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Abstract

We explain analytic aspects of a problem concerning the strict in-
clusion of VMOA(D) in BMOA(ID) N By(DD). Then this is translated
into a geometric problem concerning boundary curves of conformal
mappings. We describe a geometric construction of a chord-arc Jor-
dan curve that is asymptotically conformal but not asymptotically
smooth. This provides an example of a function that lies in the dif-
ference set of the above function spaces. The full proof appears in

[9]-

1 Introduction

Function spaces associated with conformal mappings often reflect geometric
properties of the boundary curves of image domains. Among them, the
Bloch space, the analytic BMO space (BMOA), and their little subspaces
play important roles in geometric function theory. A general reference on
this field is Pommerenke’s book [12].

Let ¢ be holomorphic on the unit disk . The Bloch norm is defined by

lells = sup(l — |2*)|¢'(2)].
z€D
The finiteness of this norm is equivalent to the condition that ¢ is a BMO

function on D with respect to the Lebesgue measure. A function satisfying
this condition is called a Bloch function. The Bloch space B(D) consisting
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of these functions is important in the study of quasiconformal extensions of
conformal mappings. For instance, if f is a conformal mapping of I into
the complex plane C, then | log f'|| is uniformly bounded. Morecover, if
|| log f'|| 5 is sufficiently small, then f extends quasiconformally to C.

A natural vanishing condition for the Bloch norm is

lim sup (1— |=P)|¢(2)] = 0.

=0 |z|>1—t

Bloch functions satisfying this condition form the little Bloch space By(D),
which is a closed subspace of B(D).

Another important analytic function space closely related to conformal
mapping theory is the analytic BMO space. A holomorphic function ¢ on
D belongs to BMOA(D) if it is the Poisson extension of a BMO function on
the unit circle S. Equivalently, (1 — |2]?)|¢(2)]? dzdy is a Carleson measure
on D, and the BMOA norm of ¢ is defined by using the Carleson measure
norm:

ees, r>o0T

1
lelBmon = sup - //|€ O BRIy
—z|<r

This is equivalent to the BMO norm of the boundary extension of ¢ to S.
The vanishing condition for this norm is

1
iisup [ (=)o) P dody = 0
[E—z|<r

r—0 fGS T

which is equivalent to the boundary function being in VMO on S. This
condition defines the closed subspace VMOA(D) of BMOA(D).

It can be proved that the BMOA norm is stronger than the Bloch norm
and the vanishing condition for BMOA is stronger than that for Bloch func-
tions. Namely, BMOA(D) C B(D) and VMOA(D) C By(D) (see Girela [6,
Cor.5.2]). In particular, we are interested in the inclusion relation

VMOA(D) € BMOA(D) N By(D),
and in our paper [9], we have shown that this inclusion is strict.
Theorem 1. There exists o € BMOA(ID) N By(D) such that ¢ ¢ VMOA(D).

The purpose of the present article is to explain the analytic background
of this relationship and the geometric idea behind this result. This analytic
statement has the following geometric formulation.
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Theorem 2 (Geometric formulation). There exists a chord-arc Jordan curve
that is asymptotically conformal but not asymptotically smooth.

This equivalence follows from results of Pommerenke [11] relating analytic
conditions on log f’ for a conformal homeomorphism f : D — Q C C to the
geometric regularity of boundary curves I' = 0€2. The connection between
BMO-type conditions, chord-arc gcometry, and quasiconformal mappings has
been studied extensively; see for example Semmes [13].

More generally, analytic conditions on the logarithm of the derivative of
conformal maps encode subtle geometric properties of the boundary curves.
This interplay between function spaces and planar geometry is a central
theme in geometric function theory.

