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Abstract

We develop a unified categorical theory of sequence architectures
under the formalism of Markov categories combined with coalgebraic
final semantics, which organizes Transformer, linear attention, and
Mamba/SSM (state-space models) architectures through memory ge-
ometries, and supports exact realization theorems and architecture-
level comparison principles.

1 Introduction

Sequence modeling is simultaneously a problem of semantics, memory, and
architecture. On the semantic side, one wants to specify a causal input-
output behavior and determine which aspects of the past are relevant for
predicting the future. On the architectural side, one wants to understand
which hidden-state mechanisms can realize that behavior exactly. In this
paper, we systematize them using Markov categories and coalgebraic final
semantics.

Markov categories provide a compositional foundation for stochastic maps,
conditioning, sufficient statistics, and probabilistic state transformations |6,
11, 4, 14, 12, 18, 13]. Coalgebra and automata theory provide canonical no-
tions of state, behavior, residualization, and minimal realization |25, 24, 17].



027

Predictive-state and observable-operator approaches study dynamical sys-
tems through observable summaries of future behavior rather than latent
generative states [19, 27, 2, 21, 1]. Meanwhile, modern neural sequence ar-
chitectures instantiate sharply different memory mechanisms: full-history
attention [28, 7, 3|, additive linear-attention summaries [20, 5|, structured
state-space dynamics [16, 15, 8|, sparse routed experts [26, 22, 10, 9|, and
hybrids that combine several of these mechanisms [23, §].
These viewpoints can be organized by a single question:

Given a causal behavior, what is the minimal predictive memory
object required to realize it, and which architecture classes can
represent that object?

From this perspective, the primary distinction between Transformer, linear
attention, state-space models (SSMs) such as Mamba, and mixture-of-experts
(MoE) architectures is not their implementation-level branding, but the ge-
ometry of the memory objects they admit and the way those objects arise as
quotients of free history. Attention-based models preserve large portions of
ordered history; additive models preserve commutative sufficient statistics;
state-space models preserve low-dimensional affine dynamical states; MoE
modifies routing and readout while leaving the underlying memory geometry
unchanged. This perspective can be categorically formalized as follows.

We model sequence behaviors as points of a final state-deterministic
stochastic Mealy object, combining coalgebraic final semantics [24, 17] with
Markov categories |11, 4, 13|. Concretely, fix input and output objects X and
Y. Write X* for the object of finite input histories and I for the monoidal
unit. We use the final state-deterministic stochastic Mealy object

(Q» agq, A)

as a universal object of predictive behaviors: informally, €2 collects future
predictive behaviors, aq : 2® X* — () updates such a behavior after reading
a finite history, and A\ : @ ® X — Y is the one-step readout. A behavior
is a point f : I — Q. The key construction is the residual map ry : X* —
Q, given by ry = ag o (f ® idx~), which sends each finite history to the
predictive behavior induced after reading that history. The residual map is
the semantic backbone of the theory. Its image ¥; := Im(r) is the syntactic
predictive-state object of f. Intuitively, ¥; is the minimal exact memory that
distinguishes exactly those histories with different predictive futures. In the
concrete category Set, ¥ s is the quotient of the free monoid of histories by
predictive equivalence, ¥y = X*/~;, where w ~y v’ <= 1;(w) = rp(w’).
This makes ¥ a stochastic and sequential analogue of a syntactic automaton
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state space [25| and, at the same time, a categorical predictive-state object
in the spirit of observable-operator and predictive-state models [19, 27, 2].

We then show that exact reachable realizations of f are classified by fac-
torizations of the residual map: Reach(f) ~ Fact,epi(ry). Thus the exact
realization problem reduces to a purely categorical factorization problem.
The free-history realization on X* is initial, the syntactic predictive-state
realization on X, is terminal, and every other exact realization lies between
them as an intermediate quotient of history. We formalize an architecture
class as a memory geometry G, namely an image-closed full subcategory of
history actions. This yields the realizability criterion that exact realizabil-
ity of f in G is equivalent to the condition ¥; € G. In other words, the
architecture question is a representability question for ;.

The contributions of the paper can be summarized as follows.

e A Markov-categorical exact realization theory. We first formu-
late sequence models as state-deterministic stochastic Mealy objects
in a Markov category and prove that exact reachable realizations of
a behavior f are equivalent to regular-epimorphic factorizations of its
residual map ry : X* — ). This gives a categorical realization theorem
in the spirit of classical syntactic-state constructions [25, 24, 17|, but
adapted to causal stochastic semantics.

e A minimal predictive memory object. We define the syntactic
predictive-state object ¥; = Im(r;) and show that it is the terminal
exact reachable realization of f. It therefore plays the role of minimal
exact predictive memory. Conceptually, this places predictive-state
ideas [19, 27, 2| inside a categorical realization theory.

e A geometry criterion for architecture classes. We introduce
memory geometries as image-closed subcategories of history actions
and prove that exact realizability in a geometry G is equivalent to
representability of Y, inside G. This turns architecture design into a
problem of admissible predictive quotients.

e A categorical comparison of sequence architectures. We iden-
tify Transformer-type memory with the free-history action [28, 7|, lin-
ear attention with additive commutative-memory geometry |20, 5|, and
SSM /Mamba-type models with affine-module geometry [16, 15, 8]. We
also identify MoE with a routing constructor acting on readout rather
than a primitive memory geometry [26, 10, 9], and hybrids of mem-
ory geometries via product/image closure, together with a separate
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universality observation for hybrids retaining an explicit free-history
branch [23, §].

e Concrete examples and separation results. We provide concrete
examples exhibiting finite exact memory, exact additive memory, exact
affine memory, strict separation between additive and affine geome-
tries, and routing/hybrid constructions. These examples make explicit
which predictive distinctions are preserved or destroyed by each mem-
ory mechanism.

These results support the following interpretation: the relevant invariant
of a sequence task is neither the architecture label nor the raw hidden-state
dimension, but the exact predictive quotient of free history determined by
the residual map.

The organization of the paper is as follows. Section 2 reviews the Markov-
categorical and sequential notions required for the paper, including deter-
ministic morphisms, state-deterministic stochastic Mealy objects, and final
predictive behavior objects. Section 3 introduces residual maps, reachable
realizations, the free-history realization, and the syntactic predictive-state
object. Section 4 proves the exact realization theorem and classifies exact
models by intermediate quotients of history. Section 5 introduces memory
geometries and establishes the geometry criterion for exact realizability. Sec-
tion 6 specializes the general framework to Transformer, linear attention,
Mamba/SSM, MoE, and hybrid architectures. The appendices then provide
supplementary material: Appendix A gives deferred proofs, Appendix B
presents concrete examples and separation results, Appendix C specializes
the framework to Borel spaces and Markov kernels, and Appendix D explains
additional architectural implications for memory compression, routing, hy-
brid design, and long-context inference.

2 Preliminaries on Markov Categories and Se-
quential Semantics

We work in a Markov category C in the sense of [11]. Its monoidal unit is
denoted by I, the tensor product by &, and the canonical copy and discard
morphisms by

Ap: A= AR A, A A— 1.

For the purposes of sequence semantics, we fix an input object X and an
output object Y.
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A morphism f: A — B in C is called deterministic if it preserves copying,
that is,

Apof=(f®[f)oAa.

The deterministic morphisms form a subcategory Cqe; C C, and Cqet is carte-
sian monoidal. In particular, tensor products of deterministic morphisms are
deterministic, and the canonical projections, diagonals, and finite products
live in Cge. Intuitively, a morphism in C is a channel, while a deterministic
morphism is a state update or data-processing map. This distinction is cen-
tral for sequence modeling: in the architectures considered here, hidden-state
evolution is deterministic, while one-step outputs may remain stochastic.

Throughout Sections 2-4, we assume that the deterministic subcategory
Cyet is regular and that the object X admits a free monoid object

(X*,m, 1,0, n:l— X", i XX — X¥, L X = X

in Cyqe;- The free monoid object X* is the internal analogue of the set of
finite words over the alphabet X. We interpret X* as the object of finite
input histories. A right X*-action in Cqe is a deterministic morphism ag :
Q ® X* — () satisfying the unit and associativity axioms ag o (idg @ n) =
idg and ag o (ag ® idx+) = ag o (idg ® p). A morphism of right actions
h:(Q,aq) = (Q,ag) is a deterministic morphism A : @) — @' such that

hO CLQ = CLQ/ o (h ®1dX*)

We write Act x«(Cget) for the category of right X *-actions in Cqe. The regular
action p 1 X*® X* — X* is the free right X*-action on the monoidal unit I:
for every action (@), ag) and every point g : I — (@, there is a unique action
morphism

Qo i= 0 © (qo ®idx+) : X* = Q

with ag, on = go. We will use this uniqueness repeatedly below.

Proposition 2.1. The category Actx:(Cqet) is reqular. Moreover, reqular
epimorphisms and image factorizations are created in Cqey-

Note that every right X*-action restricts along ¢ : X — X* to a deter-
ministic one-step update

ug :=ago (ido®t): QX = Q.

We now define the basic notion of sequential system that will internalize
the architectures of interest.
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Definition 2.2. A state-deterministic stochastic Mealy object on input X
and output Y is a triple

(Q7 aqQ, K)

consisting of a state object (), a deterministic right X*-action ag : Q® X* —
@, and an arbitrary output channel x : Q ® X — Y. Its induced one-step
update is ug :=ag o (idg ®¢) : Q ® X — @. A morphism

h (Q7 aq, H) - (le aq, ’%/)

is a deterministic morphism h : @ — @’ such that hoag = ag o (h ® idx~)
and k = k' o (h ®idy). We denote the resulting category by SMealyigy(C).

