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1 Introduction

The curve complex, introduced by Harvey [1], is one of the fundamental tools in the
study of Heegaard splittings of 3-manifolds. Hempel [2] used it to define the distance of
a Heegaard splitting, namely the distance between the disk sets of the two handlebodies
in the curve complex of the Heegaard surface. Since then, the Hempel distance has been
used as an effective measure of the complexity of Heegaard splittings.

In order to refine the notion of distance, Ido, Jang and Kobayashi [3] introduced the
notions of keen and strongly keen Heegaard splittings. A Heegaard splitting is called keen
if there exists a unique pair of vertices in the two disk sets realizing the Hempel distance.
It is called strongly keen if, moreover, the geodesic connecting this unique pair is also
unique. Thus the strongly keen condition records not only the distance between the disk
sets, but also the uniqueness of the way in which this distance is realized in the curve
complex.

These uniqueness conditions are related to the symmetry of Heegaard splittings. A
particularly relevant result is due to Iguchi and Koda [5]. They proved that if a Heegaard
splitting is strongly keen and has distance two, then its Goeritz group is either a finite
cyclic group or a finite dihedral group. They also proved that if a Heegaard splitting
is keen and has distance at least three, then the same conclusion holds. These results
suggest that uniqueness properties of distance-realizing vertices and geodesics impose
strong restrictions on the automorphisms preserving the Heegaard splitting.

From this point of view, the distance-two case is especially natural to consider. For
distance at least three, the keen condition already gives a strong restriction on the Goeritz
group. In contrast, for distance two, the result of Iguchi and Koda uses the stronger
assumption of being strongly keen. This leads to the following question: if the geodesic
realizing the distance is not assumed to be unique, but the number of such geodesics is
finite, does this give a genuinely broader class of Heegaard splittings?

Motivated by this question, the author introduced in [8] the notion of a quasi-strongly
keen Heegaard splitting. Roughly speaking, a quasi-strongly keen Heegaard splitting is
a keen Heegaard splitting such that the set of geodesics connecting the unique distance-
realizing pair of vertices is finite.

The purpose of this article is to give a brief overview of quasi-strongly keen Heegaard
splittings and to explain why, in distance two, this notion does not give a new class
between keen and strongly keen Heegaard splittings. The precise statement will be given
in Section 3.
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2 Preliminaries and motivation

In this section, we recall the basic notions used in this article and explain the motiva-
tion for considering quasi-strongly keen Heegaard splittings. Throughout this section, S
denotes a closed orientable surface of genus at least two.

2.1 Curve complexes and geodesics

A simple closed curve in S is called essential if it does not bound a disk in S. We consider
essential simple closed curves up to isotopy.

The curve complex C(S) is the simplicial complex whose vertices are isotopy classes of
essential simple closed curves on S. A collection of distinct vertices spans a simplex if the
corresponding curves can be realized pairwise disjointly on S. We denote by C°(S) the
set of vertices of C(.9).

For two vertices a, 3 € C°(S), the distance ds(c, 8) is the minimal length of an edge
path in C(S) connecting them. A path

[Co, l1,y ..y U]

is called a geodesic if n = dg (4o, l,)-

2.2 Type F pairs and distance-two geodesics

Let a, B € C°(S). We say that the pair («, 3) is of type F if the set of geodesics connecting
a and f is finite. We say that («, ) is of strongly type F' if there exists exactly one geodesic
connecting them.

Thus, the type F' condition is weaker than the strongly type F' condition. The converse
does not hold in general. In [7], examples of pairs of vertices in the curve complex which
are of type F' but not strongly type F' were constructed. Hence the condition that the set
of geodesics is finite is genuinely different from the condition that the geodesic is unique.

The paper [6] studies this question from the viewpoint of the spectrum of the number
of geodesics. For an integer d > 2, let Sp,(S) denote the set of positive integers k such
that there exist vertices o, 8 € C°(S) satisfying

ds(a, 5) = d

and such that the number of geodesics connecting o and  is equal to k.
For a closed surface S of genus g > 3, the distance-two spectrum is given by

SpQ(S):{l,Z,..., %’J}

This shows that, in the curve complex, there are many pairs of vertices which are connected
by finitely many geodesics but not by a unique geodesic.

For distance two, the structure of geodesics can be described by their middle vertices.
Suppose that £y, l5 € C°(S) satisfy

ds(bo, 2) = 2,
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and suppose that (¢, ¢s) is of type F' but not strongly type F. Then there exist only
finitely many geodesics connecting ¢y and /5, and the number of such geodesics is at least
two. We denote all of them by

[foafgi)afz] (Z:]-aan)
We will use the following lemma in the proof of the main theorem.

