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Abstract

In this paper, we state recent progress with respect to spectral synthesis in Fourier
analysis whose contents are composed of three subjects such that spectral synthesis
in the spaces of Fourier transforms on R", spectral synthesis in the Fourier-Lebesgue
spaces, and spectral synthesis in other spaces.

§1 Spectral synthesis in the spaces of Fourier transforms on R"

Let A(R") = FL*(R") be the set of all Fourier transforms on n-dimensional Eu-
clidean space R", i.e. the set of all f € Cy(R™) such that

fla) = [ glw)erdy(=g(a)

for some g € L'(R™). Then, A(R") is a Banach algebra with pointwise multiplication
and the norm || f]]4 = [|g(y)|dy(cf.[16],[20],[22]). Also for E C R™ a closed set and
I c A(R™), we define that

Z(I) = mfe[f_l(o)a

I(E) = {f€AR")|[f=00n E},
Jo(E) = {fe€AR")|f =0 on a neighborhood of E}, and
J(E) : the closed ideal generated by Jy(F), i.e. the closure of

) figilfi € AR™), g; € Jo(E),m € N} in AR").
j=1

It is known that J(E) C I(E) and Z(I(E)) = Z(J(FE)) = E(ct.[16],[20],[22]).
E is called a set of spectral synthesis (S-set) for A(R"™) if [(F) = J(FE).

Next we review known results about the spectral synthesis. Let ® be a translation
invariant w*-closed subspace of L*(R") and o(®) = {\ € R"[e** € ®} (It is called
the spectrum of ®). In 1945, A.Beurling[1] showed that & = {0} if o(®) = ¢(empty
set), and proposed the problem :

For a closed set £ of R", ® such that ¢(®) = E is unique 7

In this case, for any ¢ € ®, we have

Y= lichnei’\"x in o(L>, L") (\, € o(®), ¢, € C).
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(¢ is "synthesized” from the spectrum o(®) in Rudin[22], and Reiter[20] said that
Beurling coined the term ’spectral synthesis’ in this context.)
Then, we have that g(\) = 0 for any g € L'(R"™) such that

<gp>= [ 9OA-€)dE =0 (Fp € ., A€ o(®)
and we understand that
® such that o(®) = F is unique if and only if I(F) = J(E).
Hence, Beurling’ s problem is replaced by
for any closed set £ C R", we have that I(EF) = J(E) ?

Before Beurling[1], Wiener[31] proved the following :

Let f € A(R) with |f| > 0 on R, and I the closed ideal generated by {e™* f(z)|y €
R}. Then I = A(R).

This result is a special case of Beurling’s result, because we have that when ® = {¢ €

R)| [ @(€)F(y — €)dg =0 (V y € R)} (where f(z) = [ F(€)e "¢dg), & = {0} for
o(®) = ¢ by Wiener. Hence, we may have that the study of spectral synthesis was
begun by Wiener[31].

In 1948, L.Schwarz[27] obtained a negative answer for the Beurling problem such
that the unit sphere S"~! (n > 3) is a non S-set for A(R™). On the other hand, Herz[§]
got an opposite result such that the unit circle S* is a S-set for A(R?). After that,
P.Malliavin[15] proved an excellent result such that for n > 1 there exists a non S-set
for A(R™), whose result is called Malliavin’s Theorem.

After Malliavin[15], many papers had been done about the study of the set of spectral
synthesis for various directions. Here, we state some results in two directions(study of
S-set with respect to the unit sphere and study of S-set with respect to thin set).

Domar([3],[4]cf.[29]) had the study of S-set for A(R") in the (n — 1)-dimensional
manifold with non-zero Gauss curvature (n > 2). He also investigated about S-sets of
the curves with non-zero curvature in R?([2]cf.[4],[18],[23]). Miiller[17] had the study
of S-set for A(R") in the manifold with zero Gauss curvature. By these results in high
dimension space, we may have that a hypersurface in the shape of flat is near S-set for
A(R™)(cf.[24]).

Next we state some results about thin set. Let T be the 1-dimensional torus, and
E a closed subset of T. We give some definitions :

AT) = {f € COIT 1w < . S / f(w)e"da}.
S(E) = {feC(E )||f| =1on E}.
A(E) :  the restriction algebra of A(T) on E.
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For example, a closed set E is called a Kronecker set if for any ¢ > 0 and f € S(F)
there exists n € Z such that || f — e™*||c(r) < €, and a closed set E is called a Helson
set if A(E) = C(F).

