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1 Introduction

In 4-dimensional topology, the following problem, which is called smooth unknotting
conjecture, is known to be difficult and important:

Conjecture 1.1. Let f: 5% — S* be a smooth embedding. If m,(S*\ f(S?)) = Z, then f
15 smoothly isotopic to the unknot.

An embedding of S? to S is called a 2-knot. The unknot is a 2-knot which bounds an
embedded D? in S*. If the fundamental group of the complement of a 2-knot is isomorphic
to Z, then this is topologically isotopic to the unknot. This was proven by Freedman and
Quinn [3, 11.7A].

While conjecture 1.1 is still open, if we consider embeddings of RP? instead of S?, we
have the following result.

Theorem 1.2. [12] There is an infinite family of embeddings f,: RP? — S* for allm € N
such that

e fo is the standard one,
o {fu}n are topologically ambient isotopic to each other,
e if n# m, then f, and f,, are not smoothly isotopic.

In this article, the sketch of the proof of theorem 1.2 is explained. To prove theorem 1.2,
we use Real Seiberg-Witten theory, which is a variant of the ordinary Seiberg—Witten
theory.

2 Embeddings of surfaces into S*

In this section, we recall some previous works on exotic embeddings of surfaces into S*.
If two smooth embeddings

f,g: S — St

of a closed surface S are topologically ambient isotopic and not smoothly isotopic, we call
f and g are exotic embeddings.
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There are no known examples of exotic embeddings of orientable surfaces. In the case of
non-orientable surfaces, the first such examples are discovered by Finashin—Kreck—Viro[2],
in 1987. They constructed an infinite family of exotic embeddings of #,RP? s. After
that Finashin gave examples of exotic embeddings of #¢RP?. Havens constructed exotic
embeddings of #¢, #+, #s, #9RP?. Levine-Lidman-Piccirillo also gave an example of
#10- Matié—oztiirk—Reyes—Stipsicz—Urz1'1a proved that there exists an exotic embedding
of #sRP? in S*.

To prove the exoticness of these examples, there is a common strategy: taking double
branched covers along the surfaces and proving that they are not diffeomorphic. However,
if one try to prove the exoticness of the embeddings of theorem 1.2 in this strategy, one
have to find exotic CP2. This is known to be difficult. Moreover, the following result is
proved by Hughes—Kim—Miller.

Theorem 2.1. [}/ The double branched covers along f,,(RP?) of S* are diffeomorphic to
CPZ2, where f, are embeddings given in theorem 1.2.

As a corollary, we have an infinite family of exotic Z/2-action on CP?.

To prove theorem 1.2, we use Real Seiberg-Witten theory. ! From this variant of the
Seiberg—Witten theory, we can construct invariants of pairs of a smooth 4-manifold and
a smooth involution on it.

3 Real Seiberg—Witten theory

3.1 Recall ordinary Seiberg—Witten theory

To explain Real Seiberg—Witten theory, let us recall ordinary Seiberg—Witten theory. For
simplicity, we only consider the invariants on closed 4-manifolds.

Let X be a closed 4-manifold. The input of this invariant is spin® structure on X. This
always exists and classified by H?(X,Z). Note that this identification is not canonical. If
the rank b*(X) of maximal positive definite subspace of H?(X) is bigger than 1, we have
an integer SW (X, s) for each spin® structure s on X.

In the case that b"(X) = 1, we have to fix another data ¢ called chamber and we
have an invariant SW (X, s, c) which depends on the chamber. There are two choices of
chambers for each spin® structure. If we fix a spin® structure, the difference between the
invariants for different choices of chambers is +1.

These invariants are given by counting the solutions of the Seiberg—Witten equations.
More precisely, these are obtained by counting the solutions up to gauge transformations
because the Seiberg—Witten equations have a symmetry of an action of the gauge group
G = Map(X,S'). Tt is necessary to take the quotient of the set of the solutions by this
action otherwise the set of the solutions is too large.

The reason why we need the condition b"(X) > 0 is to avoid reducible solution on
Seiberg-Witten equations. Reducible solutions are solutions whose isotoropy groups are

We use capital R when we spell the Real Seiberg-Witten theory and “Real” variants of related notions. This comes
from Atiyah’s Real K-theory, which is denoted by K R(X). This notion is related to Real Seiberg-Witten theory because
we consider an anti-linear lift of the involution on a 4-manifold X to a spinor bundle on it.
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the non-trivial. In the negative definite case, we cannot avoid reducible solutions so it is
difficult to define a counting invariant of the solutions up to G-action.

