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SEMIMETRIC SPACE ICHT3AEI=EIE

FUNIZERE #8K B (Tomonari SUZUKI)
1.
AFEDOFERDEME L 725 semimetric space DEFHE T T b5,

FE#E 1. Let X be a nonempty set and let d be a function from X x X into
[0,00). Then (X, d) is said to be a semimetric space if the following hold:
(D1) d(z, x) =
(D2) If d(z, )—0 then x = y.
(D3) d(z,y) = d(y, z).

ZfE (D1)~(D3) 12, XDZ%M: (D4) ZIMA 72d DM OERTH 5.
M (DA) 1F=AFEFER e MEN S, L35 T, semimetric space (X FERAfEZE
FORNED S =AAEFERZED RO AHE T 5.

(D4) d(x,2) < d(x,y) + d(y, 2).

ROFENREHEIE Banach O/ (the Banach contraction principle) |
eLTELAILATWS. ZOREHEIE, BHZERRICE T 2R EANPOH
MZEED—DTH 5. RITIHNT 2 MBIEHE 9 B X UEH 10 DFEMA & XLt
T30, ZITEDRH 52 THES

IR 2 ([1,2]). Let (X, d) be a complete metric space and let T be a contraction
on X, that is, there exists r € [0, 1) satisfying

(1) d(Tx, Ty) < rd(z,y)

for all x,y € X. Then T has a unique fixed point z. Moreover, the sequence

{T™z} converges to z for all x € X.
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SEEA. Fix v € X. Then we have
d(T"u, T" ) < rd(T" 'u, Tu) < r?d(T™ 2u, T" u)
<o <rd(u, Tu)

for any n € N. For m,n € N with n < m, we have
d(T™u, T™u) < d(T"u, T" ) 4+ d(T™ u, T™u)
< d(T"u, T" ) + d(T" M u, T" ) + d(T" P2, T™u)

m—1 m—1
<... < d(T*u, TF ) < Z r* d(u, Tu)
k=n k=n
o0 Tn
< Md(u, Tu) = d(u, T
< ;7‘ (u, Tu) T (u, Tu),

which implies that {T"u} is Cauchy. Since X is complete, {T"u} converges to
some 2. Since

d(z,Tz) < limsup (d(z,T"u) + d(T"u, Tz))

n— oo

< lim (d(z,T"u) +rd(T" 'u,2)) =0

n— oo

holds, z is a fixed point of T". In order to show the uniqueness of a fixed point,

we let w be a fixed point of T'. Then we have
d(z,w) =d(Tz,Tw) < rd(z,w).

Since r < 1 holds, we obtain z = w. Hence z is a unique fixed point of 7. This

completes the proof. O

=MAEX (D4) 2ERNCHVONTE D, BRI o TWwWa Z e
Db,

Banach Offi/NEE CEH 2) 1I2EZ L IRV SN T WS, ZDHIZIE,
FEAEZ2R % semimetric space ICET—MRILL Db H 2. LITITRT EH
X, 2D &5 RINREHDORERHD—DTH 5.

T 3 (Jachymski, Matkowski and Swiatkowski [3]). Let (X, d) be a Hausdorff

complete semimetric space. Assume the following:
(D5) There exist € > 0 and 0 > 0 such that d(z,y) < 0 and d(y, z) < 0 imply
d(x,z) <e.
Let T" be a contraction on X. Then T has a unique fixed point z. Moreover,

the sequence {T™z} converges to z for all x € X.
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semimetric space TIX=AFEFR (D4) ZREL TRV, HIZ semi-
metric space DTEMTH 5720 T, FEIROFELRIETE RV, EIE, 2h
g G (Bl 4) DB Lo T, (D5) DK D5 BRAIINISEME 2 k5 202
DD 5.

B 4 ([3]). Put X = N and let r € (0,1). Define a function d from X x X into
[0, 00) by
d(z,y) = r"ev g —y|.
Define a mapping 7" on X by
Tr =x+ 1.

