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1 Introduction

This note is based on a joint work with Shintarou Yanagida (Nagoya University). See [12] for
more details.

1.1 Zhu algebra of a VOA

The Zhu algebra is a fundamental associative algebra attached to a vertex operator algebra
(VOA), introduced by Yongchang Zhu [14] as a tool for studying its representation theory.
Let V be a VOA with vacuum vector 1, conformal vector L, and state—field correspondence

Y(a,z) = Z z_”_la(n), aecV.
For a,b € V', with a homogencous of conformal weight A(a), define

A
axb:=res |z "(1+ 2)2@Y(q, z)b] dz = Z ( (,a)>a(j_n)b, n e Z>i.

n z=0 >0 i
Let O(V) be the subspace of V spanned by all a x b with n > 2. Then

A(V) = V/OV),

equipped with the product induced by %, is a unital associative algebra [14, Theorem 2.1.1], [2,

Theorem 2.7(c)]. The image of 1 is the identity element of A(V'), and the image of L is central
in A(V).

Zhu’s fundamental theorem gives a bijection between isomorphism classes of simple Z>o-
graded V-modules and simple A(V')-modules [14, Theorem 2.2.2]. Thus A(V) is a basic invariant
of the representation theory of V. It also reflects important properties of V: A(V) is semisimple
if V' is rational, finite-dimensional if V' is Cs-cofinite, and its associated graded algebra is closely
related to the Cy-Poisson algebra R(V'). These features make Zhu algebras a natural starting
point for studying more general variants and applications. See [12, §0.1] and references therein
for details.

1.2 Zhu algebra of a vertex algebra

While the Zhu algebra A(V) is a basic invariant of a VOA, its definition depends essentially
on the conformal grading. Even the twisted Zhu algebra Zhuy (V') introduced by De Sole and
Kac [2] still depends on the choice of a conformal Hamiltonian H. By contrast, Yi-Zhi Huang
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[9] introduced an associative algebra A(V) whose definition extends naturally to an arbitrary
vertex algebra V.
For a,b € V and n € Z>1, define
aeb:=res[e*(e* —1)7"Y (a,2)b] dz.

n z=0

Let 5(V) be the subspace of V' spanned by all @ e b with n > 2. Then

A(V) =V/O(V),
equipped with the product induced by °, is a unital associative algebra. Moreover, if V is a

VOA, then A(V) = A(V). Thus Huang’s construction preserves the essential content of the Zhu
algebra while providing a geometric framework that applies to arbitrary vertex algebras.

1.3 Main result 1: Zhu algebras of superconformal vertex algebras

A key advantage of Huang’s formulation is that it is particularly convenient for explicit calcula-
tions. In particular, the defining relations of Z(V) can be read off directly from the A-brackets
of the vertex algebra. We apply this idea to the standard N = 1,2,3,4 and big N = 4 super-
conformal vertex algebras

VN:l, ‘/ZVZZ7 ‘/ZVZB7 ‘/Z\lel7 VN=47b1g'

These vertex algebras are closely related to affine W-algebras, so their Zhu algebras are expected
to be closely connected with finite 1¥-algebras [2, 5, 6].

Our first main result identifies the Zhu algebras A(V) of these examples in terms of Lie
superalgebras. For VN=1 VN=2"and VN=% the Zhu algebra is isomorphic to the universal
enveloping algebra U(g/), where g/ is the centralizer of a minimal nilpotent element f in a
suitable simple Lie superalgebra g. For VN=3 and VN=%bi& the Zhu algebra is no longer itself
an enveloping algebra, but it still contains a natural subalgebra isomorphic to U(gf), and its
structure can be described explicitly as a module over this subalgebra; see § 3 for the precise
statements.

These examples show that Huang’s formulation gives a uniform and effective way to compute
Zhu algebras of superconformal vertex algebras and produces concrete algebras closely related
to finite W-algebras.