3.2 Real Seiberg—Witten theory

Let me explain the Real Seiberg—Witten theory. The input data are the following: A closed
4-manifold X with an orientation preserving involution ¢: X — X, a spin® structure on
X, and an anti-linear lift I on the spinor bundle S = S* @& S~ of 5. We assume that
preserves the Z/2-grading of S and satisfies the following relation: p(:*a)I(¢) = I(p(a)d)
for any a € Q'(X) and ¢ € S, where p is the Clifford multiplication.

We call a pair (s, /) a Real spin® structure. Let (s,/) and (', I") be Real spin® struc-
tures. We say f: s — s an isomorphism of Real spin® structures when f is an isomorphism
of spin® structures and satisfying fol =1"o f.

Note that Real spin® structure may not exists in some cases. For example if the fixed
points of ¢ is finite, then the anti-linear lift I of ¢ satisfies 12 = —1 on any fixed points. If
the fixed points of ¢ has codimension 2, H'(X,Z)~™" = 0, and there is a spin® structure
s satisfying (*s = 5, then we have an anti-linear lift I of + such that I? = 1 ([7, Lemma
2.9]).

If there is a Real spin® structure on X, the set of the isomorphism class is identified
by the set of isomorphism class of Real line bundles, which is a complex line bundle with
anti-linear lift of . We can interpret this classification result in terms of equivariant
cohomology with local coefficient. This corresponds to the fact that the ordinary spin®
structures is classified by H?*(X,Z).

Definition 3.1. Let X be a space with an involution ¢. Let us consider the following
space:
EZJ2 x X]ix 1
where i is the free involution on EZ/2. Then we have a local system
l:=(FZ/]2x X XZ)]i x1x(—1)
on E7/2 x X/ix 1. Let us define Hy ,(X,Z_) by
Hy (X, Z) == H*(FZ/2 x X[i x 1,1).

Proposition 3.2. The Real line bundle on X 1is classified by H%/Q(X, Z_). Especially,
if there is a Real spin® structure on X, isomorphism classes of Real spin® structure is
classified by HE/Q(X, 7).

Remark 3.3. If the involution is free, then Real spin® structures are coincide with spin®~
structure on X/v. See [14, Section 2.(v)].

Let (s,1) be a Real spin® structure on (X4, (). There is an involution induced by I on
the configuration space C of Seiberg—Witten equations for the spin® structure s. By abuse
of notation, let us denote this action by I. We want to consider the fixed point set C!
and solutions preserved by I. However, as we mentioned, the Seiberg—Witten equations
have a large symmetry called the gauge transformation G = Map(X,U(1)). A gauge
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transformation u preserves the fixed point set C! if and only if u = Iul = *u=t. We
denote the set of such gauge transformations by G'.

Here, let us point out the difference between the ordinary Seiberg—Witten equations
and Real one. Assume the formal dimension of the moduli space is 0 and H*(X,Z) = 0.

In ordinary case, the framed moduli space, which is a quotient of the set of the solutions
by a subgroup Gy of G such that it acts freely on C, is consist of some copies of U(1) and
a reducible point * if b*(X) = 0. This is because G/Gy = U(1). Moreover, the number of
the copies of U(1) depends on the metric so that this is not an invariant of (X, s).

In Real case, the framed moduli space is some copies of Z/2 = {£1} and a reducible
point. This is because G'/GL = {41} where G is a subgroup acting freely on C!. In
this case, the number of irreducible solutions is not a invariant as in the ordinary case.
However, if we forget +1 action on the framed moduli space and just signed count of
them, this is independent of the metric and is well defined up to overall sign. Let us
denote the absolute value of this signed count by

|deg(X, ¢,5,1)]|. (1)

Proposition 3.4. Let X be a closed oriented smooth 4-manifold with an orientation
preserving involution v. Let (s,1) be a Real spin® structure. Assume that H'(X,Z)™" =0
and the formal dimension

ci(s) —o(X)
8
of the Real Seiberg—Witten moduli space is 0, where b*(X)™"" is a dimension of H* (X, R)™""

and o(X) is the signature of X. Then we have an non-negative integer |deg(X,¢,s,1)]
which satisfies the following properties:

d(s, I) = — (X)) (2)

1. If X = S* and vy is given by (xg,x1, T2, 3, 74) > (—To, —T1, T2, T3,74). Then
|deg(S*, 10, 50, I0)| = 1
for the unique Real spin® structure (so, Iy) on (S%, ).
2. If X = —CP? and 1, be the complex conjugation. Then we also have
|deg(—CP? 11,51,11)| =1

for the unique Real spin® structure (s1, 1) on (—CP? 11) such that the formal dimen-
ston s 0.