Then the following hold:

(i) (X,d) is a complete semimetric space.

(ii) T is a contraction, however, it does not have a fixed point.

semimetric space TIE=ANEFERZIRE LR\, BRSO RE
2T RSN, Ledio T, BEOEKRTORMUMEZEAT S Z I
— I TERV. EB 3 TlE Hausdorff ME2MRE X, Fhamah s T b IR IZ
DWVWTIHRRSENTWE D, £ ZTHWSHATWS Hausdorff 3 & KR O
‘&, semimetric space ICHE T 5 X I ICERSINLZHDTHS. LITICZ
5DERZETRT.

EFE 5. Let (X, d) be a semimetric space. Let {z,} be a sequence in X and
let z,y € X.
e {x,} is said to converge to z if lim,, d(x,,z) = 0.
e {x,} is said to be Cauchy if lim, sup{d(z,, z,,) : m >n} = 0.
e X is said to be complete if every Cauchy sequence converges in X.
e X is said to be Hausdorff if lim, d(x,,x) = 0 and lim, d(z,,y) = 0
imply = = y.
2. FAER
ZMF (D5) 1 =AAER (D4) 1ITHART, FEFICHWEETHE. 2D,
FEIEHIZHDTHIILL &, REBVWLEZEZSTHRATVS. —
RURZTTE, EEHIPELWEIFETOEIRDPLNHTHS.
—DRUTTE 5 72D completeness THS. £V 5 DB completeness & W5
FMOBERIC, ZATEROENRATLr6THL. ZLT, ZORIERT
I, Bl ERESE DN TES.
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E#E 6 ([7]). Let (X, d) be a semimetric space. Then X is said to be semicom-

plete if every Cauchy sequence has a convergent subsequence.

DI, semicomplete Td - T complete T semimetric space DT
H5.

Bl 7 ([7]). Put X =[-1,1]U{a}. Define a function d from X x X into [0, co)
by

dlz,y)=|r—y| ifx,ye X\{0,a},x <y
d(0,y) = ify>0

d(O,y): ifye X\ [0,1]

doy) =yl ity<0

dla,y) =1 ify>0

d(xz,y) =d(y,x) if d(y,x) is defined above
d(z,z) = 0.

Then the following hold:

(i) (X,d) is a Hausdorff semimetric space.

(ii) X is semicomplete but not complete.

ROMBEHIZIZIZEHHATD 2703, RD7DitHZ 52 5.

fBNEIE 8 ([7]). Let X be a nonempty set and let d be a function from
X x X into [0,00). Let T be a mapping on X and define a mapping S on X
by S = T", where « is a positive integer. Then the following hold:

(i) If S has a unique fixed point z, then z is also the unique fixed point of
T.

(i) If lim, d(S™z,2) = 0 holds for any x € X, then lim, d(T"x,z) = 0
holds for any = € X.

SEBH. We first show (i). Since SoTz =T oSz =Tz holds, Tz is a fixed point
of S. Since the fixed point z of S is unique, we have Tz = z. Let w € X be
a fixed point of T. Then we have Sw = T 'w = ... = Tw = w. Since the
fixed point z of S is unique, we have z = w.

We next show (ii). For any j € {0, -+ ,x — 1}, we have

lim d(T"""z,2) = lim d(S" o Tz, z) = 0.

n—oo n—oo
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So we obtain the desired result. O
T omBER T, TERPELS L TRENREE 2 R 7.

BN 9 ([7]). Let (X, d) be a Hausdorff, semicomplete semimetric space.
Let T be a contraction on X. Assume that there exist M > 0, k € N and
u € X satisfying the following:
(1) d(u, T"u) < M.
(ii) If a subsequence of {T"u} converges to some z € X, then d(z, T"x) <
M holds.

Then T has a unique fixed point z. Moreover, {T"x} converges to z for all
r e X.