2 Lacunary Power Series and Random Power
Series

To understand the claim stated in Theorem 1, it is natural to examine spe-
cial classes of analytic functions. Consider a lacunary power series (z) =
> re brz™ with Hadamard gaps

> 1.

e 1
q = inf

kE Ng
Such series exhibit simple descriptions for several analytic function spaces.
For instance, ¢ € B(D) if and only if sup,, |bx| < oo, and ¢ € By(D) if and
only if by — 0 (k — o0) (see [12, Prop.8.12]).

However, for gap series, the Hardy space norm and the BMOA norm are

comparable in terms of ¢ (see Hallenbeck and Samotij [7, Lem.1]):

o0

ol = Z bk |* =< [l ¢l Broa-
k=1

Because polynomials are dense in the Hardy space H?*(D) and belong to
VMOA(D), this observation suggests that lacunary series cannot detect the
difference between BMOA and VMOA | and not provide our desired function.
Thus a different approach is required.

Random analytic functions provide another perspective on the difference

between the spaces BMOA(ID) N By(D) and VMOA(D). This also has certain
resemblance to the characterization for lacunary power series.
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Let w = (wy) be the Steinhaus sequence, which is a discrete stochastic
process on a suitable probability space consisting of random variables taking
values in S. Consider the random power series

o0
Pul2) = Y a2
n=0

Such random analytic functions have been studied extensively in connec-
tion with Bloch functions and BMOA. The boundary behavior of ¢, can be
controlled in terms of the growth of the coefficients {a,}.

For example, if

(D Kla)? = O(n/\/logn) (= o(n//logn))

as n — oo then ¢, belongs to B(D) (to By(D), respectively) almost surely
(a.s) (see Anderson et al. [1, Th.3.6]). Moreover, if Y~ |a,|* < co then ¢,
belongs to the Hardy space HP(D) a.s for every p > 0 (see Duren [3]), and if

Z |lan|?log(n + 1) < oo
n=0

then ¢, € VMOA(D) a.s. See Sledd [15], in which a problem was also
raised concerning the distinction between BMOA and VMOA in the random
setting. Later, certain refined conditions on the coefficients {a,} for ¢, to
be in By(D) and VMOA(D) a.s were given in Wulan [16], aiming at the
separation of these classes.

On the other hand, by a different model where £ = (&,) is the complex
random variables with the independent 2-dimensional Gaussian distributions,
the random power series

1/15(2’) = Zanénzn
n=0

has been investigated. For this, BMOA(D) and VMOA(D) were separated
successfully by Nishry and Paquette [10, Th.5.9]. However, it seems that this
example of 1 also fails to belong to By(ID). Consequently, while BMOA and
VMOA are now separated, the more refined comparison between BMOA(D)N
By(D) and VMOA(D) remains open in the random setting.
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3 Boundary Homeomorphisms and Teichmiil-
ler spaces

The analytic problem can be translated into a problem about boundary
homeomorphisms. Hereafter, we always assume that the Bloch norm of
¢ € B(D) is so small that there exists a conformal mapping f: D — Q C C
such that log [/ = ¢ and f extends to a quasiconformal self-homeomorphism
of C.

Let g be a conformal mapping from the exterior disk onto the comple-
mentary domain of 2. The boundary maps of f and g define the conformal
welding h = g~*o f|s, which is a quasisymmetric homeomorphism of the unit
circle S onto itself; it satisfies uniform boundedness of the quasisymmetry
quotient. Moreover, ¢ € By(D) if and only if h is symmetric (see Gardiner
and Sullivan [5]), that is, the quasisymmetry quotient satisfies the vanishing
condition:

=1.

. h<ei(a:+t)) _ h(eix)
HSUD |y (et

In addition, ¢ € BMOA(D) if and only if A is absolutely continuous and
R/ is an A-weight in the sense of Muckenhoupt (which imples that log A is in
BMO), and further ¢ € VMOA(D) if and only if log~’ is in VMO (see Shen
and Wei [14]). Therefore, the complex analytic claim can be reformulated as
follows.