The adjective “state-deterministic” emphasizes that randomness is con-
fined to the readout channel x; the hidden-state action ag remains deter-
ministic. This exactly matches the architectural pattern of interest in this
paper: recurrence, memory compression, and routing occur through deter-
ministic state evolution, whereas the output semantics may be stochastic.

If h: (Q,ag,k) — (Q,ag,k") is a morphism of state-deterministic
stochastic Mealy objects, then the induced one-step updates satisfy houg =
ug o (h®idx). Indeed,

houg=hoago(idg ®t) =ag o (h®idx~) o (idg ®¢)
=ag o (dg ®¢) o (h®idyx) = ug o (h®idx).

We assume that the category SMealyi?,Y(C) admits a final object, de-
noted by (£, ag, A). Thus, for every state-deterministic stochastic Mealy ob-
ject (@, aq, K), there exists a unique deterministic morphism by : @ — €2
such that

bQoaQ:aQo(bQ®idx*)7 H:)\O(bQ@idX).

We call by the semantics map of (). The object ) is the internal object
of predictive behaviors. A point of (2 should be read as a complete causal
behavior from future inputs to future output laws, while the transition ¢ :
Qx X — Qupdates the predictive state after reading one more input symbol,
where t := ag o (idg ® ¢).

For readers who prefer a concrete model, it is useful to keep in mind
the case C = Set. Then every morphism is deterministic, and a state-
deterministic stochastic Mealy object is a set-based action/readout pair ag :
QxX* — @ and k : Q x X — Y. Its induced one-step update is
ug(q. ) = ag(q, t(x)). In this case one may take (2 to be the set of causal
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functions F' : X¥ — Y. Here X“ and Y“ denote infinite input and out-
put streams, respectively, and causality means that agreement of two input
streams on the first n symbols implies agreement of the corresponding output
streams on the first n symbols. The one-step transition ¢ : 2 x X — Q is given
by residualization, ¢(F,z) = 0, F, and the one-step readout A : Q2 x X — Y
returns the first output symbol after reading z: A(F,x) = F(xu);, which is
independent of the tail u € X“ by causality. In this model the abstract ob-
ject €2 is literally the set of causal future behaviors, and the action aq sends
a behavior F' and a finite history w to the residual behavior d,F. This set-
based picture is a useful guide for intuition, but the remainder of the paper is
formulated internally in a Markov category so that stochastic readouts and
probabilistic semantics are handled uniformly.

3 Residual Semantics and Predictive Memory

We now fix a deterministic point f : I — €2, which represents the behavior to
be realized exactly. The goal of this section is to extract from f a canonical
memory object that records exactly the predictive information needed to
continue the behavior after an arbitrary finite history.

3.1 Residual maps and pointed reachable realizations

Definition 3.1. The residual map of f is the deterministic morphism 7 :
X* — Q defined by r; :=ag o (f ®idx-).

Intuitively, r¢ sends a finite history to the predictive behavior obtained
after reading that history. In the set-based model, this is precisely

ri(w) = Oyf.

The residual map is the central semantic object of the paper. All exact
realizations of f will be shown to arise from factorizations of ry.

Proposition 3.2. The residual map vy : X* — € is a morphism of right
X*-actions from the reqular action p : X* ® X* — X* to the final action
ag 1 Q® X* = Q. Equivalently, r¢ o p = ag o (ry ®idx-).

We next introduce the notions of pointed realization and reachability.

Definition 3.3. A pointed realization of f is a state-deterministic stochastic
Mealy object (Q, aq, k) equipped with a deterministic initial state qo : I —
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@ such that bg o qo = f. Its reachability map is the induced deterministic
morphism

ag: X' = Q, aq = ag o (g ®idx-).
We say that the pointed realization is reachable if aq is a regular epimor-
phism.

Thus reachability means that every state of () is represented by some
finite input history from the initial state. In the concrete case C = Set, a
regular epimorphism is just a surjection, so this says that every state of () is
reached as ag(w) for some w € X*.

Proposition 3.4. For every pointed realization (Q, qo, ag, ) of f, one has
bQ (¢] CVQ = Tf.

Hence every reachable realization of f yields a factorization of the residual
map through its state object.

3.2 Free-history realization and syntactic predictive-state
object

The most obvious exact realization stores the entire finite history as its state.

Definition 3.5. The free-history realization of f is the pointed realization
H; = (X*,n,pu, k) defined by £y == Ao (r; ®idx) : X* ®© X — Y, with
initial state n : I — X™.

Its induced one-step update is uy = po (idyx- ®¢) : X*® X — X*, so the
update appends one more input symbol to the stored history. The readout
kp reads the next output directly from the residual behavior determined by
that history.

Proposition 3.6. The free-history realization Hy is reachable, and its se-
mantics map 1s exactly the residual map by, = ry.

The free-history realization is exact but maximally redundant: it remem-
bers the entire input history, regardless of whether two histories induce the
same predictive behavior. The syntactic predictive-state object introduced
next is the canonical quotient removing exactly this redundancy.

By Proposition 3.2, the residual map is a morphism in Act y«(Cqet). Since
Actx+(Cqet) is regular by Proposition 2.1, the residual map admits an image
factorization

P QIBERS SPRLER

in Actx«(Cqet), where ey is a regular epimorphism and m; is monic.
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Definition 3.7. The object ¥ := Im(ry) is called the syntactic predictive-
state object of f.

Because the factorization is taken in the action category, ¥ carries a
canonical right X*-action ax, : Xy ® X* — ;. We also define the readout
Ky, = Ao(my®idyx) : ¥;®0X — Y, and the initial state q5 := ejon : I — ;.

Proposition 3.8. The tuple (X;, q7, as,, Hzf) 18 a reachable pointed realiza-
tion of f, and its semantics map is my.

Thus ¥ is a canonical exact realization obtained by quotienting free
history by the observational equivalence encoded in the residual map.

The image map ey : X* — X has a kernel pair Ry =2 X* in Act x+(Cet),
which we interpret as the predictive congruence associated to f.

Proposition 3.9. The kernel pair Ry = X* 1s an internal right congruence
on the free monoid object X*.

In the special case C = Set, the predictive congruence is simply the equiv-
alence relation w ~; w' <= ry(w) = rp(w’). Equivalently, w ~; w' if and
only if the two histories determine the same residual causal behavior. The
syntactic predictive-state object is then the quotient Xy =2 X*/~ .

4 Exact Realization Theory

We now show that the exact realizations of f are classified by regular-epi fac-
torizations of the residual map. This gives a categorical realization theorem,
identifies the free-history and syntactic realizations as universal extremal ob-
jects, and yields a Nerode-type classification of all exact memories.

4.1 Reachable realizations as regular-epi factorizations

We begin by packaging exact realizations into a category.

Definition 4.1. Let Reach(f) denote the category whose objects are reach-
able pointed realizations (@, o, ag, <) of f, and whose morphisms are deter-
ministic morphisms h : Q — @’ of the form

h: (Q7QO7CLQ7’<> — (Q/7Q67GQ’7’%/)

such that ho gy = ¢}, hoag =ag o (h®idy+), and kK = £ o (h ®idx).
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Definition 4.2. Let Fact,,(r) be the category whose objects are factor-
izations X* 5 Q ™ Q in Actx«(Caet) such that e is a regular epimorphism
and m o e = r;. A morphism v : (e,m) — (¢/,m’) is an action morphism
v:Q — Q such that ¢ =voeand m =m’ow.

Thus Fact,.,(ry) is the category of all regular-epi factorizations of the
residual map through deterministic X *-actions.

Theorem 4.3 (Categorical exact realization theorem). There is an equiva-
lence of categories Reach(f) ~ Fact,epi(ry).

The equivalence above immediately identifies the extremal realizations.

Corollary 4.4. The category Reach(f) has an initial object and a terminal
object. Its initial object is the free-history realization H; = (X*,n, p, kp),
corresponding to the factorization X* Ay xS O Its terminal object is
the syntactic predictive-state realization (Ef,qoz,agf, Ky, ), corresponding to

the tmage factorization X* , 2y Q.

Thus H; stores all history, while 3, stores exactly the predictive infor-
mation that survives quotienting by observational equivalence.

4.2 Classification by intermediate quotients

The universal properties above imply that every reachable realization sits
canonically between free history and syntactic predictive state.

Corollary 4.5. For every reachable realization (Q, qo, ag, k) of f, there exist
unique morphisms
mf\

X2 Q= Xy ——Q
in Actx«(Cqe) such that

TQ o Qg = €y, meﬂ'Q:bQ.
Moreover, both ag and wg are regular epimorphisms.
Corollary 4.5 shows that every exact realization is an intermediate quo-

tient of free history. In the concrete case of Set, this becomes the following
classification.

Corollary 4.6 (Set-based classification). Assume C = Set. Then isomor-
phism classes of reachable exact realizations of f are in bijection with right
congruences 8 C ~y on X*. The realization corresponding to 0 has state set
Qo = X*/0.

Note that this is a Nerode-type classification: exact realizations are pre-
cisely quotients of free history by predictive right congruences.

