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Abstract

We show that non-hermite Robertson-Schrédinger uncertainty relation can
be refined by using the eigenvalues of p.

1 Introduction

In quantum mechanical system, the expectation value of an observable A in a quan-
tum state p is expressed by E,(A) = Tr[pA]. It is natural that the variance for a
quantum state p and an observable A is defined by V,(A) = Tr[pA?| — (Tr[pA])* =
Tr(pAZ], where Ay = A — (Tr[pA])I. Tt is well known that Robertson uncertainty
relation is represented by the commutator [A, B] = AB — BA in the following in-
equality.

LITrlA B < V(A)V,(B).

It is well known that Schrodinger uncertainty relation is stronger than Robertson
uncertainty relation in the following.

LT olA, B + (Re{TrlpAvBal})? < Vy(A)V,(B).

In this paper we obtain some kinds of non-hermite extensions of Robertson-Schrodinger
uncertainty relation.

2 Non-Hermite Robertson-Schrodinger Uncertainty
Relation

Definition 2.1 Let M, (C), M, 1(C) and M, s(C) be the set of all n dimensioanl
complex matrices, the set of all n dimensional density matrices an the set of all
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n dimensional hermite matrices. For A,B € M,(C), we define commutator by
A, B] = AB — BA. Then we define the following expectation E,(A) and variance
Var,(A).

E,(A) = TrlpA],

1
Var,(A) = §T7”[P(A0AZ§ + AjAo)],

Let p=>"7", \i|¢i)(¢:] be the spectral decomposition. Then it is easy to show
1
Var,(A) = 3 Z()" + Mj)|ai]?,
.3

where a;; = (¢;]Ao|¢;). The non-hermite Robertson Uncertainty relation is given as
follows:

Theorem 2.1 ([1],[2]) Let p € M, 1(C) and A, B € M,(C). Then the following
uncertainty relation holds.

1
1 TrlolA, B < Var,(A)Var,(B),
where [A, Bl = AB — BA is commutator.

Proof of Theorem 2.1 Since Tr[p[A, B]] =Y, .(Ai — A;)ai;bj;, we have

Z"j

Tr[plA, BIP < O 1A = Allag|1bjal)*
,J

< O h A+ M\)lass b))

1,J

< D) e+ N lagl Y+ )bl
i i

= 4Var,(A)Var,(B).

The stronger non-hermite Schrodinger uncertainty relation is given as follows.

Theorem 2.2 Let p € M,,1(C) be a density matriz and A, B € M,(C). Then the
following uncertainty relation holds.

1 1 . «
ST lplA, B + I Trlp(A5By + BoAp)|I* < Var,(A)Var,(B)

The result is given by ¢ = 1 in Lemma 3.1 stated in next section.

2
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3 Refined Non-Hermite Robertson-Schrodinger Un-
certainty Relation I

The refined non-hermite Robertson uncertainty relation is given as follows:

Theorem 3.1 Let p =", Ni|¢;){(¢s| be the spectral decomposition of p € M, 1(C)
with eigenvalues 0 < Ay < Ay < -+ < A\, satisfying Ay # N\, and A, B € M,(C).
Then the following refined non-hermite uncertainty relation holds.

(An +A1)?

m|TT[P[A> BJ||* < Var,(A)Var,(B). (1)

Proof of Theorem 3.1 Let a;; = (¢5|Ao|®;) and bj; = (|¢;|Bo|¢s)-

2
|aij||bji|>

S TreA B < (z

1,J

A — A
A — Mg

Ai — A Ai — A
< 7:‘2 Q J bZQ
Ai + A ) A+ A
< .
- ( DY ”|><Z‘A + X\ > @)

(2) is obtained by the reason why (* +1)2 is monotone increasing for ¢ > 1 and

monotone decreasing for 0 < ¢t < 1. Then

(A +M1)? )
WIT rlplA, Bl
< (Z(Ai + M)IamP)(Z(Ai + A\)|bjil?) = 4Var,(A)Var,(B).

O

Remark 3.1 Let p = %I be the maximally mized state. Then by the same method

of [12]
|T7’[A()Bo]|2 S TT’[ASA()]TT[BSB()]

Let p be non-faithful state. That is \y = 0. Then by the same method of [12]

ilTT[p[A, B]||? < Var,(A)Var,(B).
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By putting A, B € M,, ,,(C) in (1), we have refined Robertson uncertainty relation.

