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Abstract

This note presents a proper poset to force a strong chain of length ws, an original result by Aspero and
Rodriguez. We borrow some of their key ideas.

Introduction

Let (fo | @ < w3) be a sequence of functions from w; into 2. We call it a strong chain of length ws,
if for each o < 8 < ws, we have {J < wy | fo(d) = 1, fg(0) = 0} is finite, {§ < w1 | fa(d) =0, f3(d) = 1}
is cofinal in w;. Let us denote SC(w1,ws), if there exists a strong chain of length ws. By [AR], SC(w1,ws)
is consistent. We present our proper poset. Due to space limitations, we only mention relevant lemmas
(comparison and descend), (merge), and (amalgamation) that are specific to the side conditions of two-type.
The second lemma is almost verbatim to [M]. Accordingly, we provide some detail on the first and third
lemmas. No higher version of properness nor the ws-cc are discussed, as they are identical to the case of
properness.

Preliminary
Notation. (GCH) Let X, Y, Z be sets. Since we take intersections quite often, we use abbreviations.
XY =XnY, XYZ:=XNnYNZ
Similarly for more sets. Let us write H,, to mean
H,, = {x | the transitive closure of z is of a size strictly less than ws}.

Now a transitive relational structure (H,,,€,---) is fixed, where let the dots --- represent your favorite
predicates. For example, a bijection ® : w3 — H,,, as, say, a binary relation s.t. for any elementary
substructures (X,€,---) and (Y, €,---) of (Hy,, €,---), we have the set of images ®[w3X] = X and the
intersection XY induces an elementary substructure of (H,,, €, ). Let us write C,, and C,,, to mean

Cuo = {5 € [Hy,]*° | S induces an elementary substructure of (Hy,, €, )},

Cuwy = {L € [H,,]** | LY C L, L induces an elementary substructure of (H,, €, )}

Hence, w1 S = w1 NS <w; and weL = we N L < wy. We are usually sloppy in distingushing the base set of a
structure and the structure itself.

Let X,Y € Cy,. Write X <, Y, iff w1 X <wiY. Write X =, YV, if vy X =w Y.
Let I,J € C,,. Write I <, J, if wol < wqJ. Write I =, J, if wal = wqJ.

For any finite S C C,,, and A C wq, write
w | Si={wnX | X eS8}, S|lA={XeS|wXeA}
For any finite £ C C,,, and B C wa, write
wo | L:={wel | T €L}, L|B:={I€cL]|wle€B}
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Let X € Cy, and I € C,,, with I € X. Let us assume that a filtration (I5 | § < wi) of I belongs to X.
Hence the intersection X1 satisfies
XI=1,x.

Thus, when we take X1, we deal with the w; X-th member of the filtration of I.

In typical situations, X € C,,, has an associated tx € H,, that consists of relevant collapses, i.e., types
of countable nature. For example, the transitive collapse

(X,€,a,w3 X, XT,w3XI)

of a countable structure (X, €,a,wsX, XT,w3XT), where a specific constant @ € X and I € X NC,,, is a
member of tx and tx may contain other types of collapses. If X <, S, we demand tx € .S. This is going to
be a typical “fast function” to get an accurate S*-copy X’ of X, where S = H,,5* and P € S*, in showing
a relevant condition ¢ € P is (P, S*)-generic.

Lemma. Let XY, X' Y’ € C,,. Let gx : X — X' and gy : ¥ — Y’ be isomorphisms. Let the
pointwise images satisfy gx|[wsXY] = gy [ws XY] = w3 X'Y’. Then not only gx [w3XY = gy [w3 XY as maps
but

(extended) gx [ XY = gy [XY and gx[XY] = gy [XY] = X'Y".
In particular, the two intersections XY and X’Y” are isomorphic members of C,,.

Proof. By the bijection ® : w3 — H,,, that is present in the relational structure H.,,,.
Bubbly Path
Here is the main concept due to Aspero and Rodriguez.

