy denote the concatenation
of finite sequences x and y. Also, we identify real numbers with infinite 0-1 sequences.

We determine the 0-th bit as follows. Let ¢o = I, &, = 272", ¢ = 3¢, + &5
" ([0} U Bk> i (m U Bk>
k>L k>L

We calculate these in parallel. When it is determined that either value is strictly less than ¢, we
set the 0-th bit to 0 if it is the left one, and 1 if it is the right one. (If simultaneous, setting it to 0
is fine.) Since u (U k> Bk) is computable and strictly less than %l, this operation can be effectively
executed.
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When the desired sequence « has been constructed up to the n-th bit (n > 0), we determine
the (n + 1)-th bit as follows.

((Xn+10 U Bk) ((,Yn+11 U Bk)
k>L k>L

We calculate these in parallel. When it is determined that either value is strictly less than c,41,
we set the (n + 1)-th bit to 0 if it is the left one, and 1 if it is the right one. (If simultaneous,
setting it to 0 is fine.) Since p ([n+1] MUy~ y Br) is computable and strictly less than c,,, this
operation can be effectively executed. The sequence a constructed in this way is a computable
sequence.

We show that a belongs to only finitely many Bj. Assume that « belongs to infinitely many

By. Since By are open sets, for a sufficiently large n, [a),,] C U By holds. Therefore,
k>L

p ([am U Bk> = (o)) =27

k>L

On the other hand, from the construction method of a,

j ([%] N U Bk) <

k>L

holds. Since the general term of ¢, is ¢, = Z .27 97—l _ 9-n (% — 2_(”+1)> < 27" a

contradiction arises.
From the above, a is a computable sequence that belongs to only finitely many By. O

We now present the proof of Theorem 11.

Proof.
Fix a K-koksma sequence u. We define

1 N
Snn(u(x)) = % > exp(2imhu;(x))

Jj=1

We define
Anp ={z € (0,1) : [Snn(u(z))] > €}

Here, there exists a set B3 h such that AN2 h C Bje. h - A?\/Q,h’ its measure ,u(BJEVQVh) is

computable, and it satisfies Z w( Nz)h) < C—— In L +1 (where C' is a constant depending on h
N>L
and ¢) [2, 4.4].
We define

1

U U By,

0<|h|<k N>k3
heZ
By Lemma 12, the condition that (u,(x)) is not u.d. is equivalent to the existence of an
increasing sequence of positive integers My with My11 — My = o(My) and some h € Zyg such
that A}im Sy n(u(z)) # 0 holds.
—00

Since My = N* satisfies the condition for My, when (u,(z)) is not u.d., there exist infinitely

many Aﬁ’zy ,, containing x for some h and a sufficiently large k. Therefore, for a sufficiently large
k, x € By, holds.

If (u,(x)) is not u.d., then z is contained in infinitely many By; thus, when x is contained in
only finitely many By, (u,(z)) is u.d.
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By Lemma 13, if By, is a total Solovay test, then among the elements contained in only finitely
many By, there exists a computable one, and this is precisely the computable real for which (u,(x))
is u.d. mod 1.

Below, we show that By, is a total Solovay test (i.e., >, (Bx) is a computable real).

1
By assumption, ,u(B]’\“,4 h) is computable. Furthermore, U BN4 | < Z Iz (31@4 h) <
N>VL N>VL

1
Z I (B;,2 h) < C(% holds (where C' is a constant depending on h and k).
N>L

1
I U B, | is the measure of a finite union of sets with computable measures, and is

VL>N>k3

In(L)+1
therefore computable. Therefore, for a given precision 4, if we choose L such that C M

is satisfied, we have

1 1 In(L) +1 1
u(UBﬁ4,h>sﬂ U s +C%SM<UBJ@4,,L>+6

N>k3 VL>N>k3 N>k?

1
from which we can compute p ( U By, h) to precision §. In other words, u ( U BN4 h) is

N>k3 N>k3
computable.

1
Furthermore, u(Bg) = p U U B, ¢ is the measure of a finite union of sets with

0<|h|<k N>k3
heZ

computable measures, and is therefore computable.

