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Constructing solutions of Polygon and Simplex equatio
Serban Matei Mihalache
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Abstract

This note is based on the author’s talk “Constructing solutions of Polygon and Simplex
equation” given in the conference “Intelligence of Low-dimensional Topology” held at the
RIMS, Kyoto University, during May 20-May 22, 20126. The details appear in [18].

1 Introduction
The Yang—Baxter equation [20, 2],
Ri2R13R23 = Ro3R13R2,

originally introduced in the study of integrable models in statistical mechanics, is now fundamen-
tal to mathematical physics, topology, and many other areas of mathematics. A.B. Zamolod-
chikov |21, 22] considered a three-dimensional analog of the Yang-Baxter equation, known as
the tetrahedron equation. Later, a higher-dimensional analog of these equations, called the sim-
plex equations, was defined in [3], which includes the Yang—Baxter equation as the 2-simplex
equation, Zamolodchikov’s tetrahedron equation as the 3-simplex equation, and so on. See, for
example, [9, 17, 4, 7, 16, 1] for more details.

Another important equation with a flavor similar to the Yang—Baxter equation is the pentagon
(5-gon) equation,

Th0oT3T53 = To3Th2,

which again appears as a fundamental equation in mathematical physics and topology. Sub-
sequently, A. Dimakis and F. Miiller-Hoissen |7] defined the class of polygon equations. Just
as simplex equations generalize the Yang—-Baxter and tetrahedron equations, polygon equations
generalize the pentagon equation. In [19], Miiller-Hoissen explored (set-theoretic) polygon equa-
tions, investigating the relationship between neighboring polygon equations and how a solution
of the k-gon equation lifts or descends to a solution of the (k & 1)-gon equation. Also, in topol-
ogy, polygon equations play a key role in constructing state sum invariants of manifolds from
their triangulations [15, 11, 14]. In particular, they guarantee invariance under a certain Pachner
move.

As for the relationship between simplex equations and polygon equations, there have been
several attempts to construct solutions of simplex equations from solutions of polygon equa-
tions. In [12], R.M. Kashaev and S.M. Sergeev showed that whenever a solution of the pentagon
equation and a solution of its dual satisfy a certain compatibility condition, called the “ten-term
relation”, they give rise to solutions of the tetrahedron (3-simplex) equation and the 4-simplex
equation. See also [13|. Later in [7|, Dimakis and Miiller-Hoissen associated simplex equations
with higher Bruhat orders and polygon equations with higher Tamari orders. Then, by consider-
ing the “three color decomposition”, which is a decomposition of the higher Bruhat order into the
higher Tamari order, its dual, and what they called the mixed order, they constructed a solution
of the (n — 1)-simplex equation from a compatible pair of solutions of the n-gon equation and its
dual. This generalizes Kashaev and Sergeev’s construction of a solution of the 4-simplex equation
from solutions of the pentagon equation and its dual. However, as pointed out in [7, Section 6],
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they were unable to fully explore the relationship between solutions of the 3-simplex equation
and those of the pentagon equation. Also, the compatibility condition between solutions of the
n-gon equation and its dual was not made explicit, by which we mean that although one can
write the compatibility condition for each n individually, it is still unclear how to express it uni-
formly. A similar study, particularly for the class of odd-gon equations, also appears in Dimakis
and I.G. Korepanov’s work [5].

In this paper, we study polygon and simplex equations. We begin by exploring polygon equa-
tions within a general framework. We show that if two solutions of (dual) polygon equations are
“commutative”, their (partial) composition and tensor product yield a solution of a higher-order
polygon equation. In the second part, we explore the relationship between simplex equations
and polygon equations. We explicitly define the compatibility condition above for solutions of
the n-gon and dual n-gon equations and observe how these two solutions give rise to a solution of
the (n— 2)-simplex equation and, for completeness, to a solution of the (n — 1)-simplex equation.
We provide direct proofs of these connections for both even- and odd-gon cases.

Throughout the paper, we fix a field k, and vector spaces, linear maps, tensor products, duals,
etc., are considered to be over k unless otherwise stated. Note that many of the arguments in this
paper can be generalized to polygon and simplex equations in a symmetric monoidal category.