10
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5 Memory Geometries and Architecture Classes

Section 4 identifies the exact behavior of a sequence model with a factoriza-
tion of the residual map ry : X* — ). The remaining question is architec-
tural: which state objects are regarded as admissible? We formalize such
admissibility as a memory geometry. The guiding principle is that exact re-
alizability should depend only on the predictive quotient X, and hence any
admissible class of memories must be stable under passage to exact images.

5.1 Memory geometries as image-closed subcategories

Definition 5.1. A memory geometry is a replete full subcategory G C
Actx+(Cqey) which is closed under regular images. Equivalently, whenever
Q € G and Q — @' is a regular epimorphism in Actx+(Cqet), then Q' € G.

The repleteness condition means that isomorphic actions are identified,
while image-closure expresses the principle that forgetting redundant state
information should preserve admissibility.

Definition 5.2. Let G be a memory geometry. We say that f : I —
Q is exactly realizable in G if there exists a reachable pointed realization
(Q, qo, aq, k) € Reach(f) whose state action (@, ag) belongs to G.

Thus the state object is constrained by the chosen geometry, while the

readout channel remains free.

5.2 The geometry criterion for exact realizability

The exact realization theorem of Section 4 immediately implies that exact
realizability in a geometry depends only on the syntactic predictive-state
object.

Theorem 5.3 (Geometry criterion). Let G be a memory geometry. Then
the following are equivalent.

f s exactly realizable in G <= ¥ € G.

Theorem 5.3 says that the true architecture-invariant semantic object is
not a particular implementation, but the minimal predictive memory ;. A
geometry can realize f exactly precisely when it can represent ¥ .

11
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5.3 Representation versus compression

The residual map 7¢ : X* — €2 encodes the exact predictive semantics of all
finite histories. Any exact realization in a geometry amounts to compressing
the free-history state X* into an admissible action object without collapsing
histories that remain predictively distinct.

Proposition 5.4. Let g : X* — Q be a regular epimorphism in Act x+(Cqet)-
The following are equivalent.
(1) There exists an action morphism m : () — Q such that moq =r;y.
(2) There exists a reachable pointed realization of f whose reachability map
18 q.
(3) The syntactic quotient map ey : X* — Xy factors through q, i.e. there
exists a unique action morphism mw: () — Xy such that ey = 7o q.

If moreover C = Set, these are also equivalent to ker(q) C~y .

Proposition 5.4 formalizes the distinction between representation and
compression. The map ¢ is an admissible compression of history, while the
existence of m means that no predictive information required by f has been
lost. The minimal exact compression is the syntactic quotient ey, whereas
the trivial compression is the identity on X*.

5.4 Intermediate quotients as architecture-level mem-
ory choices

The exact quotients of f form a bounded compression hierarchy. The finest
exact memory stores the entire history, while the coarsest exact memory
stores only the predictive state.

Definition 5.5. Let Q(f) denote the class of regular epimorphisms of actions
q: X* — @ such that the equivalent conditions of Proposition 5.4 hold. We
preorder Q(f) by

¢=q¢ <= Fh:Q — Q in Actx-(Cyet) With ¢ = hogq.

Here ¢ < ¢’ means that ¢’ is a coarser exact compression than g¢.
Proposition 5.6. The preordered class Q(f) has a least element and a great-
est element: idx- and ey : X* — X;. Moreover, every exact reachable

realization of [ determines an element of Q(f), and every element of Q(f)
determines an exact reachable realization of f.

In Set, Proposition 5.6 identifies architecture-level exact memory choices
with right congruences 6 such that Ax- C § C~y, ordered by reverse inclu-
sion. The expressive question for any concrete architecture class is therefore:
which of these exact quotients can its state geometry represent?

12
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6 Transformer, Linear Attention, Mamba, and
MoE

We now interpret the main sequence-model families inside the framework
developed above.

6.1 Transformer as free-history action

The defining semantic feature of causal self-attention is that the current token
may attend to an ordered collection of all previous key-value pairs [28, 7, 3].
At the level of exact memory, this is the free-history action:

ug =po(idys®1¢): X' X — X"

Accordingly, the canonical abstract Transformer backbone is the free-history
realization

Hf - (X*vn)/vlfa KH)

from Section 3.

Proposition 6.1. Every behavior f : I — ) admits an exact free-history
realization. Equivalently, the Transformer-type strategy of storing full ordered
history 1s universally exact.

Note that the Transformer should be regarded here as the extremal non-
compressing realization, not as an image-closed geometry. Indeed, the image-
closed hull of the single free action X* would already contain all exact quo-
tients of history and would therefore collapse the distinction between Trans-
former and compressed architectures. Thus, the Transformer is understood
as the distinguished choice ¢ = idx~ inside the compression hierarchy of
Proposition 5.6.

6.2 Linear attention as additive commutative-memory
geometry

Linear-attention models replace explicit history storage by a finite collec-
tion of additive sufficient statistics [20, 5]. Abstractly, this corresponds to a
commutative-memory geometry.

The image-based criterion below is categorical. To recover an explicit
initialized additive statistic from a chosen regular-image presentation, we
use one additional lifting hypothesis here and in the next subsection: the

13
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monoidal unit I is projective with respect to regular epimorphisms in Cges.
Equivalently, for every regular epimorphism

p:A—>Q, G:1—Q = dq:1— Awithpoqg = qo.

Let (A, +,0) be a commutative monoid object in Cqet, and let ¢ : X — A
be a deterministic feature map. By freeness of the monoid object X*, there
is a unique monoid morphism ¢ : X* — A with ¢or = ¢. Define the additive
action a, := + o (idg ® ¢): A® X* — A. Tts induced one-step update is

u(’b:a(’bO(ldA@L)A@X%A, U¢(a,x):a+¢($)

The associated history statistic o, 1= a4 0 (0 @ idy«) = ¢ : X* — A is
uniquely characterized by o4 0n = 0 and o4(wz) = 04(w) + ¢(z).

More generally, for any initial point ag : I — A, we write 044, := a4 ©
(ap ® idy+) : X* — A for the initialized additive history statistic. Thus
0p0 = Op-

Definition 6.2. Let AddActx(Cqet) € Acty«(Caer) be the replete full sub-
category consisting of regular images of additive actions (A, a,) as above.

By construction, AddActy (Cget) is a memory geometry.

Theorem 6.3 (Exact additive criterion). The following are equivalent.
(1) f is exactly realizable in AddActx (Cget)-
(2) X5 € AddActx(Cet)-
(8) There exist a commutative monoid object A, a feature map ¢ : X — A,
and a regular epimorphism of actions p : (A, ay) — (Xf, ax;).

Under the lifting assumption above, these equivalent conditions imply that
there exist a point ag : I — A and an action morphism m : A — Q such that
Tp=MO Ty

Theorem 6.3 identifies the exact linear-attention regime with additive
sufficiency at the geometry level: the predictive state must be a regular
image of a commutative accumulated memory action. The residual map
itself factors through an initialized additive statistic. This is the abstract
content of kernelized linear attention, where a history is replaced by a sum
of feature vectors and feature-value tensors.

6.3 Mamba and selective SSMs as affine-module geom-
etry

State-space models and selective SSMs compress history into a finite-dimensional
state updated by an affine recursion [16, 15, 8]. Their abstract geometry is

14
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therefore affine rather than purely additive. We thus make the following
affine-endomorphism assumption. Fix an internal semiring R in Cqe;. As-
sume that for every internal R-module object M, there exists an object

AffR(M) € Cdet

equipped with deterministic morphisms cy; : Affg(M)RAffg(M) — Affg(M)
and jys : [ — Affgp(M), making Aff (M) into a monoid object, together with
a deterministic evaluation morphism evy; : M ® Affgp(M) — M which is a
right action of this monoid object on M. This package (Aff x(M), car, jur, evir)
is taken as additional primitive structure. Note that the adjective “affine”
below is always relative to this chosen monoid of affine endomorphisms and
its evaluation action on M.

An affine X -update on an internal R-module object M is a deterministic
morphism

v X — Affg(M).

By freeness of the monoid object X*, there is a unique monoid morphism
W X* — Affp(M) with ¢ ot = 1). Define the induced affine history action
ay = evy o (idy ® 1Y) : M ® X* — M. Since evy is a right action and 1) is
a monoid morphism, a, is a right X*-action. Its induced one-step update is

Uy =apo (idy ®e): M@ X — M.

Definition 6.4. Let AffActx r(Caet) € Acty+(Caet) be the replete full sub-
category consisting of regular images of actions (M, ay) induced by affine
X-updates on internal R-module objects.

Again this is a memory geometry by construction.

If a, is the X*-action induced by an affine X-update ¢ : X — Affp(M)
on an internal R-module object M, and if mq : [ — M is a point, we write
Spmo = Gy © (M ® idx+) : X* — M for the corresponding initialized affine
history statistic.

Theorem 6.5 (Exact affine criterion). The following are equivalent.

(1) f is exactly realizable in AffActx r(Caet)-

(2) Ef € Aﬂ'ACt)QR(Cdet).