< D D Bl

0<\h|§k N>k3
heZ

< DL D Af)

0<\h|§k N>k3
heZ

In(N*
< X% ()

0<|h|<k N>k3
heZ

17 In N
< 4k? 1 —
SR (* |h|>N>k3 N

0<|h|<k
heZ

1
< 4k*. Z 18 (Zm) (assuming K > 1,In N < N)

0<|h|<k N>k3
h€EZ
1 72
< 4k? - (2k - 18 ==
- ( ) 2k6 k3

From this, Z wu(By) converges to a finite value.
k>1
Furthermore, Z 1(By) is computable, and for a given precision 4, if we take L such that
L>k>1
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72 36
Z w(Bg) < 7] < § is satisfied,
k>L k>L

L L
S B < S B < 37 u(Bi) +—6<ZuBk
k=1 k=1

k>1

we can compute Z 1(By;) to precision §. In other words, Z u(By) is computable.
k>1 k>1
From the above, By is a total Solovay test. O

Corollary 14.
For a K-koksma sequence u = (uy,)nez, @ computable real x such that (u,(x)) is w.d. mod 1
exists and can be effectively constructed.

Proof.
It suffices to change a part of the proof. We define

| N
Snoni(u(z)) = N Z exp(2irhu;(x))

j=t
We define
Ay pe ={z € (0,1) : |Snne(u(z))] > e}

: 5 2e 5 5 : 5 :
There exists a set BN27h)t such that AN2)h7t - BN2)h7t - ANz,h,t’ its measure N(BNZ,h,t) is

computable, and it satisfies
InL+1
> (B ) < L

N>L

(where C' is a constant depending on h, e, t).

We define N
U U U B]ff‘*,h,t

0<t<k 0<|h|<k N>k3
tezZ heZ

The condition that (u,(z)) is not w.d. is equivalent to the condition that
JteN, 3h € Zy s.t. Nlim Snap(u(x)) #0
—00

holds.

In other words, when (u,(z)) is not w.d., there exist infinitely many Af\;iL . containing z for
some h,t and a sufficiently large k. Therefore, for a sufficiently large k, = € B’ holds.

Thereafter, the same proof can be carried out for Bj. O

For the sequence of real numbers constructed in this theorem, we can provide an upper bound
for the discrepancy.

Corollary 15.
For the computable real x constructed in Theorem 11, the discrepancy Dy (ujy(z)) < (')(l_g\g/rﬁ)

N
holds.

Proof.
The definition of the set Bj, was as follows:

= U U B

0<|h|<k N>k3
h€EZ

Also, from the relation A2

e © By, @ ¢ By, implies the following condition:

T € ﬂ m (AN4h)

0<|h|<k N>k3
heZ
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Here, since the definition of the set A%, is A%, = {z € (0,1) : [Sya(u(x))| > €}, the above
inclusion relation can be expressed by the following equivalent conditional expression:

2
0 <VIh| <k VN >k, |Sysp(u(@)] < -

From this expression, |Sy5(x)| < %ﬁ is derived. Here, we apply the Erdés—Turdn theorem [5,
Theorem 2.5|. According to this theorem, for any finite sequence {z1,---,zy} = x and any
positive integer m, the following inequality holds:

6 4 /1 1
Dy < — 4= s
N_m+1+ﬂ_h2_1<h m+1)| N (%)

By substituting the previously derived |Sn 5 (x)| < % into this inequality, we finally obtain the
following as the evaluation of the discrepancy Dy (ujy()):

Dy (uy(x)) < O (“%)

O

As noted in subsection 3.4, for an N-bit prefix of a u.d. mod 1 sequence of real numbers (z,,),

Dy (z)n) > O(lo;ng) generally holds.

4 Conclusion

Becher and Grigorieff previously constructed Solovay tests for the sets of sequences that do not
satisfy Weyl’s Criterion to demonstrate that random reals possess the property of uniform distri-
bution. In this paper, by appropriately taking the union of all these tests, we constructed a single
total Solovay test that encompasses all sequences failing to satisfy Weyl’s Criterion. Furthermore,
by constructing a computable element outside of this test, we successfully obtain a computable
element that satisfies Weyl’s Criterion.
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