It is known that a Kronecker set is a Helson set, and a Helson set has Lebesgue
measure zero(cf.[22]). Varopoulos|28] showed that a Kronecker set is a S-set for A(T).
But Korner[13] and Kaufman[11] proved that there exists a Helson set £ which is a
non S-set for A(T). Study of thin set is important for study of harmonic analysis,
for example, we have that the another proof of Malliavin’s Theorem of Varopoulos
by applying Kronecker sets([30]cf.[9],[16]) and the negative answer for the Wiener
conjecture by Lev and Olveskii[14](which is related to Helson set), and etc.

62 Spectral synthesis in the Fourier-Lebesgue spaces

This part is the joint work with M.Kobayashi(Hokkaido University) in [12].

Fourier-Lebesgue spaces is a generalization of the spaces of Fourier transforms
A(R™). We give some definitions :
(1) for 1 <g<oo,and s € R

LER") = {Fll fllee = (/Rn(lf(x)l <@ >°)idx)'/" < oo},

and || f||re = ess.sup,ern <« >° |f(z)] with < z >=1+ |z| (LY(R") = L§(R")).
(2) S(R™) denotes by the Schwartz space of all complex valued rapidly decreasing
infinitely differentiable functions on R™.
(3) S'(R™) denotes by the topological dual of S(R").
(4) for 1 < g < oo, and s € R

FLURY) = 1 € S@I s = ([ (FIAO] < € >e)" < o0},

where F[f] denotes by Fourier transform in &’'(R").
(5)
56 = [ s s (ge LRY).

It is known that (FLZ(R™), ||-||7z¢) is a Banach space and its dual space is FLY (R™) (1/q+
1/¢ =1),1e. £ e (FLYR") if and only if

D) = o | FUNOFEEE =< fo> (/€ FLIRY)

for some ¢ € FLY (R™) with [€]lop = (27)7"||¢[| 7« - Also we note that if 1 < ¢ <
oo and s >n/q or g =1and s >0, and f € FLY(R"), then F[f] € L'(R").
Also f € Cp(R™) by the Riemann-Lebesgue lemma, and FL?(R™) is a Banach
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algebra with respect to pointwise multiplication and the norm || - ||zzs, when s > n/q¢
and 1 < g<ooorqg=1ands > 0. In this spaces, we study spectral synthesis about
St Cc R", when 1 < g <ooand s >n/¢ or g=1and s > 0 . For this we give the
definitions such that for a closed set £ C R",

I(E) = {feFL{R"|f=0on E},
Jo(E) = {f € FLYR")|f = 0 on a neighborhood of £}, and
J(E) denotes the closed ideal generated by Jo(F) in FLL(R").

Also we denotes by Z(I) = Nyerf~1(0) for I € FLI(R"), and a closed set E C R" is
called a S-set for FLI(R™) if I(E) = J(E). Next we state some known results:
(1) C.S.Herz[§]

S'(C R?) is a S —set for FLj(R?) = A(R?).

(2) H.Reiter([20],[21])
(i)if 0 < s < 3,
S'(c R?) is a S — set for FLL(R?).

(i) if s >

[N

S'(c R?)is anon S — set for FLL(R?).
(iii) if s > 0 and n > 3,
S*1(c R™) is anon S — set for FL.(R").

In [12], we show the following results which are an extension for Herz and Reiter.
We give our theorems :

Theorem 1
i)ifl<g<2and 2 <s< 2 4+1 Slisa S-set for FLI(R?).
q q 2 s

(ii) if 1 < ¢ < oo and s > % + 3, S' is a non S-set for FLI(R?).

Theorem 2
If1<g<ooands> g withn >3, S"~!is a non S-set for FLI(R").

Here, we show some key points of the proofs. Let
Iy = {g = f°|f € FLY(R?), f is a radial function, f =0 on S'},

I the closed ideal of FL4(R?) generated by Iy, I = I(S'), and J = J(S'). For
Theorem 1(ii), we apply the Bessel function for showing Z(I) = Z(I;) = S* and I =
[(SY# LD J=J(S")ifl<g<ooands>Z+3. Let

27
ol€) = / & du(z) = - / ¢lleos04p (¢ € R?),
R2 27T 0
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Ko(€) = i&ko(€) (€ = (61,&) € R?), and
G = [ PR (F = 1)

Then, we show that

(i)¢p is a bounded linear functional on FLI(R?), and

(ii))lp =0on I; and £y #0 on I(S*),and [ # I, D J.