Corollary 3.1

(A — A1)? 2
10 A Bl < VAV (B). (3)

The following refined nonhermite Schrodinger uncertainty relation is obtained.

Theorem 3.2 Let p =", Ni|¢;){(¢s| be the spectral decomposition of p € M, 1(C)
with eigenvalues 0 < Ay < Ay < -+ < N\, satisfying Ay # N\, and A, B € M,(C).
Then the following refined uncertainty relation holds.

A+ A1)?

mm[,@m, BlJ|* + %ITr[p(Az;Bo + BoAY? < Var,(A)Var,(B).  (4)

The proof of the uncertainty relation (4) is base on the following lemma.
Lemma 3.1 Let ||X|]? = Tr[pX*X] for any X € M,(C). For ¢ >0, if the relation
(XN + XAV IS + 1Y 15) = eTriplX, Y]I? ()
holds for any X,Y € M, (C), then the stronger relation
(XN + IXIDAYIZ + 1Y 5 = [ Trp(X7Y + Y X[ = o Tr[p[ X, Y])*  (6)
also holds.

Proof of Lemma 3.1 The schwarz inequality for the inner prouct (X|Y), = Tr[pX*Y]
implies that if |[Y||, = ||[Y*||, = 0, then Tr[p(X*Y + Y X*)] = 0. Therefore, in the
case of ||Y||, = ||[Y*]|, = 0, the statement holds trivially. We henceforth assume
Trip(Y*Y + YY*)] # 0. In view of the identity [X 4+ tY,Y] = [X,Y] for any ¢t € C,
the assumption (5) implies

(X + Y5+ X+ &)Y + [1Y*15) = el Tr{p[X, Y] (7)

p(X Y +Y X)]

: _ _ Trp(X*Y +Y X~)]
Letting t = VY2

, we obtain

| X +tY[|2 + || X* + Y|}
= [IX*2+ XI5+ [EPAYN2 + [1Y)2) 4+ 2Re{tTr[p(X*Y + Y X*)]}
|Tr[p(X*Y + Y X*)]?

= X7+ 11X5 -
g g IVAZ + 1Y =[17

4



158

Substituting this into (7) yields (6). O
Proof of Theorem 3.2 We put X = AY = B in (6) for A, B € M,(C). Since

2

Vary(X) = 3Tr[p(X5 Xo + XoXg)] = 3 (I X012+ 1X5][2) and ¢ = G235, we obtain

(An + A1)?

400, — A1)2|T'f’[p[A, B

1
Var,(A)Var,(B) > Z|Tr[p(ASBO + BoAH)* +

O
By putting A, B € M,, 5,(C) in (4), we have refined Schrédinger uncertainty relation.

Corollary 3.2

STl A, B+ (Re(TrlpAdBall < V(AV,(B)
T O =D VD S S P 1 _ '
Since PTG W MR G W W + 7 we can rewrite as follows:
GoSlTr A B + 1ITrlolA, BIF + (Re{TrlpAu]
— T A B + TlpABP < ViAV(E) ®)

On the other hand, the another refined non-hermite Schrodinger uncertainty relation
is also given as follows:

Theorem 3.3 ([5]) Let p € M,1(C) with eigenvalues 0 < Ay < Ay < -+ < ),
satisfying \v # A\, and A, B € M,(C). Then the following refined uncertainty
relation holds.

AL

mT'f’[p[A, BJ*[A, B]] + |Tr[pA5Bo]|* < TrlpA§Ao]Tr(pB; Bol, (9)
2

where A5 is the second smallest eigenvalue of p.

Remark 3.2 In the case of A, B € M,, s,(C), (4) and (9) are represented as follows.

(An + A1)?

mlTr[p[A, BJJ> + (Re{TrlpAoBy)})? < V,(A)V,(B).

That 1s

ﬁlﬂ[f}% BJ|* + }L|Tr[p[A, BJ|* + (Re{Tr[pAoBol})* < V,(A)V,(B).

bt
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And also

ALAS
JWEDY:

Tr[plA, BI'[A, Bl + iIT'f’[p[A BJ|* + (Re{Tr[pAoBol})* < V,(A)V,(B).

We compare between

Mol BE and (2] = 222 T4, BIY[A, B

1= O — A1) EBYESY:

Let

R
Il
VR
—_
O O~
D
—_
O~ O
w0
—_
~ OO O
[\
SN—————
N
Il
/
_ o O
o OO
O O =
SN—————
oy
Il
~/
. O O
o O O
oo |
-~
~_

Then [1] = 9/27 > [2] = 8/27.