1.4 Main result 2: Zhu algebras of SUSY vertex algebras

Our second main result is a SUSY analogue of Huang’s Zhu algebra. A SUSY vertex algebra
may be viewed as a supersymmetric version of an ordinary vertex algebra, formulated in terms
of superfields [8]. In this paper, we work with Nx = N SUSY vertex algebras, a class that
includes the superconformal vertex algebras considered above. B

Motivated by Huang’s geometric formulation, we define an associative superalgebra A(V)
attached to an Ng = N SUSY vertex algebra V. Its underlying associative algebra is determined
by the reduced part Vieq of V, namely the underlying ordinary vertex algebra: more precisely,
A(V) is naturally isomorphic to A(V;eq). Thus the SUSY Zhu algebra retains the basic algebraic
properties of Huang’s Zhu algebra in the ordinary setting.

The supersymmetric structure is encoded by additional odd operators. More precisely, the
odd derivations 591, ... ,@N on V induce odd differentials on E(V) Moreover, in the Poisson
limit, these coincide with the odd differentials on the Cs-Poisson algebra R(V) introduced in
[13, §4.1, Remark 4.1.3]. In this way, A(V) provides a natural extension of Huang’s Zhu algebra
to the SUSY setting.
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1.5 Future directions

The results of this note suggest several natural directions for further study. First, one should
pass from universal superconformal vertex algebras to their simple quotients, which are more
fundamental for representation theory. It is therefore important to determine their Zhu algebras
explicitly, and we expect that Huang’s formulation will remain effective in this setting.

A second direction is to extend our method beyond the linear case. The approach developed
here relies on the fact that the defining relations of A(V') can be read off from directly when
the A-brackets among generators are linear. For more general affine W-algebras, however, non-
linearity is inevitable. Therefore it would be interesting to develop a corresponding theory for
Huang’s Zhu algebra in the non-linear setting, parallel to the theory of De Sole and Kac for the
original Zhu algebra [2]; see also [6].

Finally, the SUSY Zhu algebras introduced here raise further questions in the study of SUSY
vertex algebras, especially in representation theory and in SUSY analogues of Zhu bimodules
and chiral/Hochschild-type theories. These problems should clarify how much genuinely super-
symmetric information is captured by the SUSY Zhu algebra.

2 Preliminaries

2.1 Vertex algebras

In this note we use the word “vertex algebra” in the sense of [10, §1.3] (usually referred to as
“vertex superalgebra”). Explicitly, a vertex algebra is a quadruple (V,Y,1,0) consisting of

e a linear superspace V = Vo VT, called the state space,

e an even linear map V — (End V)[z5'], a — Y (a,2) = 3,z 27" a,) with a@m) € EndV,
where z is a formal variable,

e a non-zero even element 1 € Va, called the vacuum,
e an even operator d € (End V)9, called the (even) translation operator.

satisfying the axioms stated in [10, §1.3]. For simplicity, we sometimes denote the vertex algebra
(V,Y,1,0) by V. We also use the standard abbreviation a(z) := Y (a, z) for a € V.

2.2 State-field correspondence vs A-bracket

For later use in §3, we recall the A-bracket on a vertex algebra (V, Y, 1,0) and the related notions
briefly. See [10, §2.3], [2, §1.5] and [8, §2] for details.

e For an even indeterminate A, the A-bracket of a,b € V is defined as

1
laxb] =) —\agb € V. (2.1)
n>0

e An even element L € VO is called conformal with central charge c € C if

[LyL] = (0 +2\)L + 1—02/\3. (2.2)
We will use the standard notation
L(z) =) 2" 2Ly, Ln=Lg €EndV. (2.3)
nez
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e Given a conformal element L € Va, an element a € V is said to have conformal weight
A eCif

[Lya] = (04 AX)a + O(M\?). (2.4)
An element a € V is called primary of conformal weight A € C if
[Laa] = (0 + AN)a. (2.5)

2.3 Vertex operator alebras

In this note we use the word “vertex operator algebra (VOA)” to mean a vertex algebra V =
VO @ V1 equipped with a conformal element L € VY with central charge ¢ € C such that the
following conditions hold.

1. Ly = L) coincides with the translation operator d on V.
2. Lo = L(y) is diagonalizable on V, i.e.,

V=@ Va, Va={veV|Lw=Av} (2.6)
AeC

3. Va = {0} holds for any A € C with its real part sufficiently negative.

2.4 Huang’s formulation of Zhu algebra

We explain a slight variant of Huang’s geometric formulation in [9, §6], allowing an arbitrary
parameter ~.