(8) There exist an internal R-module object M, an affine X -update ¢ : X —

Affr(M), and a regular epimorphism of actions p : (M, ay) — (X, ax;).
Under the additional lifting assumption above, these equivalent conditions

imply that there exist a point mg : I — M and an action morphism m : M —

Q such that

T§ =110 Sy mg-
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In the concrete Set semantics examples, we fix the standard choice
Affr(M) := Endg(M) x M,

with multiplication (A,b) - (4',b') := (A" 0 A, A'(b) + V') and unit (idy, 0).
The evaluation action is evy (m, (A, b)) := A(m) + b. Indeed,

evar (evar(m, (A, 1)), (A 1)) = (A0 A)(m)+A"(b)+H = evy (m, (A, b)-(A, 1)),

so this is a right action. Under this standard instantiation, an affine X-
update ¢ : X — Affg(M) is exactly a family of affine maps u,(m) =
Az(m) 4+ by, x € X, with A, € Endg(M) and b, € M. The initialized statis-
tic then satisfies Sy um,(€) = mo and Sy mg (W) = Ay (Spmo(w)) + by This
is the concrete interpretation used below when discussing SSM/Mamba-type
affine dynamics in Set. Affine dynamics therefore generalize additive accu-
mulation once the additive state is viewed inside a fixed module geometry:
if an additive state object is equipped with an R-module structure and one
takes A, = idy,, the affine recurrence reduces to pure additive update. Thus
the passage from linear attention to SSM/Mamba is, in this framework, the
passage from commutative accumulation to affine state dynamics.

6.4 MoE as routing constructor rather than primitive
memory geometry

Mixture-of-experts architectures do not, by themselves, specify a new state
geometry; rather, they introduce a routing mechanism that mixes or selects
readouts on top of an existing state space [26, 10, 9]. This can be expressed
internally in the Markov category.

Let (Q.aq) be a deterministic state action, let £ be a finite expert-label
object in Cget, and let g : Q@ ® X — E be a channel (the gate). Let k :
E® QX — Y be a family of expert readout channels. Define the mixed
readout

KMoE ZIkO(g(X)idQ@X)OAQgX:Q@X%Y’.

In Stoch this is exactly the conditional mixture

mvor(dy | ¢,2) =Y gle | q,x) k(dy | e,q, 7).
eck

Proposition 6.6. For every deterministic state action (Q,aq), the triple
(Q,aq, kvor) 15 again a state-deterministic stochastic Mealy object with the
same state action.
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A more elaborate MoE architecture may endow each expert with its own
state action (Qe,aq,) and initial state go. : I — Q.. In that case the
natural combined backbone is the product Qprod := [ [, @e equipped with
the componentwise action and initial point goprod = (Goe)ecr : I = Qprod-
Any stateful MoE system built from these expert states, together with a
gate and expert readouts on @p0d, is therefore a pointed realization whose
state action is Q)proa. For whatever behavior f this combined system realizes,
Theorem 4.3 implies that its syntactic predictive-state object X is a regular
image of the product action ()p0q. Thus even in the stateful case, MoE is
a routing constructor on pre-existing geometries, not a new geometry in its
own right.

6.5 Hybrid architectures, including attention-SSM com-
positions

Hybrid architectures combine several memory mechanisms, typically by tak-
ing products, serial compositions, or alternating blocks [23, 8]. When the
constituent classes are themselves memory geometries, such combinations
are modeled by closure operations on memory geometries.

Definition 6.7. Let G;,Gs C Actx+(Cqet) be memory geometries. Their
hybrid closure (Gi, G2)prod,img 1S the smallest replete full subcategory of this
category that contains G; and Gs, is closed under finite products, and is closed
under regular images.

The product closure models parallel memories updated from the same
input stream, while image closure accounts for exact quotienting of redundant
combined state.

Proposition 6.8. Let Guy, = (G1. G2)prodimg- LThen f is exactly realizable by
a hybrid architecture built from Gy and Gy if and only if ¥y € Gyyp.

Proposition 6.9. Let (Q,aq) be a right X*-action in Actx«(Caet), and let
qo : I — @ be a point. Then for every behavior f : I — €O, there exists a
reachable exact realization of f whose state action is a reachable subaction of
the product action X* x Q). In fact, this reachable subaction is canonically
1somorphic to the free-history action X*.

Consequently, an attention-SSM architecture that retains an uncompressed
free-history branch is universally exact.
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7 Conclusion

We have given a categorical exact-realization theory for sequence behaviors in
Markov categories, organized with final predictive semantics and the residual
map 7y : X* — Q. Reachable exact realizations of a behavior f are classified
by regular-epimorphic factorizations of ;. Consequently, the image ¥; =
Im(ry) is the terminal reachable exact realization of f, hence the minimal
exact predictive memory object.

The architectural consequence is that exact sequence modeling is fun-
damentally a representability problem. By formalizing architecture classes
as memory geometries (image-closed full subcategories of history actions),
we obtain the criterion that f is exactly realizable in a geometry G if and
only if ¥y € G. This gives architectural comparison at the semantic level:
Transformer-type models correspond to free-history memory, linear attention
to additive commutative statistics, and Mamba/SSM-type models to affine
dynamical state. MoE modifies routing and readout over a chosen backbone.
Hybrid architectures are governed by product formation together with ex-
act quotienting of redundant joint state, and hybrids that retain an explicit
free-history branch remain universally exact.

The examples and separation results in the appendix show that these
distinctions are mathematically substantive. Finite-memory, additive, and
afline behaviors arise as different kinds of exact predictive quotients, and
the discounted-sum example yields a strict separation between additive and
affine geometries. From this perspective, the relevant obstacle in long-context
modeling is not raw sequence length by itself, but whether free history ad-
mits an exact predictive quotient representable in a compressed geometry.
When such a quotient exists, recurrent compressed-state architectures are
semantically justified; when it does not, explicit history or a hybrid memory
becomes unavoidable.
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A Deferred Proofs

This appendix provides the proofs omitted above.

A.1 Proofs for Section 2

Proof of Proposition 2.1. The free monoid object X* induces the endofunc-
tor

T(A) = A® X*

on Cget, and right X*-actions are precisely the Eilenberg-Moore algebras
for the monad determined by (X* n,u). The forgetful functor from this
Eilenberg-Moore category creates finite limits. It therefore remains to con-
trol regular epimorphisms.

Let
e:A—» B

be a regular epimorphism in Cqe;. Since Cqet is cartesian monoidal, the map
e®idys : A® X* — B ® X* is the pullback of e along the projection
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B X* — B. Regular epimorphisms are pullback-stable in a regular category,
SO
T(e) =e®idx-

is again a regular epimorphism. Standard regularity results for Eilenberg-
Moore categories of regular-epi-preserving monads therefore imply that the
action category Actx-(Cge) is regular and that the forgetful functor creates
regular epimorphisms. Since it also creates kernel pairs, the regular-image
factorization of an action morphism is computed on the underlying morphism
in Cdet- [l

A.2 Proofs for Section 3

Proof of Proposition 3.2. Using the definition of r; and the associativity ax-
iom for the action agq, we compute

rropu=ago (f®idx+)ou=agqo (idg® pu)o (f ®idy- ®idx«)

and
agq © (Tf X ldX*) = agn o (CLQ (124 ldx*) o) (f X ldx* X ldx*)
Since
ag o (ag ®idx+) = ag o (idg ® p),
the two composites agree. O

Proof of Proposition 3.4. Using the defining equations of the final object and
the condition bg o ¢y = f, we compute

bQOO&Q = bQOCLQO(QO@)idX*) = aQO(bQ®idX*>O(q0®idX*) = aQO(f®1dX*) =7y
(]

Proof of Proposition 3.6. The state action of Hy is the regular right action
of X* on itself, so its reachability map is the identity on X*, hence a regular
epimorphism. By Proposition 3.2, the map

TfZX*%Q

is action-equivariant, and by definition kg = Ao (ry ® idx ). Therefore 7 is
a morphism
H f — (Q7 aq, )\)

in SMealyi‘({Y(C), so finality identifies by, with ;. O
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Proof of Proposition 3.8. Since my is an action morphism and sy, = Ao
(ms®idx), my is amorphism from (¥, as;,, 55, ) to the final object (€2, aq, A),
so by finality it is the semantics map. Furthermore,

myoqy =mypoepon=rpon=f,

so this is a pointed realization of f. Finally, its reachability map is e, hence
a regular epimorphism. O

Proof of Proposition 3.9. Since ey is a morphism of right X *-actions, its ker-
nel pair is stable under the action of X*. Equivalently, if two histories are
identified by ey, then appending any further history identifies them again.
This is exactly the internal right-congruence condition. (]

A.3 Proofs for Section 4

Proof of Theorem 4.3. We construct quasi-inverse functors.

Step 1: from reachable realizations to factorizations. Let (Q, qo, ag, k) be a
reachable pointed realization of f. By Proposition 3.4 its semantics map and
reachability map satisfy

bQ Ol =Ty.

Since the realization is reachable, oy is a regular epimorphism. Therefore
X+ 29 02 q

is an object of Fact (7).
Now let v : (Q, g, ag, k) = (Q', ¢}, a¢y, k') be a morphism in Reach(f).
Moreover,

Since both by and by o h are morphisms from (Q,ag, ) to the final ob-
ject (€2, aq, N), finality gives bg = bg o h. Hence h defines a morphism of
factorizations.

This yields a functor

® : Reach(f) — Fact,epi(ry).