3. If (Xo, o, S0, Lo) and (X1, 1,81, 1) satisfy the above conditions, then we see the glued
Real spin® 4-manifold (Xo# X1, vo#t1, 5051, Llo#11) satisfies the conditions and

|deg(X0#X17 LO#L1750#517 IU#II)| = |deg(X07 Lo, 50, IU)Hdeg(Xl; l1, 81, [1)|

4. Let X be a double branched cover along the 1-roll spun knot of (—2,3,7)-pretzel
knot in S* and v be the covering transformation. Then there is a unique Real spin®

structure (s,1) and
|deg(X,t,8,1)| = 3.

4
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The most difficult and non-trivial property in proposition 3.4 is item 4. We describe
the sketch of the proof of proposition 3.4 in section 3.3.

Corollary 3.5. Let P be a standard P?-knot such that the normal euler number is 2.
Let P, be a P%-knot given by

where S is the 1-roll spun knot of (—2,3,7)-pretzel knot. Then, we have unique Real
spin® structure on X5(S%, P,) with respect to the covering transformation such that the
formal dimension is 0. The degree invariant for the Real spin® structure satisfies

|deg(2(5%, Py))| = 3™
Especially, (S, P,) is not pairwise diffeomorphic to (5%, P,,) if n # m.
Proof. From item 3 of proposition 3.4, we see that
deg(Sa(S*, P.))| = dea(Sa(S", Pyl des(a(S", S) "

Here we omitted Real spin® structures for each components. Since ¥5(S*, Py) & —CP?,
we see that |deg(X9(S*, Pp))| = 1 from item 2 in proposition 3.4. From item 4 in propo-
sition 3.4, we have |deg(32(5%,5))| = 3. O

Sketch of the proof of theorem 1.2. From corollary 3.5, P, are not smoothly isotopic to
each other. One can calculate the fundamental group of the complement of P, and they
are isomorphic to Z/2. From the theorem by Lawson [10, Corollary], they are topologically
ambient isotopic. O

3.3 Sketch of the proof of proposition 3.4

In this section we describe the proof of proposition 3.4. The proofs of item 1 and item 2
are basically applications of vanishing theorem of irreducible solutions of Seiberg—Witten
equations for 4-manifolds with positive scalar curvature.

Let us explain the sketch of the proof of item 4 in proposition 3.4. Firstly, let us
describe the definition of k-twist [-roll spun knots.

Let K be a knot in S3. Let P be a 4-manifold called Montesinos’ twin, which is the
exterior of the standard embedding of 72 in S%. One can see that P is also given by the
two point plumbing of S? x D? 11.5? x D?. Let us denote S by one of the core, which is
an embedded S2.

By considering the tubular neighborhood of unknotted S?, we have a decomposition

St =D3x StuS? x D% (3)

Let p be a point on K and remove a small ball B, in S* centered at p. We identify
D? = $3\ B, and remove a tubular neighborhood of K\ KNB,. This tubular neighborhood
is diffeomorphic to [—1, 1] x D?. Let us paste {—1, 1} x D? to the other component 5% x D?
of S*. Note that the pasting map is naturally defined by the decomposition eq. (3). One
can check that [—1,1] x D? U S? x D? = P. Then, we have the following decomposition:

St =S\ y(K)x S'UP (4)
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where v(K') be a tubular neighborhood of K.
Using the decomposition eq. (4), we have an embedding of S? to S* given by the image
of S'in P C S*. This is called spun 2-knot of K. If we twist the pasting map

9S*\ V(K) — OP (5)

by A € SL(3,Z) we obtain a 4-manifold X 4. If we choose a specific family of SL(3,7Z), we
see that X4 & S* again. But the image of S C P is different, see [15]. Set Ay, € SL(3,7)
is a matrix

Ap = (6)

o O =
o~ = R
_ o O

Let us denote by 7%p!(K) € S* = X, , the image of S C P C Xg4,, and we call it
k-twist [-roll spun knot.

If k is even, the double branched cover of 7%p!(K) € S* have the following decomposi-
tion:

—~——

oS, T (K)) = 93\ u(K)2 x S Uy, ,, S2(P,S) (7)

—_~ 2

where 53\ v(K') is a double cover with respect to the unique nontrivial homomorphism
m(SP\ K) — Z/2.

