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In this paper we shall report the finite-time extinction behavior of solutions to the Cauchy-
Dirichlet problem for the doubly nonlinear fast diffusive parabolic type equation

vt — div (|[Vo|P~2Vv) =0 in Qs := 2 x (0,00)
v =1 on Q x {0} (1)
v=20 on 99 x (0, 00)

Here Q is an open bounded domain in R", n = 2, with a smooth boundary 9€2. The exponents
p,q are chosen as 1 < p < n, ¢+ 1 = p* with p* := . Moreover, u : Qo — [0,00) is a
nonnegative function and, as usual, Vv = (0, 'U)lg a<n denotes the spatial gradient of a function
v and Jyv? means the derivative in time of v?. The initial data vy = vo(x) belongs to the Sobolev

space Wo1 P(Q)) and is bounded, nonnegative and not identically zero.

This paper is based on a collaborative research with Tuomo Kuusi, Professor in University
of Helsinki, Finland, and Kenta Nakamura, Academic Researcher in Nihon University.
The following theorem states on the finite-time extinction of solutions to (1) [M. Misawa, K.
Nakamura: J. Geom. Anal. 33: 83 (2023); M. Misawa, K. Nakamura, Md Abu Hanif Sarkar: Nonlinear
Differ. Eqn. Appl. 30 ; 43 (2023)].

Theorem 1 (Finite-time extinction). Let p > 1, ¢ > 0 satsify p < ¢+ 1 < p*. Let v €
L>(0, 00; Wy P(Q)) N C([0,00); LT(Q)) be a nonnegative weak solution of (1). Then, there
exists a positive number t* such that v > 0 in Q x (0,t*) and v =0 in Q x [t*,00). Moreover,
we have positive constants C; = Cyi(p,q), i = 1,2, such that

Ci(t" =) /@D < lo(t) g1, [IVo(B)]p S Ca(t — 1)/ 0HP) (2)
where || - || denotes the L"(§2)-norm.

We now shall exhibit the outline of proof.
Proof of Theorem 1. Multiplying the equation (1); by the solution u, by integration-by-parts
we have

d
g O + = = Vu®)ll, = 0. (3)

For derivation of the upper-estimate of the volume we need a boundedness of the Rayleigh
quotient R(w) := ||Vw|,/||wllgs1 for w € WyP(Q)\ {0}. In fact, it holds true that R(v(t) <
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R(vg) for the weak solution v of (1) and ¢ € [0,¢*). This estimation is obtained from the volume
equality (3) and the energy inequality

d
|0 TS + Ve () < 0. (4)

The energy inequality (4) follows from testing (1); by time-derivative dyv through some appro-
priate approximation (see [Appendix D, Page 39-43, Nonlinear Differ. Eqn. Appl. 30 ; 43 (2023))
and [Adv. Cale. Var. 16, no.2 (2023)]).

For brevity we put the notation as W(t) = Hu(t)||gﬁ and / = d/dt. Substituting the boundedness
of Rayleigh quotient above into (3) we have

_9 PP/ (a+1) (1) >
LW (1) B 0 () 2 0,

which is solved as

W()ati=p/ ) < *R(vo)p(t* — )Y/(a+1-p) (5)

and thus, we have the upper-boundedness of volume in (2).
Now, we use the Sobolev-Poincaré inequality ||w|/q+1 < Cpql|Vw||, being true for a positive
constant C), , and any w € I/VO1 P(€)). From the equality (3) we have

q_i_il\lf’(t) + Cp e/ (g) < o,

which is integrated over (0,¢*) and yields

Ju()llgir = WD) = (LY g pyfanin),
4Cp.q

This is the lower-estimate of the volume of (2).

The estimations of energy in (2) easily follow from applying the definition of Rayleigh quotient
and the Sobolev-Poincaré inequality for the inequalities of volume above.