Step 2: from factorizations to reachable realizations. Conversely, let

X500
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be an object of Fact,epi(ry), where @) carries an action ag : @ ® X* — Q.
Define kg :=Ao(m®idx) : Q® X — Y, and qo :=eon:I — Q. Then m
is an action-equivariant map and, by definition of k¢, kg = A o (m ® idx).
Hence m is a morphism (Q,ag, kg) — (2, aq,\) in SMealy - (C), so by
finality m is the semantics map of (Q), ag, kq).

Furthermore, mogy = moeon =rpon = f,so (Q, qo, ag, kq) is a pointed
realization of f.

Its reachability map is ag = ag o (g ® idx~). Both « and e are action
morphisms from the free action X* to () and they agree on the generator
n: 1 — X*, hence ag = e. Since e is a regular epimorphism, the realization
is reachable.

On morphisms, an equivariant map v : (e, m) — (¢/, m’) satisfies ¢’ = voe
and m = m’ owv. The first equality implies v o ¢y = ¢, equivariance gives
preservation of the state action, and the second equality gives preservation
of readout:

kg=Xdo(m®idx) =Xo(m' ov®idx) = kg o (v ®idy).

Thus v is a morphism of reachable realizations. This yields a functor ¥ :
Fact,pi(77) — Reach(f).

Step 3: the two constructions are inverse. Starting from a reachable realiza-
tion, applying ® and then ¥ recovers the same action, readout, and initial
state, and the semantics map remains by. Conversely, starting from a factor-
ization and applying ¥ then ® recovers the same factorization, because the
reconstructed reachability map is e and the reconstructed semantics map is
m.

Therefore ® and U are quasi-inverse equivalences. (]

Proof of Corollary 4.4. In Fact,y(ry), the identity factorization of r; is ini-
tial, and the image factorization is terminal. Transport these objects along
the equivalence of Theorem 4.3. O

Proof of Corollary 4.5. The existence and uniqueness of 7w follow from the
terminality of ¥; in Reach(f), equivalently from the universal property
of the image factorization of r;. It remains to show that 7y is a regular
epimorphism.

Factor mg in the regular category Actx«(Cqet) as @ LSSy 7, where p
is regular epi and j is mono. Then

TF=My;O0MQyO Mg ="Mf0jJOPOQg.

Since both p and « are regular epimorphisms, so is p o cg. Therefore

X oo, 5 mgoj 0
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is another image factorization of r;. By uniqueness of images, j is an iso-
morphism, hence 7 is regular epi. O

Proof of Corollary 4.6. Given a reachable realization (), its reachability map
ag : X* — @ is surjective. Hence @ = X*/ker(ag). Because by o ag =
r¢, one has ker(ag) C~y . The kernel of an action morphism is a right
congruence, hence every reachable exact realization determines such a 6.
Conversely, let 6 be a right congruence with 6 C~y. The quotient set
X*/0 inherits a right X*-action by concatenation, because 6 is a right con-
gruence. The containment 6 C~; implies that the residual map ry is con-
stant on f-classes, hence factors through a well-defined map X*/6 — Q. The
induced action and readout therefore define a reachable exact realization.
These assignments are inverse up to isomorphism: a reachable realization
() is isomorphic to the quotient by its kernel congruence ker(ag), and the
quotient realization attached to 6 has kernel congruence exactly 6. O

A.4 Proofs for Section 5

Proof of Theorem 5.3. Assume first that f is exactly realizable in G. Then
there exists a reachable realization (Q), qo. ag, £) with (Q, ag) € G. By Corol-
lary 4.5, there is a regular epimorphism of actions m¢g : @) — X¢. Since G is
closed under regular images, it follows that ¥y € G.

Conversely, if ¥y € G, then Proposition 3.8 gives a reachable pointed
realization of f on X4, hence f is exactly realizable in G. (]

Proof of Proposition 5.4. The equivalence of (1) and (2) is exactly the con-
struction used in the proof of Theorem 4.3: an action morphism m with
m o q = ry determines a pointed realization on (), and conversely any reach-
able realization yields such a factorization.

Assume (1). Since r; = mog and ¢ is a regular epimorphism, the universal
property of the image factorization of r yields a unique action morphism
7 — Xy such that e; = 7o g and m = my om. Thus (3) holds.

Conversely, if (3) holds, then setting m := mjyom gives mog = myomoq =
mysoes=ryg, so (1) holds.

In Set, a map factors through the quotient ¢ : X* — @ if and only if it
is constant on g-fibers, equivalently if and only if the kernel relation of ¢ is
contained in the kernel relation of e;, namely ~;. (]

Proof of Proposition 5.6. The map idx- is exact because it is the reachabil-
ity map of the free-history realization H;. The map ey is exact by Proposi-
tion 3.8. Every exact reachable realization yields an exact quotient by The-
orem 4.3, and every exact quotient yields a realization by Proposition 5.4.
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The universal factorization through e; from Corollary 4.5 shows that every
exact quotient lies between idx+ and ey. O

A.5 Proofs for Section 6
Proof of Proposition 6.1. This is exactly Proposition 3.6. O

Proof of Theorem 6.3. The equivalence of (1) and (2) is the Geometry Cri-
terion, Theorem 5.3. The equivalence of (2) and (3) is exactly the definition
of AddActx(Cqet), using repleteness to replace a chosen regular image iso-
morphic to Xy by X itself.

For the final claim, let p : (A,ay) — (¥, ax,) be as in (3). By the
additional lifting assumption, the initial state ¢i : I — X; lifts along p to a
point ag : [ — A with poay = ¢5. Since p is an action morphism, one has

PO Tpay =D O a0 (ag®idx+) = ag, o (p®idx+) o (ag ® idx~)

= agf @) (qg: & idx*) = ef.
Therefore, with m := my o p, we obtain m o o044, = mysoey = 1ry. O

Proof of Theorem 6.5. The equivalence of (1) and (2) is the Geometry Crite-
rion, Theorem 5.3. The equivalence of (2) and (3) is exactly the definition of
AffActx r(Caet), again using repleteness to replace a chosen regular image
isomorphic to X; by Xy itself.

For the final claim, let p : (M,ay) — (Xy,ax;) be as in (3). By the
additional lifting assumption, the initial state ¢3 : I — 3 lifts along p to a
point mg : [ — M with pomg = ¢;. Since p is an action morphism, one has

PO Syme =P O ay o (meRidx) = ax, o (p®idx-) o (mo @ idx~)
= (LEf e} ((1%: ®ldx*) = €f.
Therefore, with m := my o p, we obtain m o sy, = mysoes = 1ry. O

Proof of Proposition 6.6. The only condition for a state-deterministic stochas-
tic Mealy object is that the hidden-state action be deterministic. In the MoE
construction the action remains aq; only the readout channel is replaced by
KMOoE- O

Proof of Proposition 6.8. The hybrid closure is again a memory geometry, so
the statement follows immediately from Theorem 5.3. O
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Proof of Proposition 6.9. Let j := (idx+, ag) : X* — X* x @), where o, 1=
ago(go®idy«). Both components are action morphisms, hence so is j. Since
7 0j = idx~, the morphism j is monic. Factor j as X* = H = X* x Q with
e a regular epimorphism and m monic. Because 7 is monic, e is monic as well,
hence e is an isomorphism in the regular category Act x«(Cqet). Thus H = X*
as an action. Transporting the free-history realization of Proposition 6.1
across this isomorphism yields a reachable exact realization of f on H. O

B Concrete Examples and Separation Results

In this section we work in the concrete semantics of Section 2 with C = Set.
Thus a behavior is a causal map F' : X“ — Y its residual map is rp :
X* — Q, with rp(w) = 9, F, and the syntactic predictive-state object is the
quotient ¥p = X*/~p, where w ~p w' <= rp(w) = rp(w’). Whenever
we refer to affine-module geometry in this appendix, we use the standard Set
instantiation from Section 6, namely Aff (M) = Endg(M) x M with evalua-
tion evyr(m, (A, b)) = A(m) + b. The examples below illustrate, respectively,
finite exact memory, exact additive memory, exact affine memory, separation
between additive and affine geometries, and the role of routing and hybrid
product geometries.

B.1 A finite-memory example

We begin with a simple behavior whose predictive state space is finite and
transparent.

Let X ={0,1} and Y = {1,0, 1}, where L denotes a distinguished initial
symbol. Define the last-symbol predictor F'*': X¥ — Y by

Fa (g z9mg -+ ) = L, F*oympwg -+ Yo = 2 (E>1).

Thus the output at time ¢ 4 1 is the input seen at time ¢.
For a finite word w € X*, define

1, W = €,
l(w) =
the last symbol of w, w # €.
Proposition B.1. For the behavior F'*' one has w ~pas W' <= l(w) =

{(w'). Consequently, Spas = {1,0,1}, and F'® admits an ezact 3-state
realization.
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Proof. Fix a history w and a continuation v = wujusus---. The residual
behavior 9, F'®* has first output equal to £(w), and thereafter outputs the
continuation symbols: 9, F'*'(u) = £(w)ujusus - - -. Hence the residual de-

pends only on ¢(w). Therefore {(w) = £(w') = 7 ptast (W) = 7 porast ().
Conversely, if {(w) # ¢(w'), then the first output symbols of 0, F'**(u)
and O, F'*%(u) differ for every continuation u. Therefore the residuals are

distinct. This proves the equivalence and identifies the three predictive states.
O

This example shows that the abstract quotient > can recover the usual
notion of a finite exact memory state. Here the entire future behavior is
determined by one bit of remembered content together with an initial marker.

