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Abstract

Suppose H(V, E) be a hypergraph with a vertex set V and an hyperedge set £. In this pa-
per, we investigate a class of hypergraphs called hyper-regular hypergraphs C'(k, [, n, m).
We show that the hyper-regular C(k,l,n,m) is not integral hypergraphs by its ad-
jacency matrix. Moreover, the Laplacian spectrum of the hyper-regular hypergraphs
C(k,1,n,m) shows that that hyper-regular hypergraphs C(k,1,n,m) is not Laplacian
integral. In addition, several properties of the algebraic connectivity of hyper-regular
hypergraphs C(k,l,n,m) are studied.
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1 Introduction

A hypergraph of order n and size m is a structure H(V, E), where V = {vy, va,v3, ..., v, }
is a finite set and & = {E4, Ey, Fs, ..., E,} is a power set of V such that

EC2V.

The elements vy, vy, ..., v, are called vertices and the sets Ey, Fs, ..., E,, are called hyper-
edges. [2]

A hypergraph H is called integral if all the eigenvalues of its adjacency matrix are
integers. There are many integral hypergraphs that have been found, such as hyper-
stars, complete r—uniform hypergraphs, and sunflower hypergraphs. [1]

In this paper, we study a class of hypergraphs known as hyper-regular hypergraph
C(k,l,n,m) introduced by Astuti (2012).
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Definition 1 Let k> 2, 1> 1, m >3, n > 3, and k,[,m,n € N. Let I be a k—regular
graph of order n and size m. A hyper-regular C(k,l,n,m) is a (2 4+ [)—uniform hyper-
graph of order n + Im and size m which obtained by enlarging each edge of I' with [
additional vertex.

For example, Figure 1 is a 3 — regular graph (I') and Figure 2 is hyper-regular hy-
pergraph C'(3,1,4,6) which obtained by adding one vertex on each edges of Graph T.

Figure 1: Graph I'
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Figure 2: Hyper-regular Hypergraph C(3,1,4,6)

Astuti (2012) showed that for I = 1, the hyper-regular hypergraph C(k,[,n,m) is not
integral. In this paper, we extend this result by proving that the hyper-regular hyper-
graph C'(k,l,n,m) is not integral for [ > 2 using an induction method.

A hypergraph H is called Laplacian integral if all eigenvalues of its Laplacian matrix are
integers [3]. Examples of Laplacian inetgral hypergraphs include sunflower hypergraphs
[6] and complete tripartite hypergraphs.[§]

The Laplacian spectrum of a hypergraph H is the set of eigenvalues of its Laplacian
matrix together with their multiplicities. [4]

2
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The algebraic connectivity of a hypergraph defined as the second smallest eigenvalue
of its Laplacian matrix.[5] One study on algebraic connectivity was conducted by Ku-
mar [7] who showed a relationship between the algebraic connectivity of the union of
two-edge disjoint hypergraph and the algebraic conectivity of each hypergraph.

In this paper, we also present the Laplacian spectrum of the hyper-regular hypergraph
C(k,l,n,m) for | = 1 by determining the determinant of a block matrix. In addition, we
investigate several properties of the algebraic connectivity of hyper-regular hypergraph

C(k,l,n,m).

2 Main Results

In this section, we present our main results on the integrality of hyper-regular hype-
graphs C(k,l,n,m). First, we recall the results obtained by Astuti (2012) for teh case
=1,

Theorem 1. Let £ > 1 and I' is a k — regular graph of order n and size m. If
A be an adjacency matrix of I' with eigenvalues A and B be an adjacency matrix of
hyper-regular C'(k, 1, m,n) which is induced by I', with eigenvalues 6, then

p — M /X2+4(A+k)

o 2

Corollary 1. The hyper-regular hypergraphs C(k, 1,n,m) is not integral, for k& > 1.

From the results above, we extend the non-integrality of hyper-regular hypergraphs
to the case [ > 2 by studying the structure of its adjacency matrix.

Definition 2. The adjacency matrix (@) of hyper-regular hypergraph C(k,l,n,m)
is a (n +Im) x (n + Im) matrix that can be expressed in the form of a block matrix as
follows,

Ansn Buxm oo ... Baxm
Bl Opsm L oo Lo
Q= S B
Lxm
Bhn Tmxm oo Lo Ousn /(i) iy

which B is the incidence matrix of k — regular graph I' and B denotes its transpose.
The number of blocks B and B7 is equal to [ corresponding to the additional vertices
added to each edge of T'.