The interior positivity of the weak solution v before the extinction-time t* is obtained from that
of the transformed solution u below, which is the solution of the p—Sobolev flow, satisfying the
volume conservation. O

Our main theorem, Theorem 2, exhibits the so-called volume and energy concentration at
finite-time extinction of positive solutions to the evolution equation (1). This phenomenon of
concentration seems being peculiar to the Sobolev critical case that ¢ + 1 = p*. To state the
result, let us define the parametrized family of functions Ulxg, u| with a point xy € R™ and
p € (0,00), by

=1 1/ (g)(p_l)/p i

Ulzxo, = , € R™.
(20, () 2! =1 4 |z — P/ P=D ;

Such functions as above are called as Tualenti bubbles and the extremal functions attaining the
best constant .S of Sobolev’s inequality on the whole space R"

S = inf{ IVéllp . ¢ € LF (R"), |V, < oo} .
[¢llg+1

2
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Theorem 2 (Concentration extinction profile). Let nz—fQ Sp<n,q+l=p andrg=1A\, 1/p
with Ao = [[Vwol[p/llvolly, 1. For a positive number r < ro, define {1, }1<i<n as Lipschitz bump
functions such that
{0 Sy, =1, supp(Yy,) C B(w,r) = B;
Va5 = C(n, p)

Suppose that v is a solution to (1) as in Theorem 1. Let {t;};jen be a sequence of times so
that t; ,/* oo as j — oo. Then, there exist a sequence {7;}jen depending on {t;};en and
satisfying T; /00 as j — 00, a positive number Ao, and a set {xl}fil of at most finitely many

distinct points, where N := [e5] (the mawimal value not exceeding ey ) and go < (%)5 with

S being the best constant of Sobolev’s inequality on R™, a sequence {u;}}., of positive numbers
such that we have the convergence as r \,0 and j — oo

N
U(',h(Tj)) —(n—p)/p? -1/p p/(n—p)
s 2 Y OAST U0, AL (F5 (= 21)) + o)
in Wol’p(Q), where t* is the extinction-time as in Theorem 1, the function h(t), 7 2 0, is defined
below, 1 < ky, ; /1 00 as j — 00 and U is either a trivial function us = 0 or a positive weak
solution in Wol’p(ﬂ) of
—div(|VulP2Vu) = Adou?  in Q

with a positive constant Aoy S0 that both us and its spatial gradient Vues, are uniformly Holder
continuous in €.

Theorem 2 is established by a scaling transformation intrinsic to (1) (which was kindly advised
by Professor J. Vazquez in 2013) as follows: First, let A(0) € C*([0,0)) and g(7) € C*([0, )
be the solutions of the ordinary differential equations, respectively,

N(0) = ()7 o(t" (1 — exp(—AO)[|T1177, 0 2 0 g'(1) = exp(A(g(1))), 720
A(0) =0 g(0) =0

where we note by the volume identity (3) that the function ||v(s)||gﬂ_p is continuous on s = 0.

Using the functions above we define the transformation of the solution of (1) by

hit) = ¢ (1 = esp(-Alg(O)}. ulot) = T, ez ©)

The function h(t) above is increasing and extends the finite-interval [0,¢*) from 0 up to the
extinction-time t* into the infinite-interval [0, co).

Theorem 3. The function u defined by (6) belongs to L (0, 0o; Wol’p(Q)) N C([0,00); LI (Q))
and a weak solution of the p—Sobolev flow

{ﬁtuq —div (|Vul[P~2Vu) = ||Vu(t)|[pu? in Qoo :=Q x (0,00) %

Ju®llgs = 1 £20

with the initial and boundary conditons: u = ug := vo/||vo||g+1 on Q% {0}, u = 0 on I x (0, 00).



187

The solution u satisfies the energy inequality

2 1 1
/ B[ dadt 4 sup = Vu(t)|} < (Vo (8)
Qoo 0<t<oco P p

Furthermore, the solution w is positive and bounded, 0 < u = exp(|luol[bT/q)||wol|cc almost
everywhere in Qp := Q x (0,T) for any positive T' < oo, and u and its spatial gradient Vu are
locally in space-time Holder continuous in Qp for any positive T < oo.

Proof of Theorem 3. Now we confirm the first statement of Theorem 3 by direct computation.
In the following verification, for brevity we write || - || = || - |lq+1 and / = d/dt.

It follows from that of v assumed in Theorem 1 that the transformed function u belongs to the
indicated function-space.