Let V be a vertex algebra, and let v be a complex number or a formal variable. For a,b € V
and n € Z>1, consider the expression

,yne’yz ) )
—_— 0 or v is a formal variable
08t = res[fulza(Wlde, fulzin) = | @ -7 0700 )
z " (v=0)
(2.7)
Here the residue map is the even linear map
res[—]dz: V[z*'] — V, res szvj dz = v_q. (2.8)
z z ez
When ~ is a formal variable, we regard f,(z;7) as a formal series of z:
. i —n+j -n n—2 —-n .
Fa(z7) = Y clmyz " =2 = oSy e QI(R), cim) €Q. (29)
j=0
Then we have
n+N(a,b) S
v . ; —
ae b= Z c(j,m)r? ag—nyb = a_nyb — 5 Ya(—pt1)b + - € V7). (2.10)
j=0
In particular, for n = 1, we have
7 ; g 04
i
a I b= Z"/J il a(j_l)b = a(_l)b + §a(0)b + Ea(l)b +---, (2.11)

J=0

where B;-r are the Bernoulli numbers.
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Remark 2.1. Some remarks are in order.
=0
1. If v = 0, we have a'e b= a(_n)b.
n

2. The definition of the operation e in [9, §6] is given for the case v = 27i, and we modified
n

it to accommodate any v € C. Our % coincides with the operation -(sy- with f(z) =
fi(z;¢) = ce®/(e®* — 1), introduced in [3, (3.11)] (replacing ¢ with 7).

. .
3. The operation e can be rewritten as
n

9t _
aeb -~y " = reg

n z x

==

ma(z)b} dz = res[z"a(v " log(1 + z))b]dx. (2.12)

This follows from the change of variables z = €7 — 1. See [9, Remark 6.2] for details.

Definition 2.2 (cf. [9, §6]). Let V be a vertex algebra, and let v be a formal variable. For
n € Z>1, we define

O,(V):=V eV, A,(V):=V]/0y(V), (2.13)

and denote the equivalence class of a € V' in the quotient space by [a] € ZW(V).

The subspace 67(1/) satisfies analogous properties with the defining ideal O(V') of the Zhu
algebra A(V) = V/O(V); see [12, Theorem 1.4] and [2, Theorem 2.7].

Proposition 2.3 ([7, Proposition 6.1]). The definition of KW(V) can be specialized to v = ¢ for
any ¢ € C, and B B
Ayee(V) =V/Oy=c(V

is a unital associative C-superalgebra with the product e induced by W?C onV.

When V is a VOA with a conformal element L € V9 in the same way as [7, Proposition
6.3], one can construct an explicit isomorphism from A,—.(V) for ¢ € C\ {0} to Zhur, (V). In
particular, when V' is a VOA, EWZC(V) for ¢ € C\ {0} is isomorphic to /~17:1(V) (see [12, §1.3]
for details). Based on this observation, we focus on the case ¢ = 1.

Definition 2.4 (cf. [7, §6]). The Zhu algebra of a vertex algebra V is the unital associative
C-superalgebra

(A(V), 0,1) = (A,=a(V), s, [1]).

Corollary 2.5 ([12, Corollary 1.7]). For a vertex algebra (V,Y,1,0) and a,b € V, the following
hold in the Zhu algebra A(V):

[0a] =0, [[a], [b] == [a] & [b] — p(a,b)[b] ® [a] = [a(0)b]-

3 Main Result 1

In this section we demonstrate the computation of the Zhu algebra A(V) for superconformal
vertex algebras directly.

We will freely use the language of Lie conformal algebras and the enveloping vertex algebra
of a Lie conformal algebra. See [10, §2.7, §4.7], [2, §1.5], [4, Chap. 16] and [8, §2.4] for details.
We list some terminology and notation.
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e A Lie conformal algebra L is a C[0]-module equipped with an even bilinear map [-)-]: £L®
L — C[\] ® L satisfying some axioms [8, Definition 2.2].

e Given a Lie conformal algebra £, one can associate to it a vertex algebra V(L) called the
enveloping vertex algebra of L [10, §4.7], [4, §16.11].

e Let £ be a Lie conformal algebra, C' € £ be a central element such that dC = 0, and
c € C. We denote by V(L) the quotient V(£)/(C — c1)(_1)V (£). It has a natural vertex
algebra structure.

In terms of A-bracket, Corollary 2.5 implies the following.