Theorem 2. Let M and N be the adjacency matrix of hyper-regular hypergraphs
C(k,1,n,m) and C(k,2,n,m) respectively. If 6 is the eigenvalues of M then -~ is the
eigenvalues of N satisfy
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0+ /> +4(0 + k)

2

v =

M B*

c* D*

M is the adjacency matrix of hyper-regular C'(k, 1,n,m),
B

B* = , B is an incidence matrix of [' and [ is an identity matrix,

Proof. By definition, N = ( , where

Cc* = ( BT I ), is a transpose of B*, and

Unzl . . . .
Let z = ( y e ) be an eigenvector of N corresponding to eigenvalues ~, where u is a
2mxl

n x 1 coulumn vector and v is a 2m X 1 column vector then obtained,
Nx =~z
then,

Mu+ B*v =~u...(1)
and
C*u+ D*v =~v...(2)

based on one of properties of an incidence matrix we have,

B*B*T = M+ D
where D = (6(v))[

d(v) is degree of every vertex on hyper-regular C'(k, 1, n,m) with é(v) > 2.
Then, the equation (1) and (2) are multiplied by v and B* respectively, obtained

(vy+1)Mu= (v* = 6(v))u.

If v = —1 then (1 — é(v))u = 0 so that §(v) = 1. This is contrary to d(v) > 2. As a
result, for v = —1 it is undefined.
If v # —1 then,

_ =)

Mu
v+1

From the equation above it can be seen that u is an eigenvector of M which corresponds

200 Gince 4 is the eigenvalues of M then,

to the eigenvalues of |

0y +0=7>~0(v)

so the eigenvalue of N is

_ 0=+ V02 +4(0 +6(v))

" 2
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Corollary 2. The eigenvalues of any hyper-regular hypergraphs C(k,l,n,m) can be
determined from the eigenvalues of hyper-regular hypergraphs C'(k,l — 1,n,m).

Proof. By induction method we have,

For [ = 1, it means that the eigenvalues 6 of hyper-regular hypergraphs C(k, 1,n,m)
can be determined from the eigenvalues A of k — regular graph I'. It can be seen from
Astutis’ finding in Theorem 1.

Forl =a,a > 1, a € N, we assumed that the eigenvalues v, of hyper-regular C(k, a,n, m)
can be determined from the eigenvalues =y, ; of hyper-regular C(k,a—1,n,m) such that,

L, = Jat +7a 1 +4(Ya1 +0(v))
a — 2 .

For [ = a + 1, we show that the eigenvalues 7,1 of hyper-regular hypergraphs C'(k, a +
1,7n,m) can be determined from the eigenvalues v, of hyper-regular hypergraphs C'(k, a,n, m),

YtV A + ()
Ya+1 = 5

Suppose R and @ are the adjacency matrix of hyper-regular C'(k,a 4+ 1,n,m) and
C(k,a,n,m) respectively. By Definition 2 we obtained,

_( Q@ B

Let z = ( Hnxt ) be an eigenvector of R corresponding to eigenvalues 7,1, where
V(a+1)mx1

wis an x 1 coulumn vector and v is a (a + 1)m X 1 column vector then obtained,
Rz =,112
then,

Qu+ B*v = v,qu...(1)
and
BTu+ D*v = vy,11v...(2)

based on the properties of incidence matrix we have,

B*B*T — Q + D
where D = ((v))I

d(v) is degree of any vertex on hyper-regular hypergraphs C(k, a,n, m) with é(v) > 2.
The equation (1) and (2) are multiplied by 7,41 and B* respectively, obtained
(Yat1 + DQu = (724, — 0(v))u.

If Y441 = —1 then (1 — §(v))u = 0 so that o(v) = 1.
This is contrary to d(v) > 2. As a result, for 7,.; = —1 it is undefined.
If v # —1 then,

_ 'Yg+1 - 5(“)%

u
“ Yatr1 +1

bt
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From the equation above, it showed that u is an eigenvector of () which corresponds to

211—0(v)

the eigenvalues of 7%+1 —1 - oince 0 is the eigenvalues of () then,

YaVYat+1 + Va = 'Yg+1 —4(v)

so the eigenvalue of R is

Vet V24 +0(v))
Yat+1 = 5 .