We can prove that the only solution of Real Seiberg-Witten equations on 7 with
an involution (z,y,z) — (—z,y,z) € U(1)> = T? is reducible solution up tOanuge

—~—

transformation. We see that the intersection form of each component S3\ v(K) x S*
and 35(P,S) is 0 and H*(-,Z)~" = 0. Therefore, we can define relative degree invariant
for each components.

Lemma 3.6. Let K = P(—2,3,7) be the (—2,3,7)-pretzel knot. There are two Real spin®
2

—~—

structures so,5; on S3\ v(K) x S and
—~— 2
|deg(S3\ v(K) x S' 50)| =1,

—~——

2
deg(S5\ (K) x $",s1)] = 3.

The relative degree invariant for (P, S) is 1 for all Real spin° structure.

—_ 2
Sketch of proof. The calculation |deg(S? \ v(K) x S!,s;)| follows from the calculation of
degree invariant of ¥o(S®, K) x S! since §; can extend to this 4-manifold with involution
for i = 0,1. If i = 1, the extended Real spin® structure on ¥5(S?, K) x St is the product
of the unique Real spin structure on ¥5(S%, K) and spin structure on S*.

One can see that all the solution of Real Seiberg-Witten equations are given by the
pullback of the solution on 35(S3, K). This is the Brieskorn sphere (2, 3,7) and we can
explicitly describe the solutions on this space by using the Real lattice Floer homotopy
type constructed by Kang-Park-Taniguchi [5].

6
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If we take sq, this is given by the mapping torus of the unique Real spin structure on
¥, (S%, K) by the monodromy —1 on the spinor. We see that the only reducible solution
is preserved by this monodromy. OJ

— 2

By looking carefully the induced Real spin® structures on the boundary of S3 \ v(K) X
St | we see that if k/2 + [ is odd, the Real spin® structure s, extends to Xo(S%, 7%p!(K)).
Thus we have the following result:

Proposition 3.7. Let K = P(—2,3,7). Then if k is even and k/2 + 1 is odd, then there
is unique Real spin® on |deg(39(S%, 7%p!(K)))| = 3.

This is the sketch of the proof of item 4 in proposition 3.4.

4 Further developments

After I submit the paper [12], there are many development in Real Seiberg-Witten theory.
Let us explain some developments. This is not a complete list of the literatures on Real
Seiberg—Witten theory.

Kuhrman [8] construct more examples of exotic P*-knots which is given by connecting
sum of the standard P?-knot and 1-roll spun of Montesinos knot K (2,3, |6s + 1|) along
which the double branched cover is the Brieskorn sphere (2,3, |6s + 1|). He calculated
both the fundamental group of the complements of the 2-knots and the degree invariants.

He also gave a way to calculate the degree invariant for a knots in S®. As in the sketch
of the proof of lemma 3.6, the counting of 3-dimensional Real Seiberg—Witten equations
on the double branched cover of a knot in S? is important to construct exotic P? knots.
He proved that the degree invariant is calculated by Lefshetz fixed point formula with
respect to the Real involution on Pin(2)-monopole Floer homology in [9].

In [1], Baraglia comprehensively studied Real Seiberg-Witten theory. He gave more
general definition of the degree invariant and proved fundamental properties of them.
As an application, he gave exotic embeddings of non-orientable surfaces in admissible
4-manifolds, which is a large class of 4-manifolds.

In this article, we only focused on invariants for 4-manifolds with involutions. In these
years, invariants for 3-manifolds with involutions have also developed. For 3-manifolds
with involutions, Li defined the Real monopole Floer homology in [11]. There is a refine-
ment of this Floer homology to Z/4-equivariant spectrum valued invariant, called The
Real Seiberg-Witten Floer homotopy type. Xiao [16] announced that Z/2-equivariant
homology is isomorphic to Li’s Real monopole Floer homology. The Real Seiberg—Witten
Floer homotopy types for the double branched covers along knots in S® are important
because the absolute values of the Euler numbers of them are the degree invariant of the
knot, which is used in lemma 3.6. In Kang—Park—Taniguchi [5, 6] compute Real Seiberg—
Witten Floer homotopy type using lattice homotopy type. As an application, they proved
that non-trivial cables of the figure eight knot are not slice.

Though some people find ways to compute the Real Seiberg-Witten Floer homotopy
type, it is still hard to compute it for random knots. One way to give more examples of
calculation of this invariant is to consider the satellite operation for knots. In [13], we



008

proved a formula to compute Real Seiberg—Witten Floer homotopy type of P(K) from
that of K and P(unknot), where P C S' x D? is an odd satellite pattern.
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