Definition. (Aspero and Rodriguez, modified a bit) Let X be a finite subset of C,,. Let n < w and

6 < wy. We write

0°*

YoBov1 -+ Ve BrYk+1 - Y Bnn+1
and call it a bubbly path (that connects g < yp41) on § in X, if
e {By,--+,By,---,B,} C X.
e wi By, -, w1 By, -, w1 B, <.

e {70 <7} CBo - {v <Y1} C Bryo o {0 < Ynt1} C Ba.

Proposition. (tight bubbly path) Let aXgy; X1 ---7,X,8 be a bubbly path on §. Then it can be
replaced by a bubbly path aX; v'X;, ---7v"X;, B ond s.t. {Xi,, Xi,, -+ X, } is of the size 1 + m and is a
subset of {Xg, X1, -+, Xp}.

The Poset

We consider symmetric systems where C,,, with =, is exactly the same as the usual C,,, with =,,,.

Definition. Let £ € [C.,|<¥. We call £ is a symmetric system w.r.t. Cy,, if
(iso) If I, J € £ with I =,,, J, meaning wal = woJ, then there exists a unique isomorphism
¢I,J : (I,E,-'-) — (J7€’...)

s.t. ¢rg(x) =z forall z € IJ.
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(up) If I3, Iy € £ with I3 <, I, then there exists I1 € L s.t. I3 € Iy =, Is.
(dOWIl) If I3, 0,1, € L with I3 € Iy =ws I, then ¢]17[2(I3) eL.

Let £ be a symmetric system w.r.t. C,,. Let I € £ and § be an immediate predecessor of wsl in
wo | L={wsL | L € L}. Let us write

Lh={J€Ll|wy] =5}

Hence £ denotes the set of immediately €-below elements of I in £. We extend £! = ), when w»1 is the
least member of wy | £. We do not assume but may image £ is either ), a singleton set, or a two-element
set aiming at an (wq, 1)-morass, though it takes more work. If I; =, Iy in £, then ¢y, r,[L11] = L2

Definition. Let £ be a symmetric system w.r.t. C,, and S € [Cy,]<¥. We say (L, S) is a two-type, if
there exists (ST | I € L) s.t.
suspend) ST = {X € § | £ € X € I} that is €-linear.
iso) If I1, I € £ with I =, I, then ¢r, 1,[ST1] = S'2.
sorted) S = J{ST | I € L}.
intersection) If I € £, X € S', and L € £, then XL € S.

~ o~ o~ o~

Hence, given I € L, since | I | = wy, we are going to climb up within I NC,,, to cover the whole I. Note
that in (sorted), it might happen STS” # () with I # J.

Here is our proposed poset to force SC(wy,ws).
Definition. Let p = (£,,S,, &y, fp) € P, if
(two-type) (L, Sp) is a two-type.

(fast fun) &, C S, s.t. for each X € X&), associated is some tx € H,,, where, say,

tx ={(X,g,--),(X,€,2),(X,e,XI) | [ €C,, X,z € X}
and for any X,Y € &, with X <, Y, we demand tx € Y.

(bubble) f, : ap x (w1 | &) — 2 with a, € [w3]<¥ s.t. for any § € wy | &}, and {a < B} C a, that
happen to be connected by a bubbly path on ¢ in &}, we demand

fp(()‘»(s) < fp(ﬁ,5).

For p,q e P,let ¢ <pin P, if
(asusual) Lg D Ly, Sq 2 Sp, Xy 2 &y, and fy D fp.

(1-0 frozen) For any {a < B} C a, (old horizontal coordinates) and § € (wq | &) \ (w1 | &) (new
vertical coordinate), we demand

fqla,8) < f4(,9).

Claim. (GCH) Force with P, then the cofinalities and so cardinalities are all preserved and we get
S C(wl 5 (.L)B).
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Comparison and Descend

Let ¢ € P. We may assume S € X,, where S := S*H,,,, S* is a countable elementary substructure,
containing relevant constants, of Hyp, and 6 is a sufficiently large regular cardinal as usual.

