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1. INTRODUCTION AND MOTIVATION

This study is based on [18].

Let M, (C) = M, be the algebra of n x n complex matrices, P, the set of positive
definite matrices in M,,, S,, the set of density matrices in M, and Tr the usual trace.

The Hiai-Petz inequality in [11] refers to the following trace inequality: For positive
definite matrices A and B in P,,,

(HP) 1Tr[A(log B 2APB™5)] < Sy(A|B) < 1Tr[A(logAgB_f”A%)] for all p > 0.
p p

Currently, the second inequality of (HP) is being deeply studied as a cornerstone of the
mathematical framework in quantum information theory. See, for example, [4, 7, 9, 17,
20]. In this context, we would like to focus on the first inequality in (HP). It serves
as an expression for the lower bound of Umegaki relative entropy and may offer a new
perspective for understanding the properties of Umegaki relative entropy. Therefore,
we will first introduce the mathematical background and recent results of the second
inequality of (HP), thereby clarifying the significance of the research objective for the
first inequality of (HP). Let us begin by reviewing the fundamental concepts of quantum
relative entropy.

For two density matrices A and B in P,,, the Umegaki relative entropy in [19] is defined
by
Su(A|B) = Tr[A(log A — log B)],
which is a quantum generalization of the relative entropy due to Kullback-Leibler [13]:
Suppose that two random variables X and Y on a discrete alphabet y have the proba-
bility distribution function P(x) and @Q(x), respectively. The divergence between the two

random variables X and Y is a quantity that expresses the degree of separation between
the two probability distributions:

P(z)
Q(z)

The Umegaki relative entropy has the following fundamental properties, see also [4]:

D(X|Y) = D(PIQ) = 3 P(x)log

TEX

Theorem 1.1. Let A and B be positive definite matrices in P,,.

(i) (Non-negativity): Sy(A|B) >0, and Sy(A|B) =0 if and only if A = B.
(i) (Additivity): Sy (A1 ® Az|Br ® Ba) = Sy(Ai|Bi) + Su(Az2|Bs).
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(iii) (Joint convexity): For any A € [0, 1]
Su(Ax|By) < (1= XN)S;(Aq|By) + ASy(Az|Bs)
where Ay = (1 — A)A; + Ay and By = (1 — \) By + A\Bs.
(iv) (Data Processing Inequality): For any trace-preserving completely positive linear

map P
Su(®(A)|®(B)) < Su(AlB).

Let A and B be two density matrices. In [1], the Tsallis relative entropy of A to B is

defined by

Du(A|B) = STh[A — A'2 o]
v

for any a € (0,1]. Then it is known in Ruskai-Stillinger [16] that
D_.(A|B) > Sy(A|B) > D.(A|B) for all o € (0,1]
and if & — 0, then the Tsallis relative entropy D, (A|B) converges to the Umegaki relative

entropy Sy (A|B):
linilo D.(A|B) = Sy(A|B).

The quantum Tsallis relative entropy D, (A|B) has the following properties:

Theorem 1.2. Let A and B be density matrices in S,,.
(i) (Non-negativity): For any o € [—1,1]\{0}, Ds(A|B) > 0, and D,(A|B) = 0 if
and only if A= B.
(i) (Pseudoadditivity): For any o € [—1,1]\{0},
D, (A1 ® A3|By ® By) = Do(A1|By) + Do(As|By) — aDy(A1|B1) Do (As| By).
(iii) (Joint convexity): For any « € [0,1]
Do (Ax|By) < (1 = X)Dy(A1|B1) + ADo(As| Bs)
where Ay = (1 — N)A; + My and By, = (1 — \)B; + ABs.
(iv) (Data processing inequality): For any trace-preserving completely positive linear
map ® and o € [0, 1]
Do (2(A)[®(B)) < Da(A|B).
On the other hands, the Fujii-Kamei relative entropy is defined by
Spr(A|B) = —Tr[S(A|B)] = —Tr[Az(log A"2 BA"2) Az,
where the relative operator entropy S(A|B) due to Fujii-Kamei [6] is defined by
S(A|B) = Az(log A" BA™ %) Az,
which is a relative version of the operator entropy defined by Nakamura-Umegaki [15].
We list the fundamental properties of the relative operator entropy S(A|B), see [10]:

Proposition 1.3. Let A, B,C and D be positive definite matrices in P,,.
(i) (Right monotonicity): If B < C, then S(A|B) < S(A|C).
(ii) (Transformer inequality): T*S(A|B)T < S(T*AT|T*BT) for all T
(iii) (Information monotonicity): ®(S(A|B)) < S(P(A)|P(B)) for normal positive
linear map ®.
(iv) (Sub-additivity): S(A|B) + S(C|D) < S(A+C|B+ D).
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(v) (Bound): A— AB'A< S(A|B)< B—A.
(vi) (Kernel inclusion): kerS(A|B) D kerA.

If A and B commute, the the Umegaki relative entropy Sy(A|B) coincides with the
Fujii-Kamei relative entropy Spx(A|B):

SU(A|B) = SFK(A|B)'

Hence, the Fujii-Kamei relative entropy Srg(A|B) is another quantum generalization of
the Kulbac-Leiber relative entropy.

Yanagi, Kuriyama and Furuichi in [20] defined the Tsallis relative operator entropy as
an operator generalization of the Tsallis relative entropy:

At, B— A
«

To(A|B) = for a € R,

where the matrix a-geometric mean is defined by

At, B=A2(A"2BA 2)*A2  fora € (0,1],
see also [12]. We use the notation f, for the binary operation

Ab, B=A3(A"2BA 2)*Az  fora & 0,1],

that have formula in common with f,.
For convenience, we denote another quantum Tsallis relative entropy of order a@ € R by

NT,(A|B) = —Tr[T,(A|B)),

see also [7, 17]. If A and B commute, then the two quantum Tsallis relative entropy
D,(A|B) and NT,(A|B) coincide:

D.(A|B) = NT,(A|B) it AB= BA.
Since
T o(A[B) < S(A[B) < Tu(A[B),
it follows that
NT_(A|B) > Spic(A|B) > NTo(A|B)  for all a € (0,1].
Since lim, 49 T, (A|B) = S(A|B), we have
lim NT,(A|B) = Spx(A|B).
The Umegaki relative entropy Sy (A|B) and the Fujii-Kamei relative entropy Spx(A|B)

have the 1-parameter extensions D,(A|B) and NT,(A|B) respectively. It is natural to
ask what is the relation between Sy (A|B) and Spi(A|B):

D_,(A|B) > Sy(A|B) > D,(A|B)  for all « € (0,1]
and
NT_o(A|B) > Spx(A|B) > NT,(A|B)  for all a € (0, 1].
Hiai-Petz in [11] showed that
Su(A|B) < Srr(A|B).
Moreover, it follows from [9, 17] that
(1.1) D.(A|B) < NT,(A|B)  forall a € [-1,1]\ {0}.
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Hiai-Petz in [11] showed a 1-parameter extension of the Umegaki relative entropy as
follows:

1
p
for all p > 0. Moreover, the LHS and RHS of (1.2) converge to the Umegaki relative

entropy Sy(A|B) as p — 0. We call (1.2) the Hiai-Petz inequality. In terms of the
relative operator entropy, (1.2) can be rephrased as

(1.2) L e[ AQlog B-3A47B5)] < Su(A|B) < ~Ti[A(log A3 B 7A%),
p

(1.3) Ly (B3 AB55(B?|A7)] < Su(A|B) < —Tx[A'7S(A?|BP))
p p

for all p > 0. In particular, if we put p = 1 in (1.3), then we have
(1.4) Su(A|B) < Srr(A|B).
Moreover, we have the following 1-parameter extension of (1.1): For each a € [—1, 1],

(1.5) D,(A|B) < —lTr[Al_pTg(AﬂBp)] for all p > || > 0,
p P

see also [8, 9, 7, 17]. If we put @« — =0 in (1.5), then we have the second inequality of
the Hiai-Petz inequality (1.2). Refer to Figure 1 below:

Su(A|B) < —1Th[A'7S(A?|BP))
D_, =NT_, Do(A|B) < —; Tr[A"PTa (AP|BP)]

Sri
B .