Lemma 3.1. Let £ be a Lie conformal algebra and V' be an arbitrary quotient vertex algebra
of V(L). For a,b € V, the following hold in the Zhu algebra A(V):

[0a] =0, [la], [b]] = [axb] (3.1)

A=0

3.1 N =1,2,4 superconformal algebras

Let VN=% be the enveloping vertex algebra of the (small) N = 4 superconformal algebra [10,
§5.9], [11, §8.4]. Tt is strongly generated by eight elements

e a conformal element L of central charge ¢ € C,
e three even primary elements J° J*, J~ of conformal weight 1,
e and four odd primary elements G*,G~, G, G of conformal weight 3 /2.

The remaining non-zero A-brackets are
[JONTH]) =277, [J°3J%] = gk [Tt =7+ gA,

+ +

= 4G, [JEGT=6E, [JEG=-G,

[JO\GF] = £GF, [J°\G
(GG = (04 20)J%, [G5GT])= L+ %(a PN+ N
Now we study the Zhu algebra
A(VN=4) = YN=4 /5 N=4),

It is generated by the classes [L], [GF], [éi] and [J?]. By the A\-bracket relations and Lemma 3.1,
the non-trivial commutation relations of the generators in A are given as follows:

[0, [JF]) = =207%], [, =10 [0 [GFl =+[GT], [ [GT]) = +[GT),
(5,67 =(GF], [ G =-[G7), (GG =0, [G*),[GT] =L

Now, let s1(2|2) be the special linear Lie superalgebra, and consider the quotient psl((2]2) :=
s[(2|2)/CI (I is the identity supermatrix). Using the supermatrix notation, we take a minimal
nilpotent element f = fiin € psl(2[2) as

0|0
r=lotd.
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where F':= [0 0] and O :=[§9]. Then its centralizer

psi(22) = {& € psl(2]2) | [z, f] = 0}

has a linear basis consisting of

where H := [§ % ] and E := [} }]. Hence we have dim ps[(2[2)/ = 4|4 and
(]35[(2\2)f)6 =5sl(2) & Cf, (]35[(2\2)f)T >~ (lowest weight component of C* @ C* & C? ® C?).

One can check that the above basis of psl(2]2)/ satisfy the same relations as (3.2), and hence
we have a surjective morphism of associative C-algebras

p: Ulpsl(212)) — AV (3.5)
given by
=L, o= 00 7= (67 97— (G, (ae {0+, —} Be{+,-}). (3.6)
Furthermore, we have:
Theorem 3.2 ([12, §2]). The algebra morphism ¢ is bijective, and we have
o: Upsl(2]2))) = A(VN=4).

By considering the standard N = 2 and N = 1 superconformal subalgebras of the small
N = 4 superconformal algebra, we have the following.

Corollary 3.3 ([12, §2]). The algebra isomorphism ¢ restricts to algebra isomorphisms
Ulosp(2[2)!) = A(VN=2), Ulosp(1]2)!) = A(VY=).

See [12, §2] for more details.

3.2 N = 3 superconformal algebra

For the N = 3 case, following [1, p.107] and [11, §8.5], we consider the vertex algebra V=3
strongly generated by

e a conformal element L of central charge ¢ € C,
e three even primary elements A° (i = 1,2, 3) of conformal weight 1,
e three odd primary elements G* (i = 1,2, 3) of conformal weight 3/2,

e and an odd primary element ® of conformal weight 1/2,
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with the remaining non-zero A-brackets given by

[Ai,\Aj] = €Z‘jkAk + g)\(sij’ [Ai)\Gj] = 5z’jka + )\(I)5ij, (3.7)
(GG = 2L6; — (0 + 204" + X6, [02G] = A, [@a2]= -3 (38)
for i,57 € {1,2,3}. Here €ijk is antisymmetric with €123 = 1, and J;; denotes the Kronecker’s

delta. We also used Einstein’s summation convention for repeated indices. According to
Lemma 3.1, the OPEs (3.7) and (3.8) imply the following commutation relations in A(VN=3):

[L] and [1] are in the center, [[AY],[A7]] = g, [A%], [[AY],[GY]] = eix[G"], (3.9)
[G',[G7)) = 2Léy;,  [[@],[A =0, [@],[G]) =47, [@][2] = —%[1]. (3.10)