2 Polygon equations

Originally, polygon equations were introduced in [6, 7] as an algebraic realization of higher
Stasheff-Tamari order. In this section, following [10], we define the n-gon equation in terms of
an algebraic realization of Pachner moves on the standard simplex A",

2.1 Definition of polygon equation

Let n > 3 be an integer, and A" ! = [0,1,...,n — 1] be the standard (n — 1)-simplex. Given a
vector space V and a map

T: vl o yelsl,
we define the n-gon equation as follows:

e To each (n — 3)-simplex s € A"~ we associate a copy of the vector space X, denoted by
V(s).

e To each (n — 2)-simplex p € A" !, we associate a copy of the map 7', denoted by T'(p):

T(p): V(O1p) x V(O3p) x - -+ X V(OQL”T—lJ_ﬁ)) — V(Oop) x V(02p) x - -+ x V(0o 2 |_2p).

As indicated, each input set and target set of T'(p) is labeled by the (n — 3)-simplices in the
boundary of the p.
Next, we consider the following splitting OA™ ! = DT U D~ of the boundary:

DV == {9;A"!|i is even integer such that 0 <i<n —1} (1)
D™ :={9;A" | j is odd integer such that 0 < j <n—1} (2)

We compose the maps T(9;A" 1) for ;A" 1 € DT along the matching labeled outputs and
inputs, and arrange the remaining free outputs and free inputs, each in reverse lexicographic
order. We do the same for T(9;A" 1) for §;A" 1 € D~. The resulting equality between these
two compositions is called the n-gon equation. Figure 1 is a diagrammatic picture of polygon
equations.
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Similarly, for a map §: X*lz) 5 x* LﬂT_lJ, if we associate
S(p) =S: X(0pp) x X(01p) X -+ X X((?QL%J_Qp) — X (01p) x X (O3p) x -+ x X(82L”T‘1J—1p)

to each (n — 2)-simplex p C A""!, the same procedure yields another equation called the dual
n-gon equation.

23 12 01 23 12 01

123 012
13 - 02

013 023

03 03 034 023 012 034 023 012
4-gon equation associated to A® 5-gon (pentagon) equation associated to A?

Figure 1: Diagrammatic pictures of 4- and 5-gon equations. The box labeled with the simplex p rep-
resent the map T'(p) and each edge labeled with simplex s represent the vector space V(s).
Read from bottom to top. Reading from top to bottom yields the dual 4- and 5-gon equations.

3 Diagrammatic definition of Polygon equation

3.1 Representing linear maps

Let V be a vector space, and F': V¥¥ — V%! be a linear map. For integer n > k and a pair (a, b)
of multi-indices (i.e., row vectors)

a:[al,ag,...,ak] and b:[bl,bg,...,bl]
withO<a; <as<---<ap<mand 0 <b; <by <:--<b <n—k-+1I, we define a linear map

F(a7b): V@n N V@(n—k+l)

by

-1 -1 1 . ®(n—k)
7—17171 T2,b2 T Tl7bl (F ® 1dV )Tk,ak 1209 T1,a1 5

where 7; ; is a map that sweeps the j-th factor to the i-th position if i # j, i.e.,
T QT T 10T QT 1 R ) = QTR QT QTjy1 &,
and identity if ¢ = j. We mainly use the following notation:

e For a linear map F: V®* — V® (] = k case) and a multi-index a, F, denotes the map
Fla,q)- This is just the standard notation specifying which factors of the tensor product
the map F' acts on.
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e For a linear map F: V& — VEk+1 (] = k 4 1 case), if multi-indices a and b are of the
forms
a=a,az,...,ar] and b=/[ai,as,...,a5,ar+ 1]

then we write Fy, for Fi,p).
e For a linear map F: V¥ — V®—1 (] = k — 1 case), if multi-indices a and b are of the

forms
a=[a,a,...,ap_1,ak_1+1] and b=[ay,as,...,ak_1]

then we write Fy, for Fi, ).

Next, we introduce graphical representations of linear maps. Given a linear map 7: V& —
V@ we will represent T by an oriented line with & numbers of dots:

12 3 4 k—1 &
I S B m S S+
1 2 3 4 k=1 &

Starting from the initial dot with respect to the orientation of the line, the i-th perpendicular
line represents the i-th input/output of the linear map 7', where the incoming perpendicular line
represents the input and the outgoing perpendicular line represents the output.