Since 0 = h(t) < t* for all t € [0,00), ||[v(h(t))||q+1 > 0 for all t € [0, 00). The volume identity (3)
measns that the function |Jv(s)||?"! is Lipschitz continuous on s = 0 and thus, so is |[v(h(t))]].
Now we calculate as

(Alg(t) = exp(g(t) (#) v (h()]| 77,
(h(1))" = t* exp(=A(g(1)))(Alg(1))) = [[o(h(t)]| 7P (9)

and then, we have
Apu? = dsv|[o(h(£)) "7 = q o (R (lo(R(E))]) u. (10)

Here, by the volume identity (3) and (9) for (h(t))" the right-side of (10) is computed as follows:

O lu(h)'T" = div (Vo= Vo) [u(h()]'7,
= div (|[VuP~*Vu)

(o)) = (g+ 1)~ o(h)||~/ ) %Hv(h)\lq+1 (h(t))
h=h(t)

= ¢ H(h@)IVu®) . (11)

Combining (10) and (11) we obtain the equation (7) for the transformed function u. The volume
constraint for u follows from the definition (6).

We also see that the volume constraint (7)s is natural in the following sense. In fact, we
multiply both sides of (7); by the solution w itself and integrate by parts to find that | Vu(t)||
in the right-side of (7)1 is the Lagrange multiplier stemming from the integral condition (7)s.

The boundedness of the p—Sobolev flow naturally follows from the maximum principle for
the doubly nonlinear parabolic type operator of (7), together with the bounedness of initial
datum. In virtue of the volume constaint in (7)y we can show the positivity of the p-Sobolev
flow (7), where the important point is that the so-called expansion of positivity holds true
for the nonnegative weak solution of (7), by the volume constraint (7)2 and the boundedness of
solution. The positivity-expansion is a sort of the weak Harnack inequality and the proof is based
on the local energy estimates for the truncated solution and De Giorgi’s measure-theoretical
argument, under the scale-invariance intrinsic to the doubly nonlinear parabolic operator of (7)
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[E. Dibenedetto, U. Gianazza, V. Vespri: Acta Math. 200 (2008); Springer Monographs in Math. 2012].
The boundedness and positivity further yields the gradient regularity of u [T. Kuusi, M. Misawa,
N. Nakamura: J. Geom. Anal. 30 no.2 (2020); J. Differ. Eq. 279 (2021); M. Misawa: Calc. Var. 62
(2023), no. 9, No. 265). O

The concentration extinction profile for (1) as stated in Theorem 2 follows from the volume
and energy concentration of (7) at infinite time. The equation in (7) describes the gradient
flow associated with the constrained minimization problem determining the best constant of the
usual Sobolev inequality for VVO1 P(). The case ¢ + 1 = p* is called the Sobolev critical one,
in the sense that any bounded sequence in VVO1 P(Q) is not always compact, and the so-called
volume and energy concentration of (7) may appear at infinite time. The proof is the blowing-up
argument based on a local boundedness with a local volume [T. Kuusi, M. Misawa, K. Nakamura:
submitted (2025)].

From now on we shall show the outline of the proof of Theorem 2.

First we present the local boundedness with a local volume, which is a new ingredient obtained
for the doubly nonlinear parabolic equation and is of its own interest. It holds true for interior
and boundary local regions. The key of proof is the so-called “reverse Holder type estimate”,
derived from De Giorgi’s iteration method based on the local energy inequality for the truncated
solution and the Sobolev-Poincaré inequality, under the scale-invarinace intrinsic to (7);. We
omit the detail of the proof (Refer to [T. Kuusi, G. Mingione, J. Eur. Math. Soc. 16 (2014)]).

Theorem 4 (Local boundedness). Let u be a nonnegative weak solution to (7). Let ro € (
satisfy roXo S 1 with Ao == ||[Vuollh and ko = 1, and set v := p(1 +2/n). Take a point x
and a time to so that (to — b, o) C (0,00), and define the space-time region Q0 (xg,to,m0) =
B(mo,kép_(q+l))/pro) X (to — rh,to) There exists a constant &y = do(n,p) € (0,1) such that if

0,1]
e

1

__r W dpdt < 57 (12)
|Q($0,t0,7'0)| Qko(:(:07t0,ro)ﬂﬂoo 0

then it holds true that
Hu|’L°°(Q4k0(xo,to,’r'o/2)ﬂﬂoo) é 4k0 . (13)

We now study the asymptotic behavior of the global-in-time solutions to (7), obtained in
Theorem 3. The first one characterizes concentration at infinite time and derives the condition
of the strong convergence in energy at infinite time.