Lemma. (X descends as Y indicated) Let X,Y € S,. Let Ix,Jy € L, st. Ix =4, Jy, X € S’éx,
Jo € Egy’ and Y € Jy. Let Iy = ¢Jy7[X (Jo) Then Iy € Eéx, Ip € X, and XY = (XIQ)Y

Proof. Let a € XY . Sincea € X € Iy anda €Y € Jy € Jy, we have a € IxJy. Hence a = ¢r, 4, (a).
Since a = ¢1,, 4, (a) € Jo, we have a € ¢, 1, (Jo) = Io.

m
Lemma. (length ws in business) Let I,J € £, with I =, J. Let X € §].
(initial) wslJ is an initial segment of both w3l and ws.J.
(cross)
XJ=¢r (X)) =Xors(X).
In particular,
w3XJ = w3, 1 (X)I = ¢, s[wsX]] = w3 Xor 1(X) = ws Xy sws X].
(initial) w3 X J = (w3X)(ws¢r,s(X)) is an initial segment of both w3 X and ws¢; ;(X).
0
Corollary. (XY-initial) Let I,J € £, with I =, J, X € S, and Y € §] with X <, V. Then
(tame) ws XY = w3 XJ and so ws XY is an intial segment of both wsX and wsdr j(X).
(tame) If X <, YV, then wsXY €Y andso XY €Y.
0

Lemma. (comparison and descend) Let X, Y € S;, X <, Y, Ix,Jy € L4, X € S;X, and Y € SqJY.

Depending on how we X and woY alternate above before they begin to have common elements in ws | £,, we
have 4 cases, i.e., either (no decsend), (X-alone descend), (Y-alone descend), or (mutually descend) applies.
1. (no descend) Ix =, Jy.
(tame) w3 XY is an initial segment of w3 X.
(tame) If X <, Y, then w3 XY €Y and so XY €Y.
2. (X-alone descend) There exists a set {I1,I} C Lys.t. XI =XI;, [y € X, I =1 or I €.
((XT)(Y)-initial) I =, Jy, XI € 8, and XY = (XT)(Y).
(tame) w3 XY is an initial segment of w3 X 1.
(tame) If X <, Y, then w3 XY €Y and so XY €Y.
3. (Y-alone descend) There exists a set {J1,J} C Ly st. YI=Y J;, J1 €Y, J=J or J € Ji.
(X)(Y J)-initial) Ix =, J, YJ €S/, and XY = (X)(Y J).
(tame) w3 XY is an initial segment of w3 X.
(tame) If X <, Y, then w3 XY € Y.J and so XY € Y J.
4. (mutually descend) There exists a set {I1, 1, J1,J} C L4 s.t.
(X-descend) XI = XTI, 1 e X, I=L orI €.
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Y-decsend) YJ =Y, 1 €Y, J=J or J € Jy.
(XI)(Y J)-initial) I =, J, XI € SL,YJ € 8/, and XY = (XI)(YJ).
tame) w3 XY is an initial segment of w3 X 1.

tame) If X <, Y, then w3 XY € Y.J and so XY € Y J.

o~ o~ o~ o~

Merge

We continue to very out-line that P is proper. Let ¢ € P with S € &}, where S and S* as before.

Lemma. (merge: the finite union M of elementary substructures below S) Let 1 < n < w. Let
ai,ag,---,an, € Hy, \ S be any n-many constants and ty,ts,---,¢, € S be any another n-many constants.
Let

Hy = “¢(ar,az,---,an,q,S,t1,ta,- -, tn, P)”,

where let ¢ be any €-formula. Then there exist a},ab,---,al, € S,¢ € SP,and S’ € Xy s.t.

(S*-copying ') Hy = “d(a),ab, -+, al,,q, S  t1,ta, -, tn, P)".
(S*-copying ') In particular, X; = {S, X,Y,---, Z} have their S*-copies Xy = {S', X", Y',---, Z'} s.t.
(visible) For each X <, S, XS =X'8"=XX"€ 558 =9".
(iso) For each X <, S, there exists a unique isomorphism gx : (X, €, --) — (X', €,-).
(pin) For each X <, S, gx[XS] = X'S" and so gx [X X' =idxx-.
(cohere-mutually) For X,Y € X, with X,Y <., S, gx[XY] =gy [XY] = X'Y".
(cohere-constants) If 1 <i <n and a; € X € &, with X <, S, then gx(a;) = a.
(merge below S) Let

M= {X | X € X, X <., S},

M= X' | X' € Xy, X' <o, §',

g:= U{gX | X € X3, X <., S}

Then the glued g : M — M’ is a bijection s.t. g is locally an isomorphism, i.e., for any X € X, with
—X <UJ1 S7
g X =gx:(X,g,-) — (X', g,--).