Theorem 3. Hyper-regular hypergraphs C'(k, [, n,m) is not integral.

Proof.
For | = 1, hyper-regular C(k, 1,n, m) hypergraphs is not an integral by Corollary 1.

For | = p where p € N, we assume that hyper-regular hypergraphs C(k,p,n,m) is
not integral, hence we have

~, = 'Yp—li\/’}’g_1+4(’7p—l+6(v))
P 2

where 7, are not all integers.

For [ = p+ 1, by Corollary 2 the eigenvalues form of hyper-reguler C(k,p + 1,n,m)
is,

Tt/ 7127-5—4(71,-5—6(1)))

Tp+1 = 2

Let 7, = a where a is integer, we only need to prove that ’y]f +4(y, + 0(v)) is a perfect
square. By substitution, we have a? + 4a + 46(v).
Assume that a? + 4a + 46(v) is a perfect square then it can be written as,

(a++/46(v))? = a® + da\/d(v) + 46(v)

It is clear that §(v) = 1 which contradict with é(v) > 2, so this assumption is wrong.
Hence, a® + 4a + 46(v) is not perfect square. Therefore, ~,,; are not all integers. |

Theorem 4. Let H is hyper-regular hypergraphs C'(k,l,n,m) for [ = 1. The Laplacian
spectrum of H is

1/2(—va+2k+3) n—1
1/2(/a+2k+3) n—1

Spec(H) = 2 m—n
1/2(=vVb+ 2k —n+3) 1

1/2(Vb + 2k — n + 3) 1

where a = 4k* — 3 dan b = (—2k +n — 3)* — 4(3k — 3n + 3).

Proof. The Laplacian matrix of hyper-regular hypergraphs C'(k, 1,n,m) is a real block
matrix £ with size (n +m) X (n 4+ m) and order m as follows,

6
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ATLXTL BnXm
£_<men Dmxm)‘

with characteristic equation P(u) = det(pul — £)=0, where p is an eigenvalue of L.

(L O\ (A BY_(pul-A -B
nl 5‘( ou) (CD - ~C pl—-D

Let,
E=Wl —A) =(pu—2k—1)11xn+ Juxn
F=-B= Nnxm
G=-C= Nnj;xn
H = (uI = D) = (1= 2)Lyxm

By Schur-Complements we have,

P(u):det<g }FI>

I FH! E-FH ! 0
:det<0 ]>det< G H)

= det(I)det(I)det(E — FH ' G)det(H).
From the form above we will find each determinant,
1. det(I) =1
2. det(H) = det((p—2)I) = (. — 2)™

3. To find det(E — FH'G) first we find the form of
E — FH'G, obtained

1
H'=(—\1
(N—2>

1
FH 'G = Ny - <—> I-NL..
nw—2
1
= -2 'Nnxm'Ngxn

— %2 . (A(F)nxn + D(F)nxn)
i

1

k+1 1
= (m) Inyn — <m) Inxns b 7’é 2

k+1 1
E-FH 'G=(u—2k—1)Lixn+ Juxn — <<—+ ) Insn — (—) Jan>
w—2 w—2

k+1 1
w—2 w—2

2
W —=2uk —3u+3k+1 pw—1
Inn JTL n-
< =2 an =2 8
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By Rank-One Updates, det(E — FH'G)

2 _
Let A = <ﬂ' 21k 3“+3k+1> ,pq" = yJ, where
w—2
(=)= (1) o (
Yy = ——= | ,P= : 4 = :
p—2 y 1
then, det(E — FH 'G) = det(A))(1 + ¢ A7 'p).
obtained,
. —2%k—D(p—-2)— (k=1)\" n(p—1)
det(E—FH'G) — ((“ 1+
( ) 2 (n—2k—1)(u—2)— (k—1)

P(11) = det(H) - det(E — FH 'G)

o (=2 =) =2) = (k= D\" n(p—1)
=(u—2) ( -2 ) <1+(ﬂ—2k’—1)(ﬂ—2)—(k_1)>
=0

By simplifying det(H) and det(E — FH 'G), the characteristic polynomial of hyper-
reguler C'(k,1,n,m) is

P(p) = (n—2)""(n—1/2(=va+2k +3))" " (n— 1/2(Va + 2k + 3)" (1 —
1/2(—vVb+2k —n+3))(n—1/2(Vb+2k —n+3)) =0

where a = 4k* — 3 dan b = (—2k +n — 3)* — 4(3k — 3n + 3). [ ]

Corollary 3. Hyper-regular hypergraph C'(k,1,n,m) is not Laplacian integral.