Theorem 5 (go-strong compactness). Set ¢+ 1 = p* for p € | n). Let u be a nonnegative

o
n+2’
weak solution of (7). Fixz rg :== 1 A )\al/p with Ng = ||Vuollh. Let {t;}jen be a sequence
of times such that t; / oo as j — oo and 9 > 0. Then, there exist a sequence {7;}jen
depending on {t;}jen and satisfying 7; /* 0o as j — 00, and a set Eiy C Q of distinct points
of singularities, such that the following statements hold: there exist a positive number Ao and
a function us € Wol’p(Q) such that, as j — 0o, A(Tj) = Ao and

weakly in I/VO1 P(Q)
u(7j) = Uso strongly in - L7(Q), Vv € 0,p*)

almost everywhere in 2
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where us 1S a nonnegative weak solution to —div (|Vu|p*2Vu) = Aot? in Q. Moreover, there
are only finitely many distinct points of Fiy such that

lim inf / ™t dxdt > g
J—00 Qk(zo,‘rj,'ro)ﬂﬂoo

whenever space center g € Eiy and k € [1,00), and the sequence {U(Tj)}jeN strongly converges
to Uso in WP on any compact subset of 0\ Fiyg.

We shall show the outline of proof.

Proof of Theorem 5. Let {t;};cn be an increasing sequence such that ¢; oo as j — oco. Set
I; == (t;, t; +1) for j € N, which may be disjoint each other. Then, there exists a sequence
{7j}jen (up to a zero Lebesgue measure set) such that 7; € I; and

lim [ [0wi(7))| dx =0, (14)
Q

]—)OO

Indeed, by the energy inequality (8) in Theorem 3 we have that

o0
12 o0 112
Z][ / ‘atu% dwdt:/ /‘@uq;
Pl PRy 0 Ja
2
hm]l / ’@uq%l
J=eoJr; JQ

From the mean-value theorem, for each j € N, there exists 7; € I; (up to a zero Lebesgue
measure set) so that

dxdt < oo,

and thus,
dxdt = 0.

q 2
hm/‘atuél(rj)‘ dz = 0. (15)

j—>oo Q
By the chain rule of weak differential we have for ¢ = 1 that du? = %u%latu%l, since the
2
function [0,00) 3 z 2T s locally Lipschitz regular. From (15) and Holder’s inequality, it
follows that

2q a—1 g+l
[ 1ot mlde £ Zu's (02 Hatu"z ),

+1 L2(Q)
< 2Lj0f sup [u(t)] 3 g 0" ()
= su U U T5
T g+1 te(op Lqﬂ(m ' Pz (@)

i . gq+1
< . )luol 21 |0 ()|, —0

L2(Q)

as j — oo, which means (14).

The volume identity (7)2 and the energy inequality (8) in Theorem 3 yield the weak convergence
in some Lebesgue and Sobolev spaces of the sequences u(7;) and Vu(7;) along some subsequence
7; /4 oo as j — oco. We find by (14) that the limit function ue of {u(7;)} belongs to the Sobolev
space W1P(Q) and is a nonnegative weak solution of —A, s = Aol in 2, which is exactly the
stationary equation associated to (7).