Claim. ¢ is (P, S*)-generic.
Proof. (very out-line) Let D € S* be predense in P. We assume g < d € D for some d. It suffices to
show that ¢ and its S*-copy ¢’ are compatible in P. Let us set (£,S, X, f) as follows:

(two-type) (L£,S) is a two-types.t. LD Ly, Ly, wa | L= (wa | Ly)U(wa |Ly) and S O Sy, Sy The con-
struction of (£, S) is routine, though requires exact descriptions. This dealt in lemma (amalgamation)
below.

(fast fun) X = X, U X,;. Thus just take the union to form X.

We are left with constructing f s.t. f D fy, for- Let ay denote the S*-copy of a,. We have a,S = ayS’.
Introduce the constants aa, ap, ac, oy p, and ayc as follows:

aq:(aqS)U(aq\S):{"‘:OlAa‘"}U{"'ya();"'}:{"':CVA|C;"'}7

5
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ag = (agS") U (ag \ S') = {---,aa,--JU{ - ap(=ag),---} = {---,aup, -}

Two finite sets w1 | X, and wy | Xy are located like common HEAD + Tail’ + Tail in wy vertically, i.e., a
A-system. Introduce the constants 0y in the HEAD, the constants ¢ in Tail, and its ’ , i.e., &' in Tail ' as
follows:

w1 | Xy =HEAD +Tail ={---,0p, -} U{w1S,---,0,---},

w | Xy = HEAD +Tail ' = {6, -} U{wr S8, /1,
{"',6H,"'}<{Wlsl,"'/,(s/,"'/}<{w1S,"‘,6,"‘}<W1.

At this moment, we have a rectangle divided into 9-parts.
[(agS)x (HEAD+Tail '+Tail)|U[(ag \S") x (HEAD+Tail ' +Tail)|U[(a,\S) x (HEAD+Tail '+ Tail)].

(Hea ) fq(aAv 6H) = fq’ (aAa 5H)
(Head) fy(ac,dn) = fo(ag:0n)-

(Tail-Tail ) fy(ca,d) = fo(aa,d).

(Tail-Tail ') fo(ac,d) = fo (ag,d").

We need to set values of f on this rectangle. Hence, it suffices to define the following:

(Tail: ap) f(ap,d) = 1iff there exists aqc < ap s.t.
fa(aaic,6) = 1,a4c and ap get connected by a bubbly path on § in &j.
(Tail - ac¢) flac,d’) =1iff f(ap,d) =1

Note in (Tail: agp), we know {S', X" Y’ ..., Z'} = X € S € X,. Hence for example, X’ can be
replaced by S in the bubbles on 4.

We must argue that (£,S, X, f) € P. In particular, f must satisfy (bubble) dealing with X'. However,
we claim that it is almost verbatim as in [M].

Amalgamation

Lemma. (amalgamation: characterization of £) There exists the C-least L s.t.
e (sym) L is a symmetric system w.r.t. Cy,.
e (projection to wao) wa | L = (w2 | L) U (wa|Ly).
e (extension) Ly, Ly C L.

Lemma. (amalgamation: characterization of S relative to £) Fix £ as above. Then there exists the
C-least S s.t.

e (two-type) (£,S) is a two-type.
e (extension) Sy, S, C S.
We call (£,S) as above the S*-amalgamation of (£,,S,) and its S*-copy (L4, Sy )-
S*-path

6
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A summary of proof follows: We assume | (w2 | £4)S | > 2 and denote

(Wa | £g)S = {00 > -+ >0 > > 6}

Thus
(wo |Ly)S={00=0(>>68,=0,>>08,=0,}=(wa|Ly)S".
Fix any
—[07—[17"'7Ik7—[k+17"'7—[n7[n+17
L07"'7Lk7"'7Ln(nO Ln+1)
such that

Iye Ly, SeSk, Lye Ll C (Ly]{0})S, and so o = wLo.
I € Ly, IS € Skk, Ly, € LI € (L4 [{0k})S, and s0 6 = wy L.