Q@ 1 D1:NT1

———

FIGURE 1. The relation between D, and NT,,

Thus, based on the study in the second inequality of Hiai-Petz one (1.2), we observe the
order relation among the Tsallis type trace inequalities and the Umegaki relative entropy.

In this paper, we concentrate on the first inequality of the Hiai-Petz one (1.2) and show
the lower bound of the quantum Tsallis relative entropy D, (A|B) as in (1.5).
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2. RESULTS

We firstly rephrase the first inequality of (1.2) in terms of the relative operator entropy:

1Tr[A(log B 5APBT5)] = 1Tr[B-%AB-%S(BHAP)] < Sy(A|B)
p p

for all p > 0. In particular, if p = 1, then

Tr[A(log B 2AB™2)] = Tt[B~ 2 AB2S(B|A)]

— —Tr[B"2AB 2 A™'S(A|B)] < Sy(A|B) < —Tr[S(A|B)].

For convenience, we define quantum relative entropies by
Serk(A|B) = Ti[B~2 AB~2S(B|A)]
and ) )
NL,(A|B) =Tr[B~2AB™2T ,(B|A)] for each order a € [—1,1] \ {0}.

Indeed, lim, 0 NLo(A|B) = Scri(A|B). If A and B commute, then we have Scpx (A|B)
= Su(A|B) = Srk(A|B) and NL,(A|B) = D,(A|B) = NT,(A|B) for any order a €

(=1, 17\ {0}
We show the following properties of NL,(A|B) of order « € [—1,1]\ {0}:

Proposition 2.1. Let A and B be positive definite matrices in P, and o € [—1,1] \ {0}.
Then the following properties of N L,(A|B) hold:
(i) (Positivity) If A > B, then NL,(A|B) > 0 for all « € [-1,1]\ {0}.
Under the condition A > B, the equality holds if and only if A = B.
(ii) (Unitary invariance) NL,(U*AU|\U*BU) = NL(A|B) for any unitary U and

a € [-1,1]\ {0}.
(iii) (Pseudoadditivity) For all « € [—1,1]\ {0}

NL,(A; ® Ag|By ® By) = NLy(A1|By)Tr[As] + N L, (As|Ba)Tr[A]
— aNLy(A1|By)NLy(A2|Bs).
(iv) (Monotonicity) NL,(A|B) is non-increasing for o € [—1,1] \ {0}.
Then we show the order relation between D, (A|B) and NL,(A|B) of real order:
Theorem 2.2. Let A and B be positive definite matrices in P,,. Then
NL,(A|B) < D,(A|B) for all o € [—1,3]\ {0} U {1}.
Remark 2.3. Theorem 2.2 implies
T - A(BRATBY] < TTH[A - AT
or equivalently if 0 < o < %, then
Tr[A"“B®) < Tr[A(Bz A~'B2)°]
and if —1 < a <0, then
Te[A(B2 A7 B2)°] < Th[A'“B°].