B.2 An exact additive-statistic example

We now give a behavior whose predictive state is an additive commutative
statistic.

Let X =Y = {0, 1}, and define the running-parity behavior FP> : X* —
Y¥ by FP*(z12923 )¢ = Zle z; (mod 2). For a finite word w = 1 - - - z,,
set opar(w) := >0 x; (mod 2) € Zsy.

Proposition B.2. For the running-parity behavior, one has w ~ ppar W' <=
Opar(W) = opar(w'). Hence Xppar = Zo, and FP* is exactly realizable in
additive commutative-memory geometry.

Proof. Let p = opar(w), and let u = wjugus---. After the history w, the
future outputs are

O FP* (1)1 = p + g, Ow FP* (1)g = p + uy + ug,

with all sums taken modulo 2. Thus the residual depends only on p, so equal
parity implies equal residual.

Conversely, if opar(w) # 0par(w’), choose the continuation u = 000-- - .
Then the residual outputs are constant sequences with different first symbols,
so the residuals are distinct. Therefore the predictive state is exactly the
parity class.

The statistic oy, is additive: opa(wz) = opar(w) + z (mod 2), so the
exact realization lies in additive commutative-memory geometry. (]

This is the prototypical linear-attention situation: all predictive informa-
tion is contained in a commutative sufficient statistic, and no order-sensitive
history beyond that statistic survives in Xp.
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B.3 An exact affine-state example

We next consider an example whose predictive quotient evolves by a one-
dimensional affine recurrence but is no longer commutative-additive.

Fix a parameter 0 < A < 1. Let X = {0,1} and Y = R, and define
the discounted-sum behavior F* : X“ — R¥ by the state recursion sy = 0,
8¢ = Asy_1 + 1y, and FNzym9w3--+); = 8. For a finite word w = a1 - - - z,,,
define the associated state s(w) := > i | A" 'z;. Equivalently, s(¢) = 0 and
s(wx) = As(w) + .

Proposition B.3. For the discounted-sum behavior F*, one has w ~px
w' <= s(w) = s(w'). Consequently, Xp» = Sy := {s(w) : w € X*} C R,
and F* is ezactly realizable in the affine-module geometry AffActx g(Set).

Proof. Fix a history w with state s = s(w), and let u = wjugug---. The
continuation behavior is obtained by restarting the same affine recursion
from initial state s: O, F(u); = As + uy, O FNu)y = M As + uy) + uy, and
so on. Hence the residual depends only on the scalar state s(w).

Conversely, suppose s(w) # s(w’). Take the continuation v = 000--- .
Then 0, F*(u); = As(w) and Oy F*(u); = As(w’). Since 0 < X\ < 1, these
are distinct, so the residuals differ. Thus the predictive equivalence classes
are exactly the level sets of s.

Let Xt := X*\ {e} and W := R&") the free R-vector space on basis
{ew : w € Xt} For each € X = {0, 1}, define the linear endomorphism
A, - W — W by A(ew) = €ys, and the affine self-map U, : W — W
by U,(v) := A.(v) + e,. Equivalently, with the standard Set affine package
above, this is the affine update () := (A, e,) € Affg(W).

Choose the shortlex order on X with 0 < 1. It is preserved by right
concatenation: if u < v, then uzr < vr for each x € X. For v # 0, let
p(v) denote the maximal word in the finite support of v, and set p(0) = e.
Define p : W — Sy by p(v) := s(u(v)). This map is surjective because
p(0) = s(e) = 0 and p(e,) = s(w) for every w € X ™.

Let uy : Sy x X — S\ be the one-step update induced by the discounted-
sum recurrence on Sy, given by uy (o, x) := Ao 4+ x. For v = 0, one has

p(U(0)) = ple,) = s(x) =z =X- 0+ 2 = uy(p(0), z).

If v # 0, then supp(U,(v)) = {wz : w € supp(v)} U {x}. Because shortlex
is preserved by right concatenation and every word wz with w # ¢ is longer
than z, the maximal support word of U,(v) is u(v)x. Therefore

p(Ux(v)) = s(pu(v)z) = As(p(v)) + = = Ap(v) + & = ur(p(v), 7).
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So p intertwines the one-step updates, hence also the induced X*-actions.
In Set, surjective maps are regular epimorphisms. Therefore p : (W, ay) —
(Sx,ay) is a regular epimorphism of actions, where a, is the X*-action in-
duced by uy. Thus (Sy, ay) € AffActxr(Set). Since Xpx = Sy, Theorem 5.3
implies that [ is exactly realizable in affine-module geometry. (]

This example captures the core semantic pattern of selective SSM and
Mamba-type models: the predictive quotient is governed by the one-dimensional
affine recurrence s — As + x on S, C R, and this quotient belongs to affine-
module geometry.

B.4 A non-representability or separation example

The previous example is affine. We now show that it is not commutative-
additive. This gives a clean separation between additive and affine geome-
tries.

Proposition B.4. For every 0 < X\ < 1, the discounted-sum behavior F* is
not exactly realizable in additive commutative-memory geometry.

Proof. Suppose, toward a contradiction, that ['* were exactly realizable in
additive commutative-memory geometry. Since this section works in Set, the
lifting hypothesis used in Theorem 6.3 is automatic. Therefore Theorem 6.3
supplies a commutative monoid A, a feature map ¢ : X — A, an initial point
ap € A, and a map m : A — €2 such that rpn = m ooy g,.

By additivity and commutativity,

6,09 (01) = ag + ¢(0) + ¢(1) = ag + ¢(1) + ¢(0) = 7,4, (10).

Hence rpa(01) = m(04,4,(01)) = m(0p,q,(10)) = 72 (10).

But the affine states after the two prefixes are different: s(01) = 1 and
s(10) = A. Now choose the continuation v = 000 - -- . Then the first residual
outputs are o1 F*(u); = A and 919F*(u); = A%, Since 0 < A < 1, these are
distinct, and so the residuals are different. This contradicts exact realizability
through an additive commutative statistic. O

Corollary B.5. In the concrete semantics of Set, additive commutative-
memory geometry does not capture all behaviors exactly realizable in the
affine-module geometry AffActx r(Set) : there exist behaviors that are ex-
actly realizable in AffActx r(Set) but not in additive geometry.

Proof. The discounted-sum behavior F* is exactly realizable in the affine-
module geometry AffActx r(Set) by Proposition B.3 and not exact additive
by Proposition B.4. (]
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The obstruction is conceptual rather than dimensional: a commutative
additive statistic cannot distinguish the ordered histories 01 and 10, whereas
the affine dynamics can. Thus order sensitivity alone already forces one
beyond purely additive memory.

B.5 A routing and hybrid example

We finally exhibit an example combining additive memory, affine memory,
and routing.

Fix 0 < A< 1,and let X ={P, S} x{0,1} and Y = R. We interpret an
input letter (m,b) as a mode m together with a bit b. Define state variables
Py € Zo and s, € R, initialized by pg = 0 and sy = 0. Given input z;, =
(my, by), update by

(pr—1 + by (mod 2), s4-1), my =P,
(pt7 St) -
(pe—1, Asi—1 +by), m, = 5.

The output is

Y = bt, My = P7
' St, my = S:

where p, € {0,1} C R is viewed as a real number.
Denote the resulting behavior by FAhyb XY — Rv.

Proposition B.6. The behavior FAhy]D admits a reachable exact realization
on the product state space Zy X Sy, with initial state (0,0), where Zs carries
additive memory and Sy carries affine memory. Moreover, its readout is a
hard-routed mixture of two experts: one expert reads the additive component
and one expert reads the affine component.

Proof. For a history w, let p(w) € Zs be the parity accumulated over the
letters with mode P, and let s(w) € Sy be the affine state accumulated over
the letters with mode S. Then the update from state (p,s) on input (m,b)
is

(p+b,s), m=P

u((p7 S)? (m’ b)) - {(p, S + b), m = S7

where p + b is taken modulo 2.

The residual after history w depends only on the pair (p(w), s(w)), since
future outputs are computed solely from the current parity component and
the current affine component according to the same mode-dependent rule.
Hence the behavior factors through the product state.
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To see exactness, suppose (p, s) # (p/, s'). If p # p/, choose a continuation
consisting only of mode-P inputs with bit 0. The first output then reveals
the parity component, so the residuals differ. If instead p = p’ but s # ¢,
choose a continuation consisting only of mode-S inputs with bit 0. The first
output is then \s versus \s’, so the residuals again differ. Therefore distinct
product states induce distinct residuals.

It remains to check reachability from the initial state (0,0). Let (p,s) €
Zs % Sy. Choose a word v € {0,1}* with s(v) = s, and read it as an S-mode
input history

((S,v1),..., (S, 0p)).

Starting from (0, 0), this reaches (0, s), because P-mode updates do not affect
the affine component and the S-mode recurrence is exactly the discounted-
sum update on Sy. If p = 1, append one more input (P, 1); if p = 0, append
nothing. Since S-mode updates do not affect parity and P-mode updates
do not affect the affine component, this reaches (p, s). Hence every state in
Zo X S, is reachable.

Finally, define the gate and expert readouts by

Then the actual readout is obtained by selecting the appropriate expert ac-
cording to the mode m € {P,S}. This is exactly a hard-routed mixture of
experts on top of a product memory state. O

This example separates three roles cleanly: the parity component is addi-
tive memory; the discounted-sum component is affine memory; and the gate
chooses which readout to expose at each step. Hence routing is layered on
top of memory geometry, while the hybrid product carries the true predictive
state.