Here we define the following dichotomy, which clarifies the phenomenon of bubbles.
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Definition 6 (Qe and (0Q).e). Fix rg € (0, 1] so that A\grf < 1 with Ay = ||[Vug|lh. We may
assume 7; being so large that (1; — 5, 7;) C (0, 00).
Given a point zg € Q, we say that zg € Qg C €2 if there exists kg, € [1,00) such that

lim inf wl dadt < g . (16)

J—eo /Qkxo (20,75,70)N Q0o

Otherwise, we have

20 € Q\ Qeg <= liminf wtt dxdt > €9, Yk € [1,00). (17)

j—oo /Qk(l‘oﬁjﬂ‘o)ﬂﬂoo

Similarly, given a boundary point zy € 99, x¢ belongs to (0Q)g € OS2 provided that, there
exists kg, € [1,00) such that

lim inf/ uwd™ dadt < g (18)
J—0 QkxO (%0,75,m0) Moo
vice versa, xg € 0§\ (0€)reg means that
lim inf/ ul™t dadt > e, Vk € [1,00). (19)
3700 J Q"0 (20,75,70) oo

Take 6] in Theorem 4 and write as |Q(xo, to, 70)| = c(n)rg™*. We find that, if £ is so small that
g0 < 63c(n)ry™P, then Theorem 4 yields

11]H_l>101.}f HU’HLOO(Q‘““IO (20,77,70/2)" Qo0 ) é 4]?,330 s Vg € Qreg .

Similarly, when ¢ is so small enough as above Theorem 4 gives that

].1]11_1}})1.}f Hu“LOO(Q4k10 (mo,Tj,'f'O/Q)nQoo) é 4kx0 s v:ll'() S (aQ)reg .

Now we define as Ejp := 2\ Qg through Definition 6 and Theorem 4.

First, the volume constraint (7)2 means that Q\Qeq consists of at most N := [e; '] many distinct

points. Assume, on the contrary, that there are NV 4+ 1 distinct points in Q \ Qyeg, say {lz}f\i *1'1.

Then we obtain from (17) that there exists large enough k so that {Q*(x;, 7;,70)},~1* are disjoint
and

lim inf/ wI dadt > 2 .
J—0 QF (xi,75,70)NQeo
Thus, by Fatou’s lemma and the volume constraint [|u(t)|q+1 = 1, we deduce that
N+1 N+1

(N +1)gy < Z liminf/ ud™ dzdt < lim inf Z / wd™ dxdt < 1;
i1 17 JQF(wi,T,m0)N Qo J7reo ST JQF(wa,ms,m0) Qo

a contradiction. Therefore, there are at most N many distinct points in €\ Q.
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Next, take any compact subset K of Q\ Eiy = Q. We may assume 7; being so large that
(15 — (ro/2)?,7;) C (0,00). Since K is compact, we find sufficiently large Ix € N, finitely many
points {yz}fi{l C K and numbers k,, =21, i=1,...,Ig, such that

Iy

K x (75— (r0/2)7,75) [ Q" (41, 7j,70/2)(C Qc) (20)
=1

and (16) with z¢ :=y;, i = 1,... Ik, and thus, by Theorem 4,

o <
hjrggf HuHLoo( < 4k, . (21)

Q™ (yi,75,m0/2))
Noting the inclusion (20) we obtain from (21) that

lljnigf [wll oo (B x (7 — (ro f2)p.75)) = 4]2;161?;<kyi < 0. (22)
The estimation (22) provides the desired strong convergence on K and, since K can be taken
arbitrarily, also strong convergence locally in €\ Eiyt

Vu(t;) = Ve strongly in L (Q\ Eiy). (23)

loc

O

The next result renders the asymptotic profile at finite concentration points of the global
solution of (7). As a consequence, the concentration of volume only appears at most finitely
many points in the interior domain; in other words, the possibility of concentration points lying
on the boundary is ruled out.

Theorem 7 (Volume concentration phenomenon). Let HQ—fQ <Sp<mn,q+1=p* Letu be

a nonnegative weak solution of (7). Fix rg = 1 A )\al/p with \g = ||Vuol[p. Let {tj};en be a
sequence of times so that t; /' oo as j — oo. Then, there exist a sequence {7;};en depending
on {t;}jen and satisfying 7; /* 00 as j — 00, a positive number Ao and a set E C Q of finitely
many distinct points of singularities, say {x;}.,, where N := [561] and g < (%); with S

being the best constant of Sobolev’s inequality on R™, and a sequence {ui}f\il C Ry such that we
have, for anyi=1,..., N, that

lim inf wI™ dxdt > =g (24)

J=roo /Qk”” (4:75,m0)N Q00

whenever kg, ; € [1,00). Defining a sequence {kz,j} ey as 1S kg, j /' 00 as j — oo and

Uy, (2, 1) 1= k;llju (l’z + k(pi(q+1))/pm’ i+ t)

Z5,]

we have

n—p

0g(50) —— A U0 in DU®), (25)

j—00
where U [0, A;}/Z’W} s the Talenti bubble having a peak at the origin © = 0.