Real analytic problem. Does there exist an absolutely continuous sym-
metric homeomorphism i : S — S such that I/ is an A,-weight but log I/ is
not a VMO function?

However, it seems difficult to construct an explicit element in this pos-
sible gap. For instance, while log |z — 1| on S lies in the difference between
BMO and VMO, the integral of |z — 1| near 1 does not yield a vanishing
quasisymmetry quotient.

The problem considered here also has a natural interpretation in the
framework of Teichmiiller theory. Let

MD") = {p e L=[D) [ plle < 1}

denote the space of Beltrami coefficients on the exterior disk. A Beltrami co-
efficient u € M (D*) determines uniquely a quasiconformal self-homeomorph-
ism of D* with complex dilatation g up to post-composition of a Mdbius
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transformation, which extends to a quasisymmetric homeomorphism h,, of
S. The universal Teichmiiller space T can be identified with the set of all
such quasisymmetric homeomorphisms 5, with certain normalization. See
the standard textbook on Teichmiiller spaces by Lehto [8].

Various subspaces of T are characterized by subspaces of M (D*) consist-
ing of Beltrami coefficients with specific properties:

Mo(D*) = {jn- € M(D*) | lim |12~ Ljspcrplloo = O};
. o )P
Mp(D*) = {p e M(D") | LPoT

dxdy : Carleson measure};

My (D*) = Ao | AL s vanishi
Iy (D*) = {n € Mp(D") | L pedy s vanis ing}.

The corresponding sets of quasisymmetric homeomorphisms h,, for p in these
classes are defined as the little universal Teichmiiller space Ty, the BMO
Teichmiiller space Tz, and the VMO Teichmiiller space Ty, respectively (see
Astala and Zinsmeister [2] as well as [5, 14]).

We consider the correspondence from M (D*) to B(ID) so that the qua-
sisymmetric homeomorphism %, for a given p € M(D*) coincides with the
conformal welding induced by a conformal map f with log /' € B(D). Al-
though this is not well defined as a map, the following correspondences be-
tween the subspaces are consistently determined:

Mp(D*) —s BMOA(D);
My (D) —s VMOA(D).

In other words, the Teichmiiller spaces Tp, Ts, and Ty, correspond precisely to
the classes of quasisymmetric homeomorphisms described in the real analytic
problem.

For the problem on the strict inclusion of VMOA(D) in BMOA(D) N
By(D), one may think of the strictness of

My (D*) € Mp(D*) N Mo(D¥)

in view of the above correspondence. In fact, we can construct an example
of a Beltrami coefficient in this difference set explicitly as follows: For cach
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integer n > 2, we take an interval I, on S of length 27" so that {/,} are
mutually disjoint. Let

E,={Re® D" |’ cl, 2¢)"<R—-1<27"},

and define a Beltrami coefficient g € M (D*) so that u(z) = 1/y/n on E, for
all n and p(z) = 0 elsewhere.

However, this does not yield the answer to the original problem because
even though p ¢ My (D*), for the conformal map f on D whose quasicon-
formal extension has complex dilatation u, log f” can be in VMOA(D). The
real analytic problem mentioned above is exactly asking the strictness of

Ty C Ts N'Tp.

4 Geometric Interpretation

The boundary map corresponds to the boundary curve of the image domain.
The analytic problems can be interpreted in terms of the geometry of curves.
Let f: D — Q C C be conformal and denote the boundary Jordan curve
by I' = 99Q. Then T is a quasicircle if the Bloch norm of log f’ is sufficiently
small, since f extends to a quasiconformal self-homeomorphism of C in this
case, as we are assuming.

Morcover, when log ' € BMOA(D) is of small BMOA norm, I' is a chord-
arc curve (see [2, 13]). This means that I' is rectifiable and there exists a
constant C' > 1 such that

length(z123)
|21 — 29|

<C
for every pair of points z;, 2z, on I', where z;2; denotes the smaller subarc of
I' between them.