Iy € Eq(Lk U {Lk}) and LS = Ik+1S € S;kJrl.

If k <n, then Lyyy € Lo C (Ly|{0ks1})S.
If k = n, then Loy, 1, e, Lo = Ll = 0.
We call it an (partial) S*-path.

Guided by the S*-path, we construct a two-type (£, S) which shall be our S*-amalgamation of (L4, S,)
and (Ly, Sy ), i.e., they are independent of S*-path chosen. Some assumptions on ¢ and its S*-copy ¢*:

° {(50} < (50,W2) |£q/ < ((50,W2) | Eq < {wg}.
(60, wa) | Lgr, <) ~ ((d0,w2) | Lq, < ).

Sh§ =895 and £l = L.

q

{0kt1} < (Oks1,0k) | Ly < (Oht1,0%) | L4 < {0k}
((Ok41,08) [ Lgrs <) ~ ((Op41,00) | L4, < ).

T I, I I,
S S = Sq,’““S’ and L = Eq’f“.

{0} < (0,60,) | Lgr < (0,6,) | Lg < {0n}.
((0,80) | Lo, <) ~ ((0,8,) | L4, < ).

Inta It qo Inta Iy
SIS =8, 8 and LT = LT = 0.

There is a chance that we need more.
Construction

Construction of £ and 8”7 for J € L classified into (SKY), (MID), and (GRD) as follows:
e (SKY) L|[d0,wa) with L] [do,w2) and Ly | [do,w2).
o (SKY) 87 for J € L| (8o, wn) with (SF | L € Ly |(d0,w2)) and (SE' | L' € Ly | (0, w2))-
o (MID) L{[641,0k) with Lq |[0k+41,0x) and Lo | [0k+41, k).
e (MID) 87 for J € L] (641, 0x] with (SF | L € Lq| (0k41,0k]) and <SqL,, | L' € Lq | (6541, 0k]).
e (GRD) L|10,6,) with £,[0,6,) and Ly |[0,,,).

7
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e (GRD) 87 for J € L](0,6,] with (SI | L € £,1](0,6,]) and <SqL,/ | L' € Lq|(0,6,]).
Since (SKY), (MID), and (GRD) are identical, we concentrate on (MID), omitting (SKY) and (GRD).

Claim 1. (induction hypothesis, (8) is a bit sloppy)
(1) (sym) L|[0g,w2) is a symmetric system w.r.t. C,,.
(2) (projection o ws) {ws] | J € £ [§sw2)} = (8, wa) | L£g1) U (54, 02) | L)
(3) (extend L,) Ly [0k, w2) C L] [0k, w2).
(4) (extend L) Ly | [0k, w2) C L] [0k, w2).
(5) (iso) For I,.J € L|(8k,wa) with I =, J, we have ¢; ;[ST] = S.
(6) (extend S;) For L € Ly | (6, w2), we have S C{S” | J € L] (b}, w2)}.
(7) (extend Sy) For L' € Ly | (g, w2), we have 85 CU{S? | J € L] (0k,w)}.
(8) (intersection) Assume that S;, Sy C S := J{S’ | J € L} and that for any I, J € £ with I =, J, we
have ¢; ;[S] € S. Then the S”’s constructed so far satisfy (intersection).
(MID)
Let k < n and suppose we have L | [0}, ws) and (S7 | J € L] (6, w2)) s.t. (1) through (8) in claim 1
with k hold. We construct £ | [0x+1,0x) and (S7 | J € L] (041, 0k])-
CASE N. I, € Ly:
e (MID 0) For J € L] {6}, let 87 := ¢, s[SF*].
e (MID 1) Let £ | [walg1,0k) :=U{brs,s[(LeLlr) | [wolk+1,0k)] | J € L|{0k}}
Let J € L|[wolgyt1, k).
Case 1. I;41 <4, J <u, Li: Pick any L € L,L, with L =, J and let ST = ¢L7J[8§/].