For Theorem 2, we show it in the same way to the proof of Theorem 1(ii) by

Flolle) = | e dot) = (¢l ) (I - o0).

where do is the surface measure of S"'. When we define that
p(§) = Jgn e 7do(x) (£ €R"),
(I)n<f)(€> = _an@(g) (é = (51/7\' e 7£n> € Rn)? and
T.(f) = fRn F(=)®,(§)d¢ (F = f),
we show that
()7, is a bounded linear functional on FL?(R™), and
()T, =0 on Iy and T,, # 0 on I(S" '), and I(S" ') # I, D J(S™™1),
where I, is the closed ideal of FLI(R"™) generated by

{f?|f € FLYR™), radial function, f =0 on S" '}.

Also for the proof of Theorem 1(i) we define

FM(R?) = {F[u]| Flul(x) = / e " du(E), je M(R?)),

R2

where M (R?) is the set of all bounded regular Borel measures on R?. Here, we give
key propositions.

Proposition 1
Let I be a closed ideal in FLI(R?) and f, € FLI(R?).
If every ¢ € FL? (R2) such that

Flg] € C(R?) and < f,¢ >= 0 for all f € I’ satisfies < fo,¢ >=0,

then fp isin I’.
Proposition 2
Let ¢ € FLY,, Flp] € C(R?) and < f,¢ >= 0 for all f € J. Then there exists
{on]0]}n € FM(R?) such that
(1) on[¢] = Flun) for some u, € M(R?) with supp p, C S*.
(i)
louléllle < Clioll o

>
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(iii) {0, [¢]}n converges to F|¢] uniformly on any compact set of R2.

Then, we show that J D I, and obtain that S’ is a S-set for FLI(R?).

In fact, if Propositions 1 and 2 are true, then we can prove Theorem 1(i)
as follows :

Let f, € I and ¢ € FLY (R?) be such that F[¢] € C(R?) and < f,¢ >= 0 for
all f € J. Then there exists {0,[#]}, C FM(R?) satisfying (i)-(iii) in Proposition 2.
Since F[fo] - Fl¢] € L'(R?) and F[fy] € L{(R?), for € > 0 there exists a compact set
K such that

/R2\K |F[f0]<§)ﬂ¢](€)|d§<%

and

5\q7¢)\1/q <
(o JFLI] < €59 < g

!
FLY,

where C' denotes the constant in Proposition 2(ii). Then we have

/RQ\K [ FLfol(€)onlol(€)ldE < [|FLfo]]

e

Therefore, we have that

| < fo, &> — < fo, ptn > |
< o /K FULEO TR — onld@)de| + / FUIOIIFIAE)] + loaldl())de)

R2\K

< C'(sup|F[9](§) — anlo](9)] /K |Ffol(€)]dE + g) for some constant C".

feK

On the other hand, since fo , = 0 and supp p, C S ! we have that

<l = @0 [ FIRIEX /R e (1) e

_ /R To@)dpun(z) = 0.

For this reason < fy, ¢ >= 0, and we conclude f, € J by Proposition 1.
After all, we have that I = J.

Remark There are some applications of spectral synthesis for partial differential
equations(cf.[7],[12]).

§3 Spectral synthesis in other two spaces

In this part, we state spectral synthesis in modulation spaces, and in the spaces of
Hankel transforms.
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[1] Spectral synthesis in Modulation spaces

This part depends on Feichtinger-Kobayashi-Sato([5],[6]).
Let ¢ be in S(R")\{0}, (T,.h)(t) = h(t — x), (Mch)(t) = €"h(t), and

Vol (2,8) =< f, MT:6 > (f € S'(R")).

It is known that
Vof(z,€) € C(R" x R™).