Two finer notions of boundary regularity are relevant. A bounded Jordan
curve I' is called asymptotically conformal if

|21 — w| + |22 — w| _

lim sup max
=0 |21 —22|<C WEZLZ2 ’2’1 — 22’

An asymptotically conformal Jordan curve is a quasicircle. A rectifiable
Jordan curve is called asymptotically smooth if
length(5:%2)

lim sup ————= =
£—>0|21_22lsz ’21 - 22’
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An asymptotically smooth Jordan curve is a chord-arc curve.
The connection between analytic function spaces and these geometric
properties is provided by Pommerenke [11] in the following theorem.

Theorem 3. Let f : D — Q be a conformal homeomorphism, and let ' =
00 be a bounded Jordan curve. Then, log f' € By(D) if and only if T
is asymptotically conformal, and log [’ € VMOA(D) if and only if T is
asymptotically smooth.

Remark. Even under the sole assumption that I' is a Jordan curve as in the
above theorem, I' turns out to be a quasicircle if log f’ is in By(D).

Therefore the complex analytic problem reduces to a purely geometric
question:

Geometric problem. Does there exist a chord-arc Jordan curve that is
asymptotically conformal but not asymptotically smooth?

This is the reduction of Theorem 1 to Theorem 2.

A natural attempt to construct the desired example is to consider domains
bounded by graphs. For instance, Gallardo-Gutiérrez et al. [4, Example 4]
illustrated the domain 2 bounded by the graph

y = x* cos(r/2?)

on the interval [—1, 1] and a smooth curve joining the endpoints of the graph
harmlessly. For the conformal homeomorphism g : D — €2, the boundary
curve is not rectifiable, and hence logg’ ¢ VMOA(D) by Theorem 3. On
the other hand, for any conformal mapping g of D to a graph domain 2
in general, we have log g’ € BMOA(D) (see [2, Th.6]). This is essentially
because arglog ¢’ is a bounded harmonic function (see [12, p.172]).

It was asserted in [4] that the curve above is asymptotically conformal,
which would imply log g’ € By(ID). If this were the case, it would provide
our desired example. However, this is incorrect. In fact, this graph domain
cannot produce the desired example.

One may expect that asymptotic conformality of a graph curve implies
asymptotic smoothness. If so, graph domains cannot produce the example in
Theorem 2. However, this expectation is also false. In our recent research,
we are interested in finding an example of a non-rectifiable graph curve that
is asymptotically conformal. This will produce the example required in The-
orem 2. Before pursuing this possibility, we constructed the desired example
using curves that are not graphs.
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5 Construction of the Curve

Figure 1: Bell-shaped arc is replaced by many smaller bells

The construction is inspired by the classical Koch curve. In this con-
struction, triangular bumps are attached repeatedly to segments, and the
limiting curve is not rectifiable. To make it a rectifiable curve, the bumps
must become flatter as the generation proceeds. However, sharp corners de-
stroy asymptotic conformality. Instead we replace the triangular bumps with
smooth bell-shaped arcs. Each bell-shaped arc is replaced by many smaller
bells. We control the size of these smaller bells and their flatness at each
generation.

fu

Frenet frame
S

0 . 1
Figure 2: Bell-shaped perturbations in Frenet coordinates

Using Frenet coordinates, the perturbation can be inserted along the
curve. The key idea of the construction is that when a small portion of
a curve is magnified, its curvature becomes small. Thus a bell-shaped per-
turbation inserted in the Frenet coordinates behaves almost like a similarity
transformation. By making the bells smaller, we obtain a better approxi-
mation to a similarity, while keeping the total length of the replacement by
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these bell-shaped arcs almost the same. This observation allows us to control
the length of the curve while introducing infinitely many oscillations.

The resulting curve « is chord-arc, asymptotically conformal, but not
asymptotically smooth. For the detailed construction, see [9].

(&

Figure 3: Construction of the curve ~
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