C Specialization to Borel Spaces and Markov
Kernels

This appendix specializes Sections 2—6 to the canonical standard-Borel Markov
category C = Stoch of standard Borel spaces and measurable Markov ker-

nels. This is the concrete kernel semantics already implicit in the discussion
of Section 6. A morphism k : X — Y is a kernel k(dy | z), composition is
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given by integration,

(o k)(C | 2) = /Yao | 9) k(dy | ),

and tensor product is given by independent product of kernels. The monoidal
unit / is the one-point measurable space. Deterministic morphisms are pre-
cisely the Dirac kernels induced by Borel maps, so Stochge; identifies with
the category of standard Borel spaces and Borel maps [11, 12].

To keep the image and quotient constructions of Sections 3—6 literally
inside standard Borel spaces without adding further descriptive-set-theoretic
hypotheses, we work in the discrete-history regime relevant to token se-
quences: throughout this appendix, X is assumed to be a finite or countably
infinite discrete standard Borel space, while Y is an arbitrary standard Borel
space. Then

X*=| | xn
n>0
is again a countable discrete standard Borel space, with free monoid struc-
ture given by the empty word, concatenation, and one-letter insertion. We
also retain the standing assumption from Section 2 that SMealyi?yy(Stoch)
admits a final object (£2,aq, A). Whenever a concrete presentation of 2 by
causal kernels X* — Y“ is chosen, a point f : I — {2 may be read exactly
as a causal stochastic input-output law.

C.1 Concrete stochastic semantics and predictive quo-
tients

In Stoch, a pointed state-deterministic stochastic Mealy object (Q, go, ag, )
is exactly a standard Borel state space (), a Borel state update

ug :=ago (ido®t): Q®X — Q,

an initial state qo : I — @, and a Markov kernel x : Q ® X — Y, which
in measure-theoretic notation we write as x(dy | ¢, x). Thus, given an input
word x1 - - - T, one recursively forms states

qr = uQ(Qt—lv 'xt)) 4o given:

and emits outputs according to the kernels

Y ~ "‘f(_ | Qt—1,$t)-
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In measure-theoretic terms, exact realizations in Stoch are therefore con-
trolled hidden-state models with deterministic transition and stochastic read-
out.

The discrete-history hypothesis has an immediate structural consequence:
every reachable exact realization is automatically countable-state. This turns
the abstract exact realization theorem of Section 4 into a genuine probabilistic
Nerode theorem.

Theorem C.1 (Probabilistic Nerode theorem in Stoch). Assume that X
is finite or countably infinite discrete. For every behavior f : I — ), the
following hold.

1. The syntactic predictive-state object ¥ is a countable standard Borel
space.

2. Bvery reachable pointed realization (Q, qo, ag, k) of f in Stoch has count-
able standard Borel state space Q).

3. Isomorphism classes of reachable exact realizations of f are in bijection
with right congruences 0 C ~ on the free monoid X*, where

wepw = rp(w) =r(w).

The realization corresponding to 0 has state space X* /0, with determin-
istic update induced by concatenation and readout kernel induced from

Tf.
4. The syntactic predictive-state realization is the minimal exact measur-
able realization:
Np =X~
and every reachable exact realization of f is an intermediate measurable
quotient of free history.

Proof. Since X is countable discrete, X * is countable discrete. If (Q, qo, ag, k)
is reachable, then its reachability map ag : X* — @) is surjective, so the
underlying set of () is countable. Every countable standard Borel space is
Borel-isomorphic to a countable discrete measurable space. Hence both @)
and X, lie in the countable discrete fragment of Stochge;. The classification
statement is therefore exactly Corollary 4.6, and the minimality statement
is Proposition 3.8 specialized to this situation. O

Theorem C.1 says that, for discrete token alphabets, every exact stochas-
tic sequence behavior has a minimal countable predictive state space, re-
gardless of whether one chooses to embed that state in a continuous ambient
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memory object. Equivalently, every reachable exact realization in Stoch may
be viewed as a countable-state probabilistic predictive automaton with de-
terministic transition and Markov-kernel emission law. The continuous ge-
ometry of a model may still be essential for obtaining a natural update law,
but the exact reachable predictive quotient itself is countable.

Corollary C.2 (Predictive sufficient statistics in Stoch). Let ¢ : X* — @Q be
a surjective measurable map into a standard Borel space (). The following
are equivalent.

1. The map q is the reachability map of a reachable exact realization of f
in Stoch.

2. There exist a measurable right X*-action ag : Q ® X* = @Q and a
measurable morphism m : QQ — Q such that g : (X*, p) = (Q, aq) is an
action morphism and ry = m o q.

3. Whenever q(w) = q(w’), one has

re(w) =rp(w’) and q(wzx) = q(w'z) for every z € X.

If Q) is concretely realized as a space of causal kernels X¥ — Y then these
conditions say exactly that q is a measurable sufficient statistic of the finite
history for the full future output law, together with a deterministic measurable
update induced by appending one more input symbol.

Proof. Since ¢ is a surjective map out of the countable space X*, the space )
is countable standard Borel and therefore discrete. The equivalence of (1) and
(2) is Proposition 5.4, because in the countable discrete fragment surjective
measurable maps are exactly regular epimorphisms and the forgetful functor
from actions creates them. Assume (2). If ¢(w) = ¢(w’), then rp(w) =
m(g(w)) = m(g(w’)) = rp(w’). Writing

ug = age(idg®i): QX —Q,
the action-morphism property gives
q(wr) = ug(q(w). ) = uq(q(w'), z) = q(w'z)

for every x € X. Hence (3) holds.
Conversely, assume (3). By induction on v € X*, the one-step stability
in (3) implies
g(w) = q(w') = q(wv) = q(w'v).
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Therefore

ag(q(w),v) == q(wv)
is a well-defined right X*-action on @, and ¢ : (X*, 1) = (@, ag) is an action
morphism by construction. Likewise, the first clause in (3) makes

m(g(w)) == ry(w)

well defined. Since () is countable discrete, both ag and m are measurable,
and 7y = mo¢. Thus (2) holds. O

Corollary C.2 identifies ¥ as the terminal exact predictive sufficient
statistic of the history among those admitting a deterministic measurable up-
date. Equivalently, exact realizations in Stoch are precisely those deterministic-
state stochastic systems whose state is a measurable quotient of free history
by a right congruence that preserves the full predictive kernel.

C.2 Additive and affine memory in measure-theoretic
form

The abstract additive and affine criteria of Section 6 become concrete quotient-
and-factorization statements for measurable history statistics. Because the
monoidal unit in Stochg is the one-point space, the lifting hypothesis used
in Theorems 6.3 and 6.5 is automatic.

Theorem C.3 (Exact additive criterion in Stoch). The following are equiv-
alent.

1. f is exactly realizable in AddAct x(Stochyey).
2. Ef € AddACtx(SfOChdet).

3. There exist a commutative monoid object (A, +,0) in Stochqe, a mea-
surable feature map ¢ : X — A, a regular epimorphism of actions

p:(Aay) — (Xf as).
Under these equivalent conditions, there also exist an initial point ag : I — A,
and a measurable action morphism m : (A, as) — (2, aq) such that

TF=MO0hay  Tpa(€) = 0, Opag(WE) = g0 (W) + B().

In particular, if 04q,(W) = 04a(W'), then the future predictive kernels after
w and w' are identical. Thus exact linear-attention-type realizability in Stoch
15 equivalent to the predictive state being a measurable quotient of an additive
memory action; in that case the full predictive kernel factors through an
initialized additive statistic of the history.
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Proof. This is Theorem 6.3 specialized to C = Stoch, together with the ob-
servation that the singleton object I lifts along every surjective Borel map.
The final implication is immediate from the factorization ry = moog,,. O

Theorem C.3 makes the exact restriction of additive memory completely
explicit: no predictive distinction may survive beyond what is encoded by the
accumulated commutative statistic. Hence additive exactness forces order
information to disappear unless it is first encoded into the chosen feature
map.

Theorem C.4 (Exact affine criterion in Stoch). Assume that the affine-
endomorphism package of Section 6 has been chosen in Stochge, for an inter-
nal semiring R. Then the following are equivalent.

1. f is exactly realizable in AffActx p(Stochget).
2. Ef € AffACtxyR(SfOChdet).

3. There exist an internal R-module object M, an affine X-update ) :
X — Affr(M), a regular epimorphism of actionsp : (M, ay) — (¢, as,).

Under these equivalent conditions, there also exist an initial point mg : I —
M, and a measurable action morphism m : (M, ay) — (2, aq) such that

Ty =10 Sypmg, Sip,mo (5) = My, Syp,mo (’LU:L") = Uy (81/177710 (’LU), 33)

Thus exact SSM/Mamba-type realizability in Stoch is equivalent to the pre-
dictive state being a measurable quotient of an affine recursion state; in that
case the full predictive kernel factors through an initialized affine statistic.

Proof. This is Theorem 6.5 specialized to C = Stoch, again using that the
singleton object I lifts along surjective Borel maps. O

In concrete subclasses of standard Borel R-modules where the chosen
affine-endomorphism package is presented by a standard Borel parameter
space of pairs (A4, b) with measurable evaluation, one may write this package
in the familiar form Affgr(M) = Endgr(M) x M and an affine update as
(x) = (Ag, by). In such cases the recursion reads

Sp.me (€) = M, Sypmo(WT) = Ay (swmo (w)) + by.