Proof. To see whether hyper-regular C(k,1,n,m) is Laplacian integral hypergraphs
or not, we can observe from a or b in the Laplacian spectrum above whether is perfect
square or not. Suppose we observe a, it is clear that a is not a perfect square because
the constant in a is not square number. |

Theorem 5. Let H be a hyper-regular hypergraph C(k,l,n,m) and r — uniform
hypergraph (r = n + Im) with Laplacian matrix £ and algebraic connectivity us(H),
then for any two non-adjacent vertices s and ¢ we have,

pa(H) < 55+ (deg(s) + deg(t))

Proof. By Definition, we have

Lu-u

p2(H) <

u-u

where
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Uy
Uz
u =
Un+Im
vector u defined as,
1, T =S
Uy = <& —1, r=t
0, others .
Thus we have,
ai;p ... a( 1
Lu-u=ut Ol 0 u—ut . B u
- 0 Orof : -
A(n+im)(1) -+ Aln+im)(n+im)
and
U-u= Z:{;EV Uy
Let
ua t_
u-<u3>,u —(UA UB)
where
Uy Un+1
Uy = U2 up = Un+.2
Up, Un+Im
obtained
Lu-u=

n 2 n+lm 9 n+lm n+lm n+lm
D im0+ Dol w0 — (D) widiaun + 300 witigUa + 4 DT Uit ).
where 07, is the sum of elements in each row of its adjacency matrix then,
_ n - n-+im
Or1 =D ;g aij dan dpa = 3 50 ai

we have,

Lu-u =Y au? — S (™ ).

Thus

Lu-u Z{x,y}cEj gy (Uy — uy)?

u-u ZxEV U%
— (r - 1)(21‘ Qys _I_ Zz‘ a’tz)
2
r—1

=~ (deg(s) + deg(t)).
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Definition 3. Let H be hyper-regular hypergraph C(k,l,n,m). A e defined as an
operation that attaches H to H at one vertex on H. This operation e has condition, if
HeHe- - o7 is operated w times, then every one vertex that attaches among two H
is must be different.

Example. Let H is hyper-regular C(3,1,4,6), H' = H e H can be represented as;

Figure 3: Hypergraph H' = H e H

Theorem 6. Let H is hyper-regular hypergraph s C(k,l,n,m). If H' = H e H then,
pa(H') < 2p2(H)

Proof. By theorem 5.

r—1
2

pa(H) < (deg(s) + deg(t))

Hyper-regular hypergraph H = C(k,[,n, m) consist of n main vertex and [ additional

vertex. For any x € V(H), where © = n, and 6(x) = d;, and for y € V(H), where y = [,
and d(y) = dy with d; > ds then, for any non adjacent = and y, the sum of their degree

10
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satisty;
§(x) +6(y) = da + dy = 2d,, or
d(z) +0(y) =dy + ds, or
dz)+0(y) =ds + dy
thus,
r—1
pa(H) < (2dz), and

-1
2 (M) < TT(dl +dy), and

r—1
pa(H) < T(dQ +dy).

because d; > dy we have,
r—1
2

H' is a ‘H @ H hypergraph. Let z is an attached vertex from H to H and dj is the degree
of z, then dj satisfy,

(2d>).

d3 = d1 +d1 = 2d1, or
d3 = d1 +d2, or
dg == dz‘l‘dg == 2d2,

For any two non adjacent vertex in ‘H' satisfy,

—1
pa(H') < r

(2d;), and

r—1

p2(H') <

(2dy), and

—1
no(H') < "= (dy + dy), and

because d; > dy then,

r—1
2

it is clear that (r — 1)(ds) < 2(r — 1)(dz), so we have

pa(H') < 2us(H).

pa(H') <

(2dy)

[ |
Corollary 4. Let #H is hype-regular hypergraph C(k,l,n,m). If H' is HeH...eH
operated w times, then the algebraic connectivity of H’ satisfy,

11
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po(H') < 2p9(H)

Proof To prove, we only see that the degree of any vertex in ‘H' where the degree of
x € V(H), the degree of y € V(H), and the degree of z which attached among H has
the same composition, thus fo any two non adjacent vertex we have,

3

pa(H') < 2u9(H).
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