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1 Introduction

This note is based on the talk given by the second author at the conference Intelligence of
Low-dimensional Topology 2026, held at RIMS in May 2026. The talk is based on results
introduced in [9, 10].

Let K be a knot in a closed oriented 3-manifold M. The operation of forming a new
3-manifold (M \ intN(K)) Uy (D?* x S) from M is called Dehn surgery on K, where
N(K) denotes a regular neighborhood of K and f is a gluing map, that is, an orientation-
reversing homeomorphism on boundary tori. The homeomorphism type of the resulting
manifold is determined by the isotopy class of a loop on 0N (K) that is identified with the
meridian of the attached solid torus by f. The isotopy class of a loop is called the surgery
slope. When K is null-homologous in M, particularly in the case where M = S3, surgery
slopes are well known to be parametrized by Q U {1/0} using the standard meridian-
longitude system, where 1/0 corresponds to the meridional slope. Dehn surgery along the
slope 7 corresponding to p/q € QU {1/0} is called p/q-surgery. The resulting manifold is
denoted by Mk () or Mk(p/q). For p/g-surgery, we assume that ¢ > 0 unless otherwise
noted. Dehn surgery on a link is defined by performing Dehn surgery on each component
of the link. For a link L = K, U--- UK, in S3, (ry,...,r,)-surgery means Dehn surgery
on L along the slopes corresponding to the rational numbers 7y, ..., r,, respectively.

A pair of Dehn surgeries on a knot is called purely (resp. chirally) cosmetic if the

resulting 3-manifolds are orientation-preservingly (resp. orientation-reversingly) homeo-
morphic. It is conjectured that there are no “non-trivial” purely cosmetic surgeries.

Conjecture 1 (Cosmetic Surgery Conjecture, [1, Problem 1.12(a)], [5, Conjecture 6.1]).
Let K be a knot in a closed oriented 3-manifold M. Then two surgeries on K along
mequivalent slopes are never purely cosmetic.

In Conjecture 1, it is usually assumed that M \ int N(K) is irreducible and not home-
omorphic to a solid torus.
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On the other hand, there are examples of chirally cosmetic surgeries along inequivalent
slopes. See [17, 2, 8] for such examples and [12, 11] for related review or questions.

A basic strategy to study cosmetic surgeries is to compare invariants of the resulting
3-manifolds. An important and reasonable invariant is (the order of) the first homology
group as follows:

Proposition 1. Let K be a null-homologous knot in a 3-manifold M. Then we have
1 (Mk(p/q); Z) = H\(M; Z) & Z/|p|Z.

By Proposition 1, if a null-homologous knot admits purely cosmetic surgeries, then
the surgery slopes should be £p/q and +p/q’. Here p, q,q" are positive integers and p is
coprime to ¢ and ¢'.

From the viewpoint of finite type invariants for 3-manifolds (for example, see [19]),
the order of H; is regarded as the finite type invariant of degree zero. So, as a next
step, it is natural to consider the finite type invariant of degree one, which essentially
coincides with the Casson—Walker—Lescop invariant [14], which was originally introduced
by Lescop [15] as a generalization of the Casson—Walker invariant for any closed oriented
3-manifolds. In this note, we review results on cosmetic surgeries obtained by using the
Casson—Walker—Lescop invariant. We omit proofs which can be found in [10].

Remark 1. Here we make a remark about the coefficients of the Conway polynomial,
specifically the difference between the usual ones and those defined a la Lescop [15]. The
(usual) skein relation of the Conway polynomial V(z) of a link L in S® is given by

Vi (2) =Vi_(2) = 2V, (2).

The k-th coefficient of V(z) is denoted by ax(L). In Lescop’s book [15], the notation
for the Conway polynomial and its coefficients is slightly different from the above. In
this note, we denote by V(z) the Conway polynomial used in [15], which satisfies the
following skein relation:

Vi (2) = Vi (2) = =2V, (2).
If L is a p-component link, then V, (2) has the form
Vi(z) = 27" (ao(L) + a1(L)2* +---) .

Note that Vi -(z) = V(z), where L* denotes the mirror image of L. Also note that
Vi (2) = (—=1)*"'V(2). Therefore we have

ar(L) = (=1)"tayior-1(L).

In particular, a(K) = ag(K) holds for a knot K.

2 Results

We review results on cosmetic surgeries on null-homologous knots obtained via the Casson—
Walker—Lescop invariant.
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2.1 Cosmetic surgeries on a null-homologous knot and Conway polynomial

To our knowledge, the first result on purely cosmetic surgeries obtained by using the
Casson—Walker invariant is due to Boyer and Lines [3]. This result was obtained as a
consequence of extending the Casson invariant, defined for integral homology spheres,
to homology lens spaces. Their results were obtained independently of Walker’s exten-
sion [20] of the Casson invariant to rational homology spheres.