To determine the Zhu algebra of VV=3, let 0sp(3|2) be the ortho-symplectic Lie superalgebra
of superdimension 6|6, which can be realized by supermatrices as

osp(3[2) == { [%\%] ‘A € 50(3), D € 5l(2), B € Matzxa, C = —J(tB)},

where J = [_01 (1)] Using this realization, we take a minimal nilpotent element f = fui, €
osp(3]2) as
0|0
r=g3]:
where F':= [ 0]. Then its centralizer

0sp(3[2) = {z € 0sp(3(2) | [, f] = 0}
has a basis consisting of

, JHO ; )
f, a' = |:O O:| , gZ = FE;y + E5; (’L = 1,2,3), (311)

where E,, is the supermatrix unit in gl(3|2) and

00 0 0 01 0 -1 0
Jt=10 0 -1, J?=1|0 0 0|, J =11 0 0
01 0 -1 00 0 0 0

Hence we have dim osp(3]2)/ = 4|3 and
(0sp(3]2)7)0 = C @ s0(3), (osp(3]2)/)! = (the natural representation C* of s0(3)).

The universal enveloping algebra of o0sp(3]2)/ accounts for the subalgebra generated by
[L],[A%],[G?] in (3.9) and (3.10), but it does not yet capture the odd generator [®]. More
explicitly, we have a (non-surjective) morphism of associative C-algebras

©: U(osp(3]2))) — A(VN=3) (3.12)
given by
fr—[L], a'+—[AY, ¢'+—[GY, (ic{1,2,3}). (3.13)
Furthermore, we have:

Theorem 3.4 ([12, §2]). The algebra morphism ¢ is injective, and A(VN=3) is a free U (osp(3|2)/)-
module of rank 1|1 with basis [1] and [®].
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3.3 Big N = 4 superconformal algebra

In this note, we omit a discussion of the relation between the big N = 4 superconformal algebra
and the centralizer of a minimal nilpotent element in the exceptional Lie superalgebra D(2,1;a),
a € C\{0, —1}, since the necessary notation and data are too involved for the present exposition.
See [12, §2] for details.

4 Main Result 2

4.1 Nig = N SUSY vertex algebras

We recall several notations for superfields from [8, §4].
e Let N € Z>1, and denote [N] :={1,2,...,N}.

o Let Z = (2,¢',...,¢Y) bean N = N supervariable, i.e., a tuple of an even indeterminate
z and odd indeterminates (', ...,¢("V. We denote

7MW =3¢ = A (jeZ, J={j < <j} CIN].

1

R

Given two Nx = N supervariables Z; = (z;, ,CiN) (i = 1,2), we have a group

structure:
7y —Zo = (21 — 22— 01 GGH G =G Y = G, (4.1)
Hence ' o . ' .
(Z1 = ZoYV = (21— 20 = 0L, TGV (=) - (¢ = &)

for j € Z and J = {j1,...,jr} C [N].
e For an Nx = N supervariable Z = (z,¢!,...,¢Y), we denote

Oy = 0a +Ct0. (ke [N), #) =0} 0% (GeN J={ji< - <j}cN).
e For a linear superspace V, we set

VIZH] = VI = {0(2) = X en, s 27 v [ 010 € V.

e For a linear superspace V, we define the super residue sresz[]6Z: V[Z*'] — V by
eres[v(Z)](SZ = V_q) [ (v(Z) = ZjeZ’JC[N}Zj‘J/U‘ﬂJ e V[Z*Y]).
As introduced in [8, Definition 4.13], an Ng = N supersymmetric (SUSY for short) vertex
algebra is a tuple (V,Y,1, @1, .. ,(‘Z)N) consisting of
e a linear superspace V = V0@ VT,
e an even linear map V — (End V)[Z+!],

a+— Y(a, Z) = Z Z_l_jHN]_Ja(j‘J),
JEZ, JC[N]

with each Y (a, Z) called the superfield,
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e a non-zero even element 1 € Va, called the vacuum,

e odd operators ¢’91, .. ,@N € (End V)T, called the odd translation operators,
satisfying the following conditions for any a,b € V.

1. (field condition) Y (a,Z)b € V((Z)).