Similarly, given linear maps Q: VEF~1 — V& and U: VO 5 VO 1 we will draw Q and
U as

O

¥
:E

<
— g =
N —g—— DO
—
—
—

—0

The composition of linear maps is represented by connecting the output leg to the input leg.
For example, the linear map (idy ®U) o (Q ® idy) is represented as

} }

.............. . U

S -

The left and right partial compositions o;, o, of linear maps F: V¥ — V& and G: V&F —
V@ are maps of the forms

Fo,G:=(F® id%@-l_l) o (id@i_l ®QG): y®ithk-1 _, V@j_H_l7
Fo, G i=(idy ™" & G)o (F@idfh): vorrk-t o yaiti-l

respectively.

Definition 3.1 (Odd-gon equation). For an integer k£ > 1, the (2k 4 1)-gon equation for a linear

. . . k(k+1)
map T: V& — V® is an equation in End(V® > ) of the form:

T, Ty - T,

Ak41

=Ty Ty, - Tp,

where a; = [a;1,a:2,...,a;)] and b; = [bj1,bj2,...,b;x] are multi-indices indicating which
k(k+1) _ ) )
factors of V¥ 2 the operator T acts on and are given by the following matrices Agy; and

Bojy1 1, respectively:

ay ! 2 k by 1 2 k
1
A a 9 B b2 2
St I Aog—1 + [klkg—1 | REE I Bok—1 + [k k-1,
aky1 k: by, k
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with A3 =[1,1]7 and B3 = [1], where [r]; ; denotes the i X j matrix whose entries are all 7.

Definition 3.2 (Dual odd-gon equation). For an integer k > 1, the dual (2k 4 1)-gon equation

k(k+1)
2 ) of the form:

for a linear map T: VEF — V®* is an equation in End(V®

To, Ty - Toy = T, Ty - - Ty,

Ak+1
where the multi-indices a; and b; are the same as in Definition 3.1.

Definition 3.3 (Even-gon equation). For an integer k > 2, the 2k-gon equation for a linear map

(k 10 k(k+1)
T: V=1 - V@ i an equation in Hom(V® ™z, V¥ 2 ) of the form:

TalTag et Tak - Tkabk_l e Tbla

where the multi-indices a; = [a;1,a42,...,a;,-1] and b; = [bj1,bj2,...,b;r_1] are given by
the following matrices Ao and By, respectively:

ai bl
a9 b2

Aogp = | . | := Aok—1, Bor = | .| := Bopy1 with the last column deleted.
ak bk

Definition 3.4 (Dual even-gon equation). For an integer k£ > 2, the dual 2k-gon equation for a
k(k+1) k(k=1)
, V727 of the form:

linear map 7': V¥* — V¥~ ig an equation in Hom(V® 2
Too T, - Tay = Ty, Ty, - T,

where the multi-indices a; and b; are the same as in Definition 3.3.

Alternatively, we can use a diagrammatic representation to define the polygon equation. The
(2k + 1)-gon equation can be defined graphically by

.
s
s
!(04 f’k+3ﬁ\=f\(. _ ®
ZTka'?kBZ' 2’7 77777 i\ : : : : .
k1 #2k-2 @ 3 ki | 2k2 | > ol o
11 el 4 11 KGern/z ;f:.;f: f(: f: JICTRME
P A A S O

(it is read from bottom to top). Since the dual version is obtained by just reversing the order of
compositions, the graphical representation of the dual (2k+ 1)-gon equation is given by reversing
the composition arrows in the diagram of the (2k + 1)-gon equation, or, in other words, reading
the diagram from top to bottom.
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The 2k-gon equation can be defined graphically by

<1I1 19

Jf';\{i.k 2 I(ﬂ
P Yo
Aty _
ey YT
Py ey B R, AT '

S 6 & i i .)\E\o kw """ %;—QTE;(;:O

(it is read from bottom to top.) Again, since the dual version is obtained by reversing the order of
compositions, the diagram of the dual 2k-gon equation is obtained by reversing the composition
arrows in the diagram of the 2k-gon equations or by reading the diagram from top to bottom.