Case 2. J =, Ipi1: Let 87 := quHhJ[SqL,k U (SP+ \ 9)].

(] (MID 2) Let E‘ [5k+1,w2]k+1) = U {¢1k+17j|:(£q/Lk) | [5194—1751@)] | Jer | {w21k+1}}.
Let Je £ ‘ (5k+1,w21k+1).
Case 1. [ | <u, J <w, Ir41: Pick any L' € Ly Ly, with L' =, J and let

ST = ¢ g [SE U{L/X | X € Sl )\ S}
Case 2. [} | =, J: Let

Iy .
8T i=¢p  J[S;T UL X | X € S\ S

k+1°

= b1 SIS U(SIH\ S U{I, X | X €8I\ S)).

’
k+1°

CASE D. L, = Ik+12 Let E‘ [6k+175k) =L | {5k+1} = U{¢Lk7J[£§k] | JeL | {5k}}
For J € L|{dx}, let

87 = Gu,a[S5F US) = 61, [(S]*S) U (S5 \ S U (8] \ S)].

8
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Claim 2. Let £|[0k41,w2) == L] [0k+1,0k) U L| [0k, w2) and let (S7 | J € L|(0k41,w2)) :=

L|(Ok+1,0x]) U(S7 | J € L] (dk,w2))-

(87 1Je

(1) (sym) L|[0g41,ws2) is a symmetric system w.r.t. C,,.

(2) (projection to wy) {waJ | J € L [6pt1,w2)} = ([0h41,w2) | Lgr) U ([0k41,w2) | Lg).

(3) (extend L ) Eq | [5}€+1,WQ) Q [,‘ [5k+1,LL)2).

(4) (extend E ) q | [5k+1,w2) C £| [5}@_,.1,&)2).

(5) (iso) For I,J € L|(8g+1,ws) with I =, J, we have ¢; ;[ST] = S”.

(6) (extend S;) For L € Ly ] (0p41,w2), we have SF C {87 | J € L|(0p41,w2)}-

(7) (extend Sy) For L' € Ly | (841, w2), we have SE' C U{S” | J € L] (Spr1,w2)}-

(8) (intersection) Assume that S;, S, C S :=J{S7 | J € £} and that for any I,J € £ with I =, J, we

have ¢;,7[S] C 8. Then the S7’s constructed so far satisfy (intersection).
Proof. We just treat case N (normal) and leave case D (degenerate).

CASE N:

(1), (2): Tt is basic that £ |[walki1,w2) is a symmetric system w.r.t. Cy,. Sois L|[0x+1,w2). We have

{wod | J € L][0p41,0k)} = ([0k+1,0%) [ L) U ([0r41,0%) | Lqg)-

Thus
{wad | J € L] [0kg1,w2)} = ([0rr1,w2) [ L) U ([0rr1,w2) | Ly)-

(3), (4): Because Lo = Eé'f“ C (Ly'Ly) | [0k+1,0k), we have

(LqLi) | [Ok+1,6k) = (LqLi) | [w2lpt1,0k) U U {¢1,€+1,L[£é’““] | L € (LqLi) | {walpy1}}

C (LqLn) | [walkr, 0k) U {breir (Lo Li) | [0k41, )] | L € (LqLi) | {waliia}}
C L] [6k+1,0k)-

Also
(Lo L) | [0k+1,0k) € L] [0p41,0k)-

Thus
Ly |0k+1,0k) = U {0 [(LqLi) | [6ks1.0k)] | L € Ly |{0k}}

C UL a [£10k1,00)] | T € L1{0k}} = L] [Bk11, 6)-

Lo |0r11,08) = ({010 [(Lor Lie) [ 0r11,0%)] | L' € Ly [{0x}}

S J{brus [L10ks1.00)] | T € L1{0k}} = L] [0ks1,0%).