4 Refined Non-Hermite Robertson-Schrodinger Un-
certainty Relation II

The another refined non-hermite Robertson uncertainty relation is given as follows:

Theorem 4.1 Let p € M, 1(C) with eigenvalues 0 < Ay < Ay < -+ <\, satisfying
M # A\yoand A, B € M,(C). Then the following refined non-hermite uncertainty
relation holds.

o TrpA B < Trlp A ATl B 10
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Proof of Theorem 4.1 Let p = >""" | X\i|¢)(¢:] be the spectral decomposition. Then

Trp[A, B]] = Z(Az — Aj)aijbji,

1,J

where a;; = (¢;|Ao|¢;) and bj; = (¢;|Bo|¢i). Then we have
2
| TrlplA, B]]I* < (Z Ai — )‘j||aij||bji|>
h 2
- (Z s A m||bﬂ|>

/\1/2>\1/2
< max i)\f)\.j (Z NN Las b))
17\ ..

i,

IN

)\1/2 )\1/2
e </\1/2 1/2) Z)‘ i Z/\ 01

J

INCENE

1 n
()‘n _ >‘1)2

= ————Tr[pAjAo|Tr[pBg By
M A,

A2 12
= (L — 1—> TripAyAc)Tr(pB;Bo)

O

Remark 4.1 Let p = 1 be the mazimally mized state. Since |Tr[p[A, B]]|* = 0

and * A” Al Qe )7 p [ A2 Ao Tr[p B2 By) = 0 i the proof of Theorem 4.1, we can state that
the result holds. And let p be non-faithfull state. Since \y =0, Theorem 4.1 holds.

By putting A, B € M,, s,(C) in (10), we have refined Robertson uncertainty relation.

Corollary 4.1
A

WITT[ plA, BJJI* < V,(A)V,(B). (11)

The following another refined non-hermite Schrodinger uncertainty relation is ob-
tained.
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Theorem 4.2 Let p € M, 1(C) with eigenvalues 0 < Ay < Ay < --- <\, satisfying
A # Ay and A, B € M,(C). Then the following refined non-hermite uncertainty
relation holds.

A A, « « «
o e Tl A B + Trlp A3 B < Trlp AL ATrloBiBel. - (12)
The proof of non-hermite uncertainty relation (12) is based on the following lemma.
Lemma 4.1 Let || X|]? = Tr[pX*X] for any X € M,(C). For ¢ >0, if the relation
IXIZIY NS = el Tr[plX, Y]I* (13)

holds for any X,Y € M,(C), then the stronger relation

IXIZIYI, = 1Tr[pXY])* > e Trp[X, Y]))* (14)
also holds.

Proof of Lemma 4.1 The schwarz inequality for the inner prouct (X|Y), = Tr[pX*Y]
implies that if |[Y||, = 0, then Tr[pX*Y] = 0. Therefore, in the case of |Y||, = 0,
the statement holds trivially. We henceforth assume Tr[pY*Y] # 0. In view of the
identity [X +tY,Y] = [X, Y] for any t € C, the assumption (13) implies

1X + Y (ZIY I, = e|Tr[p[X, Y] (15)
Letting t = —T’“ﬁqfﬁ;”, we obtain

| X + Y3

= [|X|2 + 2Re{tTr[pX*Y]} + Tr[|t|*pY*Y]
TrlpX Y|P
X112 — TIVE
)

Substituting this into (15) yields (14). O

By putting A, B € M, s (C) in (12), we have refined Schrodinger uncertainty rela-
tion.

Corollary 4.2

ﬁlﬂ[f% BJ|I* + [Tr[pAoBo]|* < V,(A)V,(B). (16)
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Remark 4.2 Though the LHS of (3) is larger than the LHS of (11), the LHS of (8)
is equal to the LHS of (16).

Remark 4.3 It is easy to show that the LHS of (1) is larger than the LHS of (10).
But when A € M, .(C), B € M,(C) and ||B;||> < ||Boll2, the RHS of (1) is less
than the RHS of (10) and when A € M, (C), B € M,(C) and || Bj||2 > || Bol|2, the
RHS of (1) is larger than the RHS of (10). Then we can’t compare two inequalities.
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