Proposition 2 ([3, (5.1) Proposition (iii)]). Let K be a knot in an integral homology
sphere. If A(1) # 0, then K admits no purely cosmetic surgeries.

Here Ag(t) denotes the Alexander polynomial of K, normalized so that Ag(t7!) =
Ak(t) and Ag(1) = 1. It is known that for a knot K in S*, A% (1) is equal to twice the
second coefficient ag(K') of the Conway polynomial of K.

We extend Proposition 2 to a null-homologous knot in a 3-manifold with the first Betti
number one or two. A link in S? is called algebraically split if the linking number of any
pair of its components is zero.

Theorem 3 ([10, Theorem 1.5]). Let K and K, be two knots in S® such that the link
K U Ky is algebraically split. Let M be the 3-manifold obtained by 0-surgery on Ky,
i.e., surgery along the preferred longitudinal slope. Suppose that a1(K U Ky) # 0. Then,
regarded as a knot in M, K admits no purely cosmetic surgeries. In particular, K is
determined by the complement in M.

Theorem 4 ([10, Theorem 1.6]). Let K, K, and Ky be knots in S® such that the link
K U K, U K, is algebraically split. Let M, q, be the 3-manifold obtained by (p1/q1,0)-
surgery on K1UKy. Suppose that pyay (KUK)+q1a, (KUK UKs) # 0. Then, regarded as
a knot in M, ;4 , K admits no purely cosmetic surgeries. In particular, K is determined
by the complement in M,, /g, .

If the first Betti number of a 3-manifold M is odd, then the Casson—Walker—Lescop
invariant of M, A(M), coincides with that of the orientation-reversed manifold — M,
A(—=M). Thus, Theorems 3, 4 also hold for chirally cosmetic surgeries.

Theorem 5 ([10, Theorem 1.7]). Let K, K, and Ky be knots in S such that the link
KUK UK, is algebraically split. Let Moy be the 3-manifold obtained by (0, 0)-surgery on
K1 UK. Suppose that a;(K U Ky U Ks) # 0. Then, regarded as a knot in Moy, K admits
no purely cosmetic surgeries. In particular, K is determined by the complement in My.

We note that the result above is, in a sense, the best possible, because a; (L") = 0 holds
for I/ C L with 1/ > 4 when L is algebraically split [6, Lemma 1.5].

2.2 Integral purely cosmetic surgeries on a null-homologous knot

Next we focus on integral surgeries. Here, a Dehn surgery is said to be integral if the
geometric intersection number of the meridian and a representative of the surgery slope is
one. For a null-homologous knot, integral surgery is equivalent to n/l-surgery for n € Z.
For a knot in an integral homology sphere, the following result holds as a corollary of a
theorem by Boyer and Lines [3, Theorem 2.8].

3
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Proposition 6. A null-homologous knot in an integral homology sphere admits at most
two pairs of integral purely cosmetic surgeries.

The following result is an extension of Proposition 6 and [9, Theorem 2.

Theorem 7 ([10, Theorem 1.1]). A null-homologous knot in a rational homology sphere
admits at most two pairs of integral purely cosmetic surgeries.

Remark 2. The finiteness of purely cosmetic surgeries on a knot in a closed oriented
3-manifold has been verified in [7].

2.3 Knot complement problem

The cosmetic surgery problem is closely related to the knot complement! problem (see
Subsection 3.2). In fact, the following is conjectured:

Conjecture 2 (Oriented knot complement conjecture, [1, Problem 1.12 (b)], [5, Con-
jecture 6.2]). If Ky and Ko are knots in a closed oriented 3-manifold N whose comple-
ments are homeomorphic via an orientation-preserving homeomorphism, then there exists
a homeomorphism of N taking K; to Ks.

As an application of our method for computing the Casson—Walker—Lescop invari-
ant, we give some supporting evidence for the conjecture. In particular, the following
corollaries can be regarded as a partial answer to this conjecture. For example, for a null-
homologous knot in a 3-manifold obtained by Dehn surgery on a knot in S®, we obtain
the following.

Corollary 8 ([10, Corollary 1.2]). Let M be a 3-manifold obtained by Dehn surgery on a
knot in S3. Then, for any null-homologous knot K in M, there are at most two knots in M
that are inequivalent to K but whose exteriors are orientation-preservingly homeomorphic
to the exterior of K. In particular, for any null-homologous knot in S? x S' or a lens
space, the same holds.

Corollary 9 ([10, Corollary 1.3]). Let M be a rational homology sphere obtained by Dehn
surgery on an algebraically split link in S® with positive surgery slopes. Then, for any
null-homologous knot K in M, there are at most two knots in M that are inequivalent to
K but whose exteriors are orientation-preservingly homeomorphic to the exterior of K.