Lq|[Orr1,w2) = (Lg | [O41,08)) U (Lq | [0k, w2)) € (L] [0k+1,0k)) U (L] [0k, w2)) = L [0h+1,w2).

Lo | rerw2) = (Lo | Fer. 50)) U (L [ [ w2)) € (£] [Bror. 60)) U (£] [k, w2)) = £] (B, 2).

(5):
Case 0. [ =, J =y, Ly: ¢1.4[S) = ¢r.50¢r,, I[ "l = oL, J[ K =87

9
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Case 1. Ijs1 <uw, [ =, J <w, Li: Let La, L € LoLy with Ly =, L =0, I =o, J. Then
61,718 = 01,70 DL, 0[S = ¢1,5 0 Pra1© GLp,LAlSEP] = brs.s[SEP] =87
Case 2. Iy =y, I =4, J:

G118 = ¢1.0 0 G1, 2 [SEF U(SHHN\ S)] = ry s [Sih U (S \ )] = S7.

Case 3. Lyi1 <uw, I =u, J <w, Ig41: Let L'y, L'y € Loy Ly with Ly =, L'y =, I =,, J. Then
b, €S5S X € Sa\ S and so

Srp 0 [SP U{LLX | X € SIi\ 8] = S UL, X | X € S\ S}

Thus L
$1,.4[8") = pr.50 dr 1[SyH U{LLX | X € SJ++1\ S}

= 1,50 611,10 61,,.1,[Sy” U{LX | X € SP+1\ 8}
= pry, J[SLP U{LEX | X € Sl 8} = 87
(6), (7): For L € Lq|(0k+1,0k], want to show SE C (J{S” | J € L] (81,6}

Case 0. L =y Ly: S(f = QSLk,L[Squ] =St - U{SJ | J e E‘(6k+175k]}~

Case 1. Ik+1 <ws L <ws L Pick J5 € Eq | {5k} - £|{5k} s.t. L e Jy =ws Ly. Let J3 = ¢J21Lk(L) S
L4Ly. Then

SE=¢5,08 =" | {87 | J € L] (Skr1, 5]}
Case 2. L =, Ij41: First

Sl = (ST S) U (S[1\ ) = (S5 8) U (ST \ §) € STk U ST,

q

Let Jy = d)[kJrl)L(I;H_l) S £| (5k+175k)~ Then (b[/

_ /
ki10da T ¢1k+17L’—Ik+l and so

Sy = 11 LS5 C drr (ST U b,y L[S ) = ST USE C | (S | T € L] (0k41,04]}-

For L' € Ly | (6r+1, 0], suffices to show SE C U{S” | J € L/ | (6k+1,0k]}. Pick any L'y € Lq(Ly U
{Ly}) with L' =, L'y. When L'y = Ly, we have

SE = ¢r [SEF] € ¢, 1 [8T+1] = Sy Uki1) LH{S7 | T € L1 (Bky1. 041}
When L'y € Ly, we have

SE =611, 1/[S5*) C br, 0S¥ = SY (ST | T € L] (841, 00]}-

(8): Let I € L|(0k+1,0k), X € ST, and J € £I. We want JX € S.

Case 0. [ =,, L;: ST = ¢Lk7I[Squ] and LT = ¢Lk,I[Lqu]~ Pick Y € Squ and L € Eg’“ st X =
¢r,,1(Y) and J = ¢r, 1(L). We have LY € S; C S. Thus

JX = ¢Lk,I(L)¢Lk,I(Y) = ¢Lk7I(LY) € (]SLk,I[S] cs.

10
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Case 1. Ijy1 <w, I <u, Li: Pick any J1 € Lyl st. Jy =, 1. Let Y € S;{l s.t. ¢, 1(Y) = X. Let
Js € Egl s.t. ¢ 1(J3) = J. We have J3Y € S; C S. Thus

JX =0¢5,1(J3)05,,1(Y) = b4,,1(J3Y) € ¢4, 1[S] C S.

Case 2. I =y, Iyt ST = ¢r,,,1[SEF U (S \ )] and £ = ¢y, 1[LEF]. Let J§ € L+ with
¢1k+17[(']é) =J.