Example 3.5. The n-gon equations for lower n are given as follows:

3-gon: TiT) =17, 4-gon: T\Ty =151,

5-gon: 119713753 = TagT1a, 6-gon: Ti9T13T53 = T35124T12,

7-gon:  Ti23T145T246 1556 = T35612451123, 8-gon:  Ti23T145T2461356 = Tar9 136812561123,

9-gon:  Ti934T1567125891368,101479,10 = Ta79,10T 36891 256711234,

10-gon:  Ti934T1567125891368,101479,10 = T59,12,14T48,11,13T37,10,11 T2678T1234-

We list some useful properties of solutions of polygon equations, many of which are similar
to the properties of solutions of simplex equations [1].

Proposition 3.6. |18, Proposition 3.6]

1. The map T is a solution of the (2k + 1)-gon equation if and only if 77! (if exists) is a
solution of the dual (2k + 1)-gon equation

2. For a solution of the (dual) (2k + 1)-gon equation 7' and any ¢ € Aut(V'), the map
(6~ 1)®* 0 T 0 ¢®* is a solution of the (dual) (2k + 1)-gon equation.
For a solution of 2k-gon (resp. dual 2k-gon) equation 7' and any ¢ € Aut(V), the map
(p~)®k 0T 0@k (resp. (¢p~1)BH*—1) 0T 0 p®*~1) is a solution of the 2k-gon (resp. dual
2k-gon) equation.

3. The map T is a solution of the (2k + 1)-gon equation if and only if 7,75 is a solution of
the dual (2k 4 1)-gon equation, where oy, is given in Remark ?7?.

4. The map T is a solution of the 2k-gon (resp. dual 2k-gon) equation if and only if 55175y
(resp. 6xTd%1) is a solution of the 2k-gon (resp. dual 2k-gon).

5. If T is an invertible solution of the (dual) (2k + 1)-gon equation over a finite dimensional
vector space V, then dim(V)~!tr;(T) and dim(V)~!tr,.(T) are solutions of the (dual)
(2k — 1)-gon equation.

4 Stacking solutions

For linear map F: V¥ — V& let FInl: (V®@n)®k 5 ()2 denote the linear map defined by

(V®n)®k o~ (V®k)®n N (V®l)®n ~ (V®”)®l.
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Explicitly on tensors, first rearrange the input (vi,1 ®v1,,)®- - ® (Vg1 QVkp) t0 (V1,1 DV 1) D@
(v1,,®vk ) then apply F®™. Then formally write the output as > (w11 Qwy1)®- - & (w1, QW p),
and rearrange back to the original position ) (w11 @ win) ®@ -+ ® (w1 @ wyp).

A linear map G: V® — V®J is said to commute with F, written as F < G, if

G® o Fll = pll o G®F,

Note that this is equivalent to F® o GIH = Gl o F®?_ thus the notation F < G is independent
of the order of F and G. For example when F is a product, i.e., F: V&2 — V then F < G is
exactly the same condition for G to be an algebra map.

Let 70 and 7" denote solutions of the n-gon equation, S and S’ denote solutions of
the dual n-gon equation.

Proposition 4.1. [18, Proposition 4.1| Let n and k be any positive integers. Then the following
statements hold for the partial composition and tensor product:

Tk+1) o, 7'M is a solution of the (n + 2k — 2)-gon equation,

1. Tk 5 70 then . _ _
Tk+1) & 7'M s a solution of the (n + 2k)-gon equation.

S(2k+1) o 8'(") is a solution of the dual (n 4 2k — 2)-gon equation,

2. If Sk+1) 4 §/(") then . _ .
S@k+1) & /(M) s a solution of the dual (n 4 2k)-gon equation.

S2k) o, T(™) is a solution of the dual (n 4 2k — 3)-gon equation,

3. If SCF) 5 T then , . :
Sk) & T is a solution of the dual (n + 2k — 1)-gon equation.

T(%%) o, (") is a solution of the (n 4+ 2k — 3)-gon equation,

4. Tf TR < S then . . , .
T(k) @ S is a solution of the (n + 2k — 1)-gon equation.
As a corollary, we are now able to prove all the conjectures proposed in [19].

Corollary 4.2. [18, Corollary 4.2] Here we consider set-theoretic polygon equations over a set
X. Let k be a positive integer.