Lemma 1 Under the above notation, for any 1 < i < j < n, the curves eﬁ“ and eﬁ” are
disjoint.

This lemma can be proved by an argument similar to the one used in [6]: if two middle
vertices intersect, then one can find infinitely many curves giving distance-two geodesics.

In the present article, Lemma 1 is used to analyze quasi-strongly keen Heegaard splittings
of distance two.

2.3 Heegaard splittings and keen conditions

Let M be a closed orientable 3-manifold. A Heegaard splitting of M is a decomposition
M =V1Ug Vs,
where V; and V5 are handlebodies and
VinVy =0V, =0V, =8S.

The surface S is called the Heegaard surface.

For a handlebody V', the disk complex D(V') is the full subcomplex of C(9V') spanned
by vertices represented by essential simple closed curves on AV which bound properly
embedded disks in V.

The Hempel distance of the Heegaard splitting Vi Ug V4 is defined by

d(Vy Us V2) = ds(D(V1), D(V2)) = min{ds(a, ) | « € D(V1), f € D(Va)}.

This distance measures how far the two disk complexes are from each other in the curve
complex of the Heegaard surface.

Ido, Jang and Kobayashi [3] introduced refinements of this notion. A Heegaard splitting
V1 Ug V5 is called keen if there exists a unique pair

(a, 8) € D(V1) x D(V2)

such that
ds(o, f) = d(V1 Ug Va).

Thus, in a keen Heegaard splitting, the pair of disk-bounding curves realizing the Hempel
distance is unique.

Even if the distance-realizing pair is unique, the geodesic connecting the pair in the
curve complex may not be unique. A keen Heegaard splitting is called strongly keen if the
unique distance-realizing pair is connected by exactly one geodesic in C(S). Equivalently,
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a keen Heegaard splitting is strongly keen if its unique distance-realizing pair is of strongly
type F.

Motivated by the distinction between type F' and strongly type F', the author intro-
duced in [8] the notion of a quasi-strongly keen Heegaard splitting. Let V; Ug V3 be a keen
Heegaard splitting, and let

(a, B) € D(V1) x D(V2)

be the unique pair realizing the Hempel distance. We say that V; Ug V5 is quasi-strongly
keen if the pair («a, ) is of type F' in C(S).

In other words, a quasi-strongly keen Heegaard splitting is a keen Heegaard splitting
for which the unique distance-realizing pair is connected by only finitely many geodesics.
Thus, quasi-strongly keen Heegaard splittings form a natural intermediate class between
strongly keen Heegaard splittings and keen Heegaard splittings.

2.4 Motivation from Goeritz groups

We also recall a motivation coming from Goeritz groups. Let M = V;Ug Vs be a Heegaard
splitting. The Goeritz group of this splitting is the group of isotopy classes of orientation-
preserving self-homeomorphisms of M which preserve each of the handlebodies V; and V5
setwise.

The structure of Goeritz groups is closely related to the Hempel distance of Heegaard
splittings. For example, questions about when the Goeritz group is finite, finitely gen-
erated, or finitely presented have been studied in connection with the distance of the
splitting; see [5] and the references therein.

In particular, Iguchi and Koda [5] proved that if a Heegaard splitting of genus at least
two is strongly keen and has distance two, then its Goeritz group is either a finite cyclic
group or a finite dihedral group. They also proved that if a Heegaard splitting is keen
and has distance at least three, then the same conclusion holds.

This provides one motivation for considering conditions between keen and strongly
keen Heegaard splittings.

3 Main result

We now state the main theorem reviewed in this article.

Theorem 1 Every quasi-strongly keen Heegaard splitting of genus at least three and dis-
tance two is strongly keen.

The proof of Theorem 1 uses Lemma 1 to control the possible middle vertices of
distance-two geodesics. We do not give the proof here; for the complete proof, we refer
the reader to [8].

Remark. Theorem 1 does not hold in low genus. In genus one, for example, the genus-
one Heegaard splitting of the lens space L(5,2) has a distance-realizing pair which is
connected by exactly two geodesics, since the curve complex of the torus is the Farey
graph. For details, see Appendix B in [4]. In genus two, it is known that any Heegaard
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splitting is not keen; see Remark 3.2 in [3]. Thus, the assumption that the genus is at
least three is essential.
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