No such closed-form measurable presentation is needed for Theorem C.4; in
particular, the theorem does not assert that every standard Borel R-module
admits one. It is only relative to the chosen affine-endomorphism package in
Stochget.
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Corollary C.5 (Continuous ambient memories have countable reachable
image). Under the discrete-history hypothesis, every exact additive or affine
realization of f in Stoch has countable reachable subset inside its ambient
memory object. More precisely, 04q,(X*) C A and Sy, (X*) € M are
countable, and ¥y is a countable measurable quotient of either reachable sub-
set whenever the corresponding exact realization exists.

Proof. Both reachable subsets are images of the countable set X*. The quo-
tient statement is Proposition 5.4 applied to the factorizations ry = mooy g,
and 7y = 1m0 Sy - O

Corollary C.5 is important conceptually: in exact stochastic sequence
modeling over discrete alphabets, continuous state spaces serve as organizing
geometries for update rules and readout parameterizations, not as sources of
uncountably many exact reachable predictive states.

C.3 MoE, hybrids, and architecture comparison

The routing and hybrid constructions of Section 6 also admit a direct measure-
theoretic reading.

Proposition C.6 (MoE and hybrids in Stoch). Let E be a finite standard
Borel space. For every deterministic state action (Q,aq), gate kernel g :
Q®RX — E, and expert family k : EQRQ® X — Y, the induced MoFE readout
15 the ordinary mixture

kaei(dy | q.2) = gle | ¢, ) k(dy | e, q, 7).
ecelr
Hence routing changes only the readout kernel and leaves the hidden-state
action unchanged. Consequently:

1. exact MoE realizability of f over a backbone geometry G is equivalent
to Ef €qg;

2. exact hybrid realizability in the product/image closure (Gi, G2)prod,img 1S
equivalent to Xy € (G1, G2)prod,img;

3. under the discrete-history hypothesis, every exact MoE or hybrid re-
alization may be chosen with countable standard Borel backbone state
space.

Proof. The mixture formula is exactly Proposition 6.6 specialized to Stoch.
The geometric criteria are Theorem 5.3 and Proposition 6.8. The countability
statement follows from Theorem C.1. (]
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Proposition C.6 shows that the abstract architectural comparison devel-
oped in the main text becomes completely concrete for Markov kernels: one
compares models by asking which measurable quotients of the countable his-
tory object they can represent exactly. MoE modifies only stochastic readout
on top of a chosen measurable backbone, while hybrid architectures corre-
spond to measurable product combinations followed by exact quotienting of
redundant joint state.

Corollary C.7 (Major consequences for stochastic sequence modeling). In
the Markov-kernel setting with discrete token alphabet X, the general frame-
work of this paper yields the following concrete consequences.

1. Every exact stochastic sequence behavior admits a minimal exact pre-
dictwe state space Xy, and this state space is countable.

2. Exact memory compression is equivalent to measurable predictive suf-
ficiency of a history statistic ¢ : X* — @) whose fibers are stable under
one-step extension, equivalently to such a statistic carrying a determin-
istic measurable update.

3. Ezact linear-attention-type models are exactly those whose predictive
state is a measurable quotient of an additive memory action, and exact
SSM/Mamba-type models are exactly those whose predictive state is a
measurable quotient of an affine recursion state. In each case, the full
predictive kernel factors through the corresponding initialized statistic.

4. MokFE is orthogonal to memory geometry, and hybrid exactness is gov-
erned by product/image closure of measurable state geometries.

Therefore, in Stoch, architecture comparison reduces to the measurable rep-
resentability problem for the countable predictive quotient 3.

Proof. Combine Theorem C.1, Corollary C.2, Theorems C.3 and C.4, and
Proposition C.6. O

Remark C.8. The discrete-history hypothesis is used only to ensure that all
reachable exact quotients of free history remain standard Borel automatically.
If one works with a non-discrete standard Borel input space X, the same
formulas remain valid whenever the relevant measurable images and quotients
of X* exist in the chosen measurable subcategory.
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D Architectural and Conceptual Implications

We now extract the architectural meaning of the theory. The preceding
sections imply that the right primitive object is not an architecture label,
but the syntactic predictive-state object ¥; = Im(r). The discussion below
makes this precise.

D.1 What is actually being compressed?

The exact realization theorem shows that every exact architecture compresses
histories only through their predictive content.

Proposition D.1. Let ¢ : X* — @ be the reachability map of an exact
realization of f. Then there exists a unique reqular epimorphism g : QQ — X
such that ey = g o q. In particular, q(w) = q(w'") = r(w) = rp(w').

Proof. This is exactly Corollary 4.5 specialized to the reachability map of
the realization. O

Proposition D.1 has a simple interpretation:

an exact model does not compress the past as a raw token se-
quence; it compresses the past only up to future predictive equiv-
alence.

The free-history realization stores the entire past, the syntactic realization
stores only the irreducible predictive content, and all other exact models lie
between these two extremes.

Thus the phrase “memory compression” should be read literally as history ~~
predictive state, not as history ~~ arbitrary latent code. The latent code is
exact only insofar as it refines the syntactic predictive quotient.

D.2 Why MokE is orthogonal to backbone choice

The above examples already suggest that routing and memory are orthogonal
design axes. This becomes immediate from the categorical definitions.

Proposition D.2. Let G be any memory geometry, let Q € G, and let ag :
QRX* — Q be its deterministic state action. For every gate g : QR X — E
and every expert family k : E ® Q ® X — Y, the MoFE readout kyop =
ko(g®idgsx)oAgex produces a state-deterministic stochastic Mealy object
with the same state action (Q, aq). Hence routing modifies readout semantics
but does not change the underlying backbone geometry.
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Proof. The hidden-state action remains ag. Only the readout channel is
replaced. O

If each expert has its own state geometry, then the combined backbone is
their product, as in Proposition B.6. Again, the role of routing is to combine
or select outputs, not to create a new primitive memory type.

This explains why MoE can be superimposed on Transformer blocks,
SSM blocks, linear-attention blocks, or hybrids of these: it is not a competing
memory geometry, but a constructor acting on the readout side of an existing
geometry.

D.3 Design principles for hybrid architectures

The examples above suggest a practical reading of the theory. A hybrid archi-
tecture should be introduced precisely when the predictive state decomposes
into several qualitatively different components.

Proposition D.3. Suppose there exist exact history statistics q; : X* — @Q;

for i = 1,... k such that each Q; belongs to a memory geometry G;, and
re=mo{q,...,qk) for some morphism m : Q1 X --- x Q — Q. Then f is
exactly realizable in the product/image closure of the geometries Gy, . .., G.

Proof. Let vy :={(q1,...,qx) : X* = Q1 X---XQy and factor it in Act x-(Cqet)
as X* 5 Qum 5 Q1 X --- X Qy, where e is a regular epimorphism and j is
monic. Since each @); belongs to G;, the product @ x --- X @y lies in the
product/image closure of the G;, and by image-closure so does );,,. Because
ry =mo~y =mojoe, Proposition 5.4 shows that e is an exact quotient of
free history. Therefore the induced realization on @i, is exact and belongs
to the product /image closure of the G;. O

Proposition D.3 leads to four concrete design principles.

e Use free-history components for order-sensitive residuals. If
the residual map remains close to injective on long prefixes, then ex-
plicit history storage or history-like attention is unavoidable.

e Use additive components for permutation-invariant accumu-
lation. If predictive behavior depends only on commutative sufficient
statistics, then linear-attention-style additive memory is the correct
exact geometry.

41



067

e Use affine components for driven dynamical summaries. If pre-
dictive behavior evolves by low-dimensional controlled linear dynamics,
then SSM/Mamba-style affine states are the natural exact representa-
tion.

e Use products when these mechanisms coexist. If distinct predic-
tive factors coexist, the correct abstraction is not a single compromise
geometry but a product followed by exact quotienting.

The hybrid example of Section B is the simplest manifestation of this
principle: the parity factor is additive, the discounted-sum factor is affine,
and the gate only decides which factor is read at each step.

D.4 TImplications for long-context and efficient inference

The exact theory identifies long-context difficulty with the growth of exact
predictive memory, not with raw sequence length by itself. If the syntactic
predictive-state object X is representable inside an additive or affine ge-
ometry by a context-independent state presentation, then inference memory
can remain independent of context length. This is the semantic reason why
linear-attention-style and SSM-style backbones can support long contexts
when the predictive quotient is genuinely compressible. Conversely, if exact
predictive distinctions continue to accumulate with longer histories, then no
bounded exact recurrent state can suffice. In that regime one must either
retain explicit history, as in free-history or attention-like memories, or use
a hybrid architecture that isolates the compressible and non-compressible
parts of the predictive state. Thus the semantic question behind efficient
long-context inference is:

Does free history admit an exact predictive quotient that is rep-
resentable in the geometry of interest?

If yes, compressed-state architectures are appropriate; if not, explicit history
or hybrid memory becomes unavoidable. The theory suggests the following
architecture-level dichotomy: behaviors with small syntactic predictive state
favor compressed recurrent geometries, whereas behaviors whose predictive
state grows with context length favor attention-like or hybrid geometries.
What matters is not the nominal context window, but the exact predictive
quotient that the task induces.

42