1. [19, Conjecture 7.32] Let S*) be a solution of the dual 2k-gon equation. Then
TCHD (ay, . ag) = (a1, S®(ay,. .., az))
is a solution of the (2k + 1)-gon equation.
2. [19, Conjecture 7.33] Let S(2k) be a solution of the dual 2k-gon equation, and u € X. Then
T (ay, . ag) = (u, S%(ay, ..., ap))
is a solution of the (2k + 1)-gon equation if and only if S@Z¥)(u,... u) = (u,...,u).
3. [19, Conjecture 7.34] Let T*+1) be a solution of the (2k + 1)-gon equation. Then
T (ay, .. a) = (TP (ar,. .. ar), ax)
is a solution of the (2k + 2)-gon equation.

4. [19, Conjecture 7.35] Let T?*+1) be a solution of the (2k + 1)-gon equation, and u € X.
Then
T(2k+2) (al, cee ,ak) = (T(2k+1)(a1, Ce ,ak), ’LL)

is a solution of the (2k + 2)-gon equation if and only if TGk (u, ... u) = (u,...,u).
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5. [19, Conjecture 7.36] Let S®**1) be a solution of the dual (2k + 1)-gon equation. Then
TC* ) (ay, .. ap) = (a1, SH* D (ay, ..., ar))

is a solution of the (2k + 2)-gon equation.

6. [19, Conjecture 7.37] Let S@¥+1) be a solution of the dual (2k + 1)-gon equation, and
u € X. Then
T (0 ay) = (u, 5D (ay, )

is a solution of the (2k + 2)-gon equation if and only if SV (u,... u) = (u,...,u).

5 Examples of solutions of polygon equations

Let us give two examples which follows from the Proposition 4.1.

Example 5.1. Let H be a commutative and cocommutative bialgebra where M and A are
product and coproduct, respectively. Then A is a solution of the 4-gon equation, and M is a
solution of the dual 4-gon equation. For an integer n > 3, we define T by

T(2k+1) =Ao, Moy Ao, Moy---0. M, T(Qk) =Ao, MoyAo. Mooy A,
2k—2 2k—3

and T®) = idy. Let T = Ao, M. From the axiom of bialgebra and the (co)commutativity
of M and A, one can easily check that T <> T and T <+ A. Since T3**1D) = T o, ... 0; T and
Tk =T o, 0, To; A, T™ is a solution of the n-gon equation.

Similarly, for an integer n > 3, if we define S by

SCHD = Moy Ao, MojAoy -0y A, S = MojAo, Moy Ao, -0, M,

2k—2 2k—3
and S®) :=idy, then S™ is a solution of the dual n-gon equation.
Example 5.2. A strict n-category C consists of sets (Cyp,C1,- -+ ,Cy,) and maps

Skyli: Ck —>Ck,1 for 1 < kSTL,
1k:Ck—>Ck+1 fOI'OSkSn—l,

opg: 1(f,9) € Cp x Cplspg(f) =tpe(g)} = Cp for 0 < g <p,

where spq = Sg41 Sp—15p, tpg = tg+1 - tp—1lp and 1y, = 1,1 ---14411,. Element of C, are
called p-morphisms. We will write o, for o, , when p is obvious from the context.
These maps should satisfy the following axioms:

® Sp18p = Sp—1lp, tp—18p = tp—1tp and sp111, =ide, = tp111p.

e For f,g € Cp and ¢ < p with sp,(f) = tpq(9),

o _ sp(f) og splg) fg<p—1, ‘(o _ tp(f)ogtplg) ifqg<p—1,
5(f °4.9) {Sp(g) ifg=p—1, v(feq9) {tp(f) ifg=p—1.

L Forfvg7hecp7 (foqg)oqh:foq(goqh)‘
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e For g <p<rand f,g,hkeC with t,(f) = s4(9), t4(h) = s4(k) and t,(f) = sp(h),
(f oq9) op (hogk) = (foph)oq(gopk).

e For f€Cpand g <p, fogley(sp(f))=f=1gp(tpe(f)) g f.

A strict n-groupoid G = (Go,G1,...,Gy,) is a strict n-category where each i-morphism is
invertible with respect to o; for 0 < j < 4, i.e., for any 1 <7 < n, any 0 < j < ¢ and any
a € G;, there exist b € G; such that s;;(a) = t;;(b), si;(b) = tij(a), aoj b = 1;i(tij(a)), and
b Oj a = 1]'1'(82']'(&)).