Moreover, the next result gives a partial extension and an alternative proof of part
of the result obtained in [4] using Heegaard Floer homology, which states that any null-
homologous knot in an L-space is determined by the complement.

Corollary 10 ([10, Corollary 1.4]). Let M be a connected sum of lens spaces L(p;,q;)
with coprime positive integers p; and q;, or a connected sum of S? x S' and lens spaces
L(pi, q;) with coprime integers p; and q;. Then, for any null-homologous knot K in M,
there are at most two knots in M that are inequivalent to K but whose exteriors are
orientation-preservingly homeomorphic to the exterior of K.

Remark 3. For a given knot, the finiteness of inequivalent knots whose exteriors are
homeomorphic to that of the given knot is shown in [16].

1Here, the term “complement” is used to mean the “exterior” of a knot; that is, it refers to the compact 3-manifold
obtained from the ambient manifold by removing an open tubular neighborhood of the knot.
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3 Remarks

Here we review some facts that are well known to experts but lack readily accessible proofs
in the literature.

3.1 Surgery description by algebraically split link

It is well-known that any integral homology sphere admits a surgery description on an
algebraically split link along 41 slopes. On the other hand, there is a rational homology
sphere never represented by Dehn surgery on an algebraically split link with rational
coefficients. We give a proof of this folklore result below.

Proposition 11. There exists a rational homology 3-sphere that cannot be represented by
Dehn surgery on algebraically split links.

Proof. Let M be a 3-manifold obtained by Dehn surgery on the torus link of type (2,4)
along slopes (0,0), see Figure 1. The linking matrix of M for this surgery description

is A = ( ) Let ¢: Hi(M) x Hi(M) — Q/Z be the torsion linking pairing on M,

which is given by ¢(z,y) = A~y (mod 1). Then for any x € H; (M) = Z/27 & Z./27Z,
we have p(z, ) = 0. Suppose for a contradiction that M is obtained by Dehn surgery on
an algebraically split link. Then the linking matrix of M for this surgery description is of
the form

A = diag (£2/q1, +2/q, £1/qs, ..., £1/q,)

with positive odd integers ¢, g2, and positive integers ¢s,...,q,. Then a presentation
matrix of the torsion linking form ¢’ is diag(1/2,1/2). Then for p € Hy(M) whose
representative is the meridian of a component of the algebraically split link, we have
¢ (g, 1) = 1/2 (mod 1). This contradicts ¢ = ¢’. Therefore M is a rational homology
sphere that cannot be represented by Dehn surgery on an algebraically split link. O

0 0
N &)
Figure 1: A rational homology sphere M in the proof of Proposition 11

oA 0 1/2
1 _

Remark 4. The matrix A= = (1/2 0

[21].

Remark 5. 1t is shown by Ohtsuki [18, Corollary 2.5] that for any closed oriented 3-

manifold, taking the connected sum of lens spaces suitably, the resulting manifold can be

represented by an algebraically split link along integral slopes.

) appears in [13] as the matrix Fj. Also see
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3.2 Equivalence of two conjectures

Conjectures 1 and 2 are equivalent. While this fact is well known to experts, we verify it
here. For a knot K in a 3-manifold M, we denote by My the exterior of K in M, that is,
Mg = M \ int N(K), and by px the meridian of K.

Assume that Conjecture 1 is true. Let K7, K5 be knots in a closed oriented 3-manifold
N. Suppose that there exists an orientation-preserving homeomorphism ¢: Ng, — Nk,.
If (ug,) = pk,, then ¢ can be extended to a self-homeomorphism of N sending K to Ks.
If (k) # pK,, then v := ¥ (ug, ) is a slope on N, such that Nk, (v) = Nk, (k) = N.
Since two Dehn surgeries on K, along slopes v and g, yield N, by the assumption that
Conjecture 1 is true, there exists a homeomorphism f: Ng, — N, such that f(v) = pxk,.
Then f o1 can be extended to a self-homeomorphism of N sending K; to Ks.

Next assume that Conjecture 2 is true. Let K be a knot in a closed oriented 3-
manifold M. Suppose that Mg () is orientation-preservingly homeomorphic to Mg (72).
We identify Mg (1) and Mg(2) with a 3-manifold N. Fori = 1,2, let K; be the dual knot
of Dehn surgery along the slope ~; in NV, that is, K is the core of the attached solid torus
of Dehn surgery along 7;. Then Ng, and N, are orientation-preservingly homeomorphic.
By the assumption that Conjecture 2 is true, there exists a homeomorphism g: N — N
such that g(Ky) = Ky. Then g(ux,) = pk,, that is, g(y1) = g(72) since pg, = v; in M.
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