FIEEA. Since

d(T"u, T™ ") < r™d(u, T"u) < r™ M
holds for any m,n € N, {T"u} is Cauchy. Since X is semicomplete, there
exist zp € X and a subsequence {f(n)} of the sequence {n} in N such that
lim,, d(T/™u, z5) = 0 holds. Since {T7™~14} is also Cauchy, there exist z; €
X and a subsequence {g;(n)} of {n} in N such that lim,, d(77/°9:("W~1y, 2,) =0
holds. Then we have

lim d(Tfoyl(”)u’ Tz) < lim rd(Tfogl(n)_lu’ z) = 0.
n—oo

n—oo

Note that {T/°9("y} is a subsequence of {T(™u}. Since X is Hausdorff, we
have Tz, = z,. Since {Tf 091(")’2u} is also Cauchy, there exist zo € X and a
subsequence {gz(n)} of {n} in N such that lim,, d(T7°91°92(")=2y_2,) = 0 holds.
As above, we can prove Tzs = z;. Continuing this argument, we can define a
sequence {z,,}>°_, in X satisfying the following:

e Tz, = z,_1 holds for m € N.

e For any m € NU {0}, there exists a subsequence of {T™u} converging

to 2.

From the assumption, we have d(z,,,T%z,) < M for m € N. Hence, putting

z = zy, we have
d(z,T2) = d(T" 2, T™ " 2) < 7™ d(2p, T 2) < 7™ M

for any m € N. Since m € N is arbitrary, we obtain d(z,7%z) = 0. Thus, z is
a fixed point of T". We let w € X be a fixed point of T". Then we have

d(z,w) =d(T"z, T"w) < r"d(z,w).
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Since " < 1 holds, we obtain d(z,w) = 0, thus, z = w holds. So we have
shown that z is a unique fixed point of 7%. By Lemma 8 (i), z is also a unique
fixed point of T Let x € X be arbitrary. Then we have

lim d(T"z,z) = lim d(T"z,T"2) < lim r"d(z, z) = 0.

n— oo n—oo n—oo

Thus, {T"x} converges to z. O
ROEMDPAFROERRTH 5.

EIE 10 ([7]). Let (X,d) be a Hausdorff, semicomplete semimetric space sat-
isfying (D5). Let T be a contraction on X. Then 7T has a unique fixed point

z. Moreover, {T"x} converges to z for all x € X.

SEBH. Let € and 0 be as in (D5). By replacing 6 with min{d, e} if necessary,
we may assume 0 < e. Let r € [0,1) satisfy (1) for all z,y € X. Let k € N
satisfy e < §. Define a function f from X into [0, c0) by
f(z) = max {d(Tix,zj) 1,7 €40, ,/1}},

where T° is the identity mapping on X. It is obvious that f(Tz) < r f(x)
holds. Hence lim,, f(T"x) = 0 holds.

Fix u € X and choose p € N satisfying f(T"u) < 6. We will show
(2) d(THu, TH ") < e

for any n € N. It is obvious that (2) holds in the case where n € {1,--- ,x}.
We fix n € N with n > k and assume that (2) holds for positive integers less

than n. Then we have

d(TH " u, TH ™) < r*d(THu, TH Fu) < rfe < 6.
We also have

d(THu, T u) < f(THu) < 6.

By (D5), we obtain (2). So (i) of Lemma 9 holds with v := T"u and M := e.
For i,j € N with p1 + k <7 < j, we have by (2)
(3) d(T'u, Tu) < v d(THu, THY "'u) < 1rfe < 6.
In order to prove (ii) of Lemma 9, we assume that lim,, d(T9™u, z) = 0 holds

for some z € X and some subsequence {g(n)} of {n} in N. Choose A € N
satisfying

(4) A(TPu, 2) <6 and g(\) > p+2k.
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By (D5), (3) and (4), we have d(T7u, z) < ¢ for j € N with u + x < j. Hence

(5) d(T7u, T"2) < v d(T" "u,z) < re < 0

holds for 7 € N with p+2x < j. By (D5), (4) and (5), we have d(z,T%z) < e.

Therefore we have shown (ii) of Lemma 9. O
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