Also we define that MP? = MP4(R™) = {f € S'(R")|||f]

ympa < 00}, where

e = ([ <€ ([ Waf@OPdayiragy

MP? = MP9(R™) are called modulation spaces. Then, it is well known that
MP? is a multiplication algebra and MP4 C {uniformly bounded continuous

%,orqzlandszo. Let 1 < ¢ < o0 and
5> %, or ¢ =1 and s > 0. For a closed set £ C R", we give some definitions :

functions} if 1 < ¢ < oo and s >

I(E) = {feMMR"|f=0on E}.
Jo(E) = {f e MPR")|f =0 on a neighborhood of E}.
J(E) : the closed ideal generated by Jo(E) in MPI(R").

A closed set £ C R" is called a S-set for MP4(R") if I(F) = J(E). Then, we
can show that MP?(R") is related to FLI(R"™) with respect to the algebraic
operation, and have the followings :

Theorem Let 1 < p < 2. Suppose that ¢ =1 and s > 0, or 1 < ¢ < p' and
s >n/q. Then for a compact subset K of R", K is a S-set for MP?(R") if and
only if K is a S-set for FLI(R").

Corollary
(i) Let 1<p<2 1<qg<p,1l<qg<2and2/¢d <s<2/qd+1)2.
Then S' is a S-set for MP4(R?).

(ii) For1<p<2 1<g<ooands>2/¢q+1/2.
Then S! is a non S-set for MP4(R?).

(i) Let 1 <p<2 1<q¢g<p, 1<g<oo,and s >n/q.
Then S"! (n > 3) is a non S-set for MP¢(R").

Spectral synthesis in the spaces of Hankel transforms
This part depends on Kanjin-Sato[10].
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Let v > —%, and f on [0,00). H, f(x) is called the Hankel transform of order
v when

H, f(x) = / " HE) T (xE)dm (©),

where J,(0) =1, J,(§) = {;Z_(;v) E#0), 0 = m’ dm,(§) = ¢, *1d¢, and
J, (&) the Bessel function.
Also we define the space of Hankel transforms A, such that

Ay = (Ho Sl 1] = / T 1F©)ldm, (€) < o).

The followings are known(A.Schwartz[26]cf.[25]):

(i) A, C Co(]0,0)).
(ii) A, is a commutative Banach algebra with multiplication
and the norm ||H, f||.
Here, we remark about the multiplication. Let v > —%, and for f, g € L'(dm,))

frga) = / . / 0, (2, 2) F()g(2)dm (y)dm, (2),

where

23V—11"(V + 1)2A(l’, Y, Z)Ql/—l
L(v+ 3)v/m(zyz)? ’

when the first value being assumed only there is a triangle of sides z, y, and z

@y(x,y,z) = =0,

with area A(x,y, z). Then we have that

() ®(2,4,2) >0 (0 <2,y <o0), (i) / &, (z,y, )dmy (z) = 1, and
0

(i) [ Tu(wu o,y 2)dm, () = T(y) )
0
Hence, we have the multiplication in A, such that

Ho(f+g9) =Ho(f) - Hulg) (f*g€L([0,00),dm,)).

Also we give an example of Hankel transform.
Let v = "2 (n > 2), and f be in L'(R") which is a radial function. i.e.

f(&) = ¢([¢]) for some ¢ on [0, 00).
f(z) = /R nf(y)i"“’“ydy
— (2n)} /O o(3) 7, |]s)s"ds
= (2m)2H,(¢).

8
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For a closed set £ C [0,00), we define that

I(E) = {feA]f=0o0nE},
Jo(E) = {f € A,f =0 on aneighborhood of E}, and
J(E) : the closed ideal generated by Jo(F) in A,.
Then, a closed set E C [0, 00) is called a S-set for A, if I(E) = J(FE). It is known

that for yy > 0,
(1) H.Reiter[19](cf.[20],[21]) when n > 3,

{yo} is anon S — set for Anz.
(2) A.Schwartz[26]: when v > 1,
{yo} is anon S — set for A,, and

(when n = 2, we remark v = 0)
(3) C.S.Herz[§]
S'is a S —set for A(R?).

Our results are as follows :

Proposition
Let v > —1 and let I be a closed ideal in A, such that Z(I) = {yo} (yo > 0).

2
Then, we have that

. 1
I={feA|fP4y)=0,j=0,1,---, M} forsomeM§V+§.

We show next theorem by the proposition.
Theorem When —% <v< %, and yy > 0, we have that

{yo} is a S —set for A,.
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