2. (vacuum axiom) Y (1,7) =idy and Y (a,Z)1 = a+ O(Z).

©w

(translation axiom) [@k, Y(a,2)] = (O¢x — ¢*0,)Y (a, z) for any k € [N].

=

(locality axiom) The superfields Y (a, Z) and Y (b, W) are local, i.e., there exists M(a,b) €
N such that (z — w)M(@) Y (a, Z),Y (b,W)] =

We will use the standard notation a(Z) := Y (a,Z) for a € V.
All the operators (@lc)2 € EndV for k € [N] coincide, and
8= (@)= = (@) ¢ (EndV)° (4.2)

satisfies the translation axiom of non-SUSY vertex algebra. We call 0 the even translation
operator of the SUSY vertex algebra V.
We can “reduce” a SUSY vertex algebra to a (non-SUSY) vertex algebra.

Lemma 4.1. Let V be an Nx = N SUSY vertex algebra with vertex operators a(Z) =
a(z, ¢, ..., ¢N) for a € V. Then the even linear map

V — (EndV)(z*™), a+— a(z) = a(z,0,...,0) = Zz_j_la(j”N])
JEZ
and the even translation 0 gives a vertex algebra structure on V. We call it the reduced part of
the Ng = N SUSY vertex algebra V, and denote it by V, eq.
4.2 Zhu algebra of a SUSY vertex algebra

We now define the Zhu algebra for an N = N SUSY vertex algebra.
Let V be an Ng = N SUSY vertex algebra (§4.1), and v be a complex number or a formal

variable. Also, let a,b € V and n € Z>;. If v # 0, then we define a obec V[v] by

A (W erz

aob —SI'ZGS m

Z)b|67 = e 0,...,00|d 43
( ):| —TSS[WG(Z’, EEEE) ) Z. ()

If v = 0, then we define

=0, —n ~[N] _
a e b= eres[z ¢ a(Z)b](SZfa(_nHN])b.

Then the operation Z coincides with the non-SUSY operation 1 on the reduced part V,.q. Hence,

the corresponding result for ordinary vertex algebras implies the following.

Proposition 4.2 ([12, Proposition 3.6]). Let V be an Nxg = N SUSY vertex algebra, and v be
a complex number or a formal variable. Then the quotient space

AL(V) = V)/04(V),  O(V) = Spancy{asb|ab eV, n>2}

10



019

is an associative algebra whose product ¢ is induced by the operation % as

[a] . [b] == [a%b] (a,beV),

and the equivalence class of 1 € V is its unit. Moreover, it is isomorphic to the Zhu algebra
A (Vieq) for the non-SUSY vertex algebra Vi eq.

Definition 4.3. The algebra /~17 (V) in Proposition 4.2 is called the Zhu algebra of the Ny = N
SUSY vertex algebra V. We denote A(V) := A,—;(V) as in the non-SUSY case.

The algebra Zv (V) for a SUSY vertex algebra V enjoys the same properties as in the non-
SUSY case. In particular, for any a € V, we have

[Oa] = 0. (4.4)
We also have the specialization at v = 0.

Lemma 4.4 ([12, Lemma 3.9]). Let V be an Ny = N SUSY vertex algebra. Then, the

specialization A,—y(V) is identical to the Cs-Poisson algebra:
R(V) = V/CQ(V), CQ(V) = Span(c{a(ju)b | a,b S V, j > 2, J C [N]}

In particular, the product is supercommutative, and it is equipped with a Poisson bracket:

la] - [ = lag_ymb] = o) o B, {[al, [} = lagoimb.

However, the SUSY case has an additional structure. Recall that an Nx = N SUSY vertex
algebra V has the odd translation operators @k (k € [N]). These are odd derivations with respect
to the (_jn)-operation in V. Then, by the relation ($k)2 =0 and (4.4), we have:

Proposition 4.5 ([12, Proposition 3.10]). The odd translation operators o (k € [N]) of V
induce odd differentials of the superalgebra A, (V), which are denoted by the same symbols @k

Recall that the odd derivations @k on V induce odd differentials on the C>-Poisson algebra
R(V). Thus, we have:

Corollary 4.6 ([12, Corollary 3.11]). Under the limit v — 0, the odd linear operators [a] — [@ka]
(k € [N]) on A,(V) converge to the differentials #* on R(V).
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