Let H be the vector space spanned by all the n-morphisms of the strict n-groupoid G. For
each 0 <i<n-—1, set

Ai:H—H®H; ff&f M:HoH— H; f®g~>5§:;(<£foig,

where 555((;;) = 11if s45(f) = tij(g) and 0 otherwise. Then for any i, the tuple (H, A;, M;) forms

a (weak) bialgebra. For 2 < k < 22 if we set
TR = Ago, My oy Ay oy -0, My_o, T = Ago, Mooy Ay oo Ag_s,
S(2k+1) = Mn—l o1 An—l Op -0 An—k-l-l? S(Qk) = Mn—l S/ An—l Op «++ Op Mp_k+1,

then a similar argument to the ones above shows that these are solutions of the polygon and
dual polygon equations.

6 Solutions of simplex equations from polygon equations

In this section, we explore the relationship between simplex equations and polygon equations.
The main theorems (Theorem 6.4, 6.5) generalize the result from [12].

Definition 6.1 (Simplex equation). For a positive integer n, the n-simplex equation for a linear

. . . n(n+1)
map R: V& — VO is an equation in End(V® > ) of the form:

RalRaz T Ran+1 = Ran+1Ran T Ral’

where [a1,as,...,a,]" is the matrix Ay, ; defined in Definition 3.1.
Alternatively, the n-simplex equation can be defined graphically by

(the left-hand side of the figure is read from bottom to top, and the right-hand side is read from
top to bottom).
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6.1 Mixed relation

Let us define the mixed relation explicitly, which corresponds to the equation associated with
the mixed order in [7].

Definition 6.2 (Mixed relation for odd-gon). Let T' be a solution of (2k + 1)-gon equation and
S a solution of the dual (2k + 1)-gon equation. Then the mixed relation is

Tdk+1S5dek T Se1Td1 = SflTQISfZ o 'Tngfkﬂv

where the multi-indices d;, e;, f; and g; are as follows:

11k+1 kE+2 --- 2k—1
_61- 2
E =|:] =13 E=11
2kt : | Baor + 26— |07 [1);
ek | :
- k; -
_gl_
Gopr1 = | 1 | = (Bars1)”,
|9k |
[ 1 2 3 k]
- 1
5 ?1 k+1 5 1
S I B B R - e |/ | Rt [ 1 ] ’
| dit1 :
i 2k —1 i
[ 1| k+1 E4+2 -+ 2k—1 1
bil 1 .
Fopr=1 : | =12 . Fy= .
2kt : ) Fop—1 4+ 2k — 1] 51 3 [ 1 ]
Jr+1 :
- k -
The graphical definition is
1 k+1 k+2
I o) & & g
1 k+1d k+2 2k-3 2k-2 2k-1 ij\ I i
‘2 N 2k 3k-1
I ;) ) ) s ——Lo—
2 2k &(-l 4k-6 4k-5 4k-4 al—) l f
4k-3
o o) ) o) la ‘2k+1 >
3 2k+1 41<-3T‘£ % 6k-111 6k-10!  6k-9 | a‘—)“T—H{
| ‘ ‘ ————————— — ‘—H ‘—Hi“ \ - \ - \5 - -
k-2 3k-4 5k-8'ik k278‘?\ k2:1 k2.4 a&#‘ﬁ —8 —————————
S e \‘F s & fpl 3k-3 5k-7 R
k-1 3k—3[ 5k-7] k2.7 k2.3 k2.1 al—) l l ,,,,,,,,,,
H L, \ & - 5k- k27
k 3k-2 5k—6'ilk k2—6.i k272‘r k2 - L > it(j ————————— — ;

(the left-hand side is read from bottom to top, and the right-hand side is read from top to
bottom).

10
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For k = 2, this recovers the ten-term relation of the (dual) pentagon equations in [12].

Definition 6.3 (Mixed relation for even-gon). Let T" be a solution of 2k-gon equation and S a
solution of the dual 2k-gon equation. Then the mixed relation is graphically defined by

\H‘J—H“ e ———?— o i@\/"—:'—ﬁ\k ********* 3

NN, S —— 1 o i " @ L ——® P
\ | 7

a—Lsr{\* ————————— ———t—— ig‘ ig‘ O TLHH«P—H.&

-
&
,
/1]

(the left-hand side is read from bottom to top, and the right-hand side is read from top to
bottom).!