Subcase 1. X = ¢, , 1(Y') with Y € S/*: We have J;Y” € Sp. Thus

JX = ¢Ik+11](‘]§>¢lk+l-,j(y/) = ¢Ik+17](‘]éy/) € ¢1k+11][84/] C ¢1k+1,1[8] cs.

Subcase 2. X = ¢y, ., (V) with Y € Sa1\ St By definition, J4Y € 8. Thus

JX = ¢1k+171(‘]é)¢1k+17[(y) = ¢1k+1;1(‘]§y) € ¢1k+1;1[8(]é] - ¢1k+171[8] cs.

Case 3. I, <w, I <u, Ixy1: Pick J| € LyLyp with Jj =,, I. We have ST = QSJ{J[S‘H] =
gb‘]{_j [SqJ,l, @] {J{Y | Y € S;k+l \S}] and £ = QSJ{J[E:]]’{] Let Jé S E;’{ with ¢J{7[(Jé) =J.

Subcase 1. X = ¢, ;(Y') with Y’ € S;I,{: We have J3Y' € S C S. Thus

JX = ¢y 1(J3)by 1(Y') = by 1 (J3Y') € 11 1[S] C S.

Subcase 2. X = ¢, ((J1Y) with Y € S\ S: We have J4JY = J4Y € 875 C S. Thus
JX = by 1(J3)bs (1Y) = by 1(J3Y) € by 1[S] € S.

Case 4. [ =, I,;: ST = ¢ (8] = ¢p ([SH UL, Y | YV € S+ \ S}] and LT =

k417 k417 q’
I, I . I, I
I[£q§+1] = Cb] ][Equrl]. Let J = (]5[];+1)](J3) with Jé = J3 S qu/wrl = Equrl.

’ /
¢Ik+1’ k+1°

Subcase 1. X =¢p  (Y') with Y’ € Sé,’““: We have J5Y' € S C S. Thus

JX = ¢y

k+1°

](Jé)¢1/

k+1°

1Y) = 1(J3Y') € dpy  1[S]CS.

k+1°

Subcase 2. X = ¢I,’€+1J(Illc+1y) with Y € 8;"* \ S: We have Jsl Y = J3Y €S, CS. Thus

IX =6 1(J8)or, 1Y) =01 1(JsY) € dr ([S]CS.

k412 k41

Suppose we are done with (SKY), (MID), and (GRD).
Claim. Let

L:=(£][0,60)) U (UL 0rs1,00) | k+1<n}) U (L]0, w2)).
S:=|J{s’ 1€}
Then (£,S8) is a two-type s.t.
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(projection to wa) wa | L = (wa | L) U (w2 | Lyr).
(extend) L4, Ly C L.

(extend) Sq, Sy € S.

In particular,

(iso) For any I =, J in £, we have ¢; ;[S] C S.

Proof. We discuss (iso) as follows: Let X € SI. Because S = [J{S”# | J5 € L}, there exists J3 € £
s.t. X € 8. We have J; <., I. Otherwise, I <., J3 and so sup(wsX) € I <,, £73 < sup(wsX). This is
absurd.

Case 1. J3 <ws I: Take Iy € L st. J3 € I =ws I. Let Jy = ¢]1)[(J3). Then ¢JS7J4 = ¢]1)[(J3. Thus
X = ¢11,I(X) S ¢J3,J4[SJ3] = 874 and so ¢],J(X) S S(/)I'J(’]4) cS.

Case 2. J3 =, I: Then X = ¢, 1(X) € ¢4,.1[S”?] = S! and so ¢; ;(X) € ¢1.5[ST] =87 C S.

=
Corollary. There exists the C-least L s.t.
(sym) L is a symmetric system w.r.t. Cy,.
(projection) wo | £ = (wa | Lg) U (w2 | Ly).
(extend) Ly, Ly C L.
O
Corollary. There exists the C-least S C C,, s.t.
(two-type) (L,S) is a two-type.
(extend) Sy, Sy C S.
=
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