To prove Theorem 2.2, we need the following log-majorization, which is a variant of the
BLP inequality [3]:
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Lemma 2.4. Let A and B be two positive definite matrices in P,,. Then
AT BOAS <op AZ(B2AT'B3)YA7  forall0<a <}
and
AZ(BZAT'B7) A% <o A7 B*A T forall -1 < a <0.
Remark 2.5. If a =1, then
B <(og) AZB7AT' B2 A3,

Proof of Lemma 2.4. Suppose that —1 < a < 0. It suffices to prove the following impli-
cation:

A BeA" <] = A2(B2A 'B2)¥A2 < I.
Since 0 < ﬁ < 1, we have
Bis < At or A < Ba-1,
Hence, it follows form 0 < —a < 1 that
A3(BEAT'B2)*A% = A3(B72AB73) Az
< A2(B:B+TB2) “A2 = A2 Ba1A2
< AZATMAZ = I
For each o € (0, 3]
A%(B%A_pBg)%A% < I implies A5 BYAS <I foralll>p>2a.
Putting A, = A~! and B, = (BgA_pBg)%, we have B; < A;. Since Blg — B A PB5, it

follows from the Riccati equation that Bz = AP 4 By = AP Blg. Since A;” < B;* by
—1 < —p <0, it follows that

B* =B — (AP 4 Bf)¥ < (Bi"$ B})Y byo<2 <1
=B <A *=A"" byO0<l-a<l. O

By Lemma 2.4, we have the following norm inequalities:

Lemma 2.6. Let A and B be two positive definite matrices in IP,,.

s

< H‘A%(B%A*B%)M%

foral10<a§%

and

H‘A%(B%A_IB%)QA% for all =1 < a <0,

<=

for every unitarily invariant norm ||-||.

Remark 2.7. If a =1, then

I1B]| < H‘A%B%A‘lB%A%
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Proof of Theorem 2.2. If 0 < a < %, then it follows from Lemma 2.6 that

NL.(A|B) = lTr[A — Az(B2A'B2)*Az]
«
1

< —Tr[A— AT B"A Y]
a
= D.(A|B).
Similarly, we have the desired result in the case of —1 < a < 0. U

Unfortunately, in the case of % < a < 1, it is unclear whether the inequality in Theo-
rem 2.2 holds or not.

D_; > NL_,

FIGURE 2. The relation between D, and NL,,

3. QUANTUM RELATIVE ENTROPY

We have the following lower bound of the quantum Tsallis relative entropy D, (A|B)
as a complementary part of (1.5):
Theorem 3.1. Let A and B be positive definite matrices in P,,. Then
1 P P
(3.1) “Tr[B 2 AB™2T_a(BP|AP)] < D,(A|B)
p p
forallao € [-1,0) and 1 —a>p > —a > 0, 07’&6(0,%] and 1 >p>2a > 0.
Remark 3.2. If we put @ — £0 in (3.1) of Theorem 3.1, then T = (BP|A?)] — S(BP|A)
implies
1 p p 1 p P
ETr[A(log B2 APB72)] = ];Tr[B_EAB_iS(BﬂAp)] < Sy(A|B)

for all 0 < p < 1, and so we get the first inequality of the Hiai-Petz inequality (1.2) for
all0 <p <1.
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g

-1 o] 1/2

FIGURE 3. The range in which Theorem 3.1 holds

As shown in Figure 3, the range (a,p) where Theorem 3.1 holds is not symmetric.
Further discussion is required.

Finally, we propose another version of 1-parameter extension of Umegaki relative en-
tropy Sy(A|B): Put

L,(A|B) = lTr[A — AB3 A™*B?%]
«
and .
NL.(A|B) = =Tr[A — A(B2 A"'B2)°] = Ty[B~2 AB2T_,(B|A)]
«

for € R. If A and B commute, then D,(A|B) = L,(A|B) = NLT,(A|B). Moreover, it
follows that
lir% L.(A|B) = Sy(A|B) = Tr[A(log A — log B)]

. lim NLq(A|B) = Tr[B 2 AB 2 S(B|A).
Since D, (A|B) > Lo(A|B) for all a € R, it follows that
Su(A|B) > L.(A|B) for all a > 0.
Regarding the first inequality of the HP inequality (1.2), further research is expected.
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