6.2 From n-gon to (n — 1)-simplex

We construct a solution of the (n — 1)-simplex equation from a pair consisting of solutions of
the n-gon and dual n-gon equations, satisfying the mixed relation. Although this result was
previously discussed in [7] and proved in [5] for the odd-gon equations, we provide a more direct
proof using graphical calculus here.

Theorem 6.4. [18, Theorem 6.7] Let T be a solution of the n-gon equation, and S be a solution
of its dual. Suppose that T" and S satisfy the mixed relation. Then

R(n—l) —

012034 Ook—1,2k 124, 26:51,3,... 2k—1 ifn=2k+1,
012034+ O2k—32k—2124, . 2k—2513,. 2t if n =2k,

or graphically,

b vty T ifn=2k+1,

Rn=1) .— 1 2 3 4 2k-3 2k-2 2k-1 2k
shrt b it
1 2 3 4 2k-4 2k-3 2k-2 2k-1

is a solution of the (n — 1)-simplex equation, where o; ; flips the i-th and j-th factors if i # j
and identity if ¢ = j, and is represented in green.
6.3 From n-gon to (n — 2)-simplex

The same condition as in Theorem 6.4 also gives rise to a solution of the (n—2)-simplex equation.
This generalizes the result from [12, Propositions 4, 5.

Writing the mixed relation for even-gon in our tensor notation is complicated, and so we define it graphically.

11
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Theorem 6.5. |18, Theorem 6.7] Let T" be a solution of the n-gon equation and S be a solution
of its dual. Suppose that T" and S satisfy the mixed relation. Then

R(n—2) '1P > 3 4 2k-4 2k-3 2k-2 2k-1
T b g =2
1 2 3 4 2k-5 2k-4 2k-3 2k-2

is a solution of the (n — 2)-simplex equation.?

S Iﬁ%ﬁfi::f;;%ﬁ TSPt o

—
1 2 3 2k-4 2k-3 2k-2 2k-1 1 2 3 4 2k-4 2k-3 2k-2 2k-1

Figure 2: Right partial trace version of R"~2), from odd-gon (left), and even-gon (right)

6.4 Examples

In [5], the authors constructed a solution of the (non-constant) 2n-simplex equation from so-
lutions of the (non-constant) (2n + 1)-gon and dual (2n + 1)-gon equations, which form a pair
satisfying the mixed relation. Using Theorem 6.5, we know that their construction further de-
scends to a solution of the (2n — 1)-simplex equation. Another example of a pair of solutions of
the 5-gon and dual 5-gon equations satisfying the mixed relation is given in [8].

Let T and S be solutions of the pentagon and dual pentagon equations, respectively. Kashaev
and Sergeev [12, (4.1)] showed that if T and S satisty

T13523 = S237T13, (3)
T53T13512 = S12103, (4)
T12513523 = S23T12, (5)

then they satisfy the mixed relation. The graphical representations of these relations are

D

respectively (the blue line represents T, and the red line S ).

We now look for a similar condition for solutions of higher-order polygon equations. In
particular, we consider solutions of the forms 7351 .= T'o, T o---0; T and S@ Y .= S0, So
-+ 0. 5, where T and S are solution of pentagon and dual pentagon equation such that T <+ T
and S < S.

Lemma 6.6. Let T(*+1) and S#+1 he as above. Suppose that T and S satisfy (3)—(5), and
when k > 1 in addition, the following relations:

T12513 = S13T12, (6)
153534113512 = S34T54512T03, (7)
T12513134.523 = S23T12524T34. (8)

2Writing the map R~ in our tensor notation is complicated, and so we represent it graphically.

12
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Graphically, they are

1

SEREREAVEE RS AVIPY S a4

L

respectively. Then T2*+1) and S(ZF+1) satisfy the mixed relation.

Example 6.7. Let H be a commutative and cocommutative Hopf algebra with antipode s, and
TE+1) he the solution of (2k + 1)-gon equation in Example 5.1. Set Mg := M o (s ® idg) and

S@k+Y) = Ao, Mg o, Ao, Mg o, ---0, Mg (k>1), and S@) = idy.
2%k—2

Then S@¥+1) is a solution of the dual (2k + 1)-gon equation. One can also check that 7®) and
SG) satisfy (3)—(8) in Lemma 6.6, and therefore the pair (T(k+1) §2k+1)) satisfies the mixed
relation.
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