8
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We shall show the outline of proof.

Proof of Theorem 7. We shall treat the interior case.

Interior case. Let E := )\ Qee. By the proof of Theorem 5, £ has only finitely many distinct
points, that is, F = {z;}Y, with N := [e;']. Fixi = 1,...N and rg = 1 A )\gl/p. Put
BF(x;,10) := B(w;, rok®~(@+1)/P). We may also assume 7; so large that (1; — rf, 7;) C (0, 00).
For z; € E, (17) implies that

lim inf/ ul™ dadt > e, VEk € [1,00). (26)
J—roo Qk(qujvTO)ono
By the mean-value theorem we can also take a number 7' € (rj — r5, 7;) such that

7j
+1 +1
DI s iy = 1. HONE gy
i~ To

and thus, from (26) it follows that 7; — rj < 7} < 7; and

+1 +1
(T )H%ﬁl B(z1,70)NQ) 2 H“/(Tj/')H%q+1(Bk(xi7ro)mQ) > 80/7’3. (27)
Subtracting a further subsequence, we may assume that Tj’~ oo as j — oo.

Let y be any point in € and s be so large number that (s — 7, s) C (0,00). By the absolute
continuity of integral, there holds for §] in Theorem 4, and for sufficiently large k(y, s) € [1, 00)

that
1

|Q(y7 S, T0)| Q*W:5) (y,5,70)N Qoo
and then, letting kg = k(y, s) and top = s, Theorem 4 entails that

wI™ drdt £ 5]

sup u < 4k(y, s). (28)
Q4k(y’s) (y7S7T’0/2)ono

Since Q(z;, 7']’-, r0) N Qs is compact, we have finitely many points {(y;, sl)}l 1 C Q(a:z, ,70)N oo
with a finite L = L(z;, 7}) € N such that Q(z;,7},70) N Qo C UL, Q¥ws) (yl,sl,ro/Z) N Qoo
Thus, by (28) we have the boundedness as

H’IIJ”Loo(Q(%,T]{’TO)mQOO) <4 max k(yl, Sl) = 4/4712.7]'. (29)

l:l,A..,L(zi,Tj’r)

Since k(y;, s;) can be chosen as arbitrarily large. we may assume that k,, ; 0o as j — oo.

Letting the scaled functions
. -1 , (p—(g+1))/p / () — / _ ’ p
Vg, (2, 1) = k:%ju(:liZ + kg, T, T+ t), vi(t) == A(1j +1) = |Vu(7‘j + t)‘ dx
o

Ug,,j is a weak solution to

Otvq

R B B s (gD
g — Dplaj = Vv 5 InQy, =By, j X (—15,0)
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with By, j = k(q+1 p)/p((B(azi, ro) N ) — z;). By straightforward computations, it is clear that

y(t) = [ IVutj+opds= [ Ve e (30)

x;,J

with Qg, ; = k(q+1 p)/p(Q x;) and, (29) implies that

Ve illLee(o,, ;) <4- (31)
Moreover, one can check that,
02,5 a5, ;) = 1(T] + )]l Lat1 (B, r0) N ) (32)
and
PEs] g1
’&tvxij (t) o) Hatu - (7] +t)’ . (33)

The family {B,, ;}jen of domains is enlarging, so that B, ; /" R™ as j — oo. Similarly as
the convergences and (23) in the proof of Theorem 5, by (30) there exist a limit function
w® € DVP(R™) and a limit number A, so that, we have the weak convergence in W'?(R") of
{v4,.;(0)} to w(® the strong ones in some Lebesgue space on R”™ of {v,, ;(0)}, {Vug, ;(0)} to
w®, Vw® | respectively, and the convergence of {vj(0)} to Ao

By construction and the argument as in Theorem 5, the limit number A is independent of
ie{l,...,N}. We can use (33) and (15), and argue similarly as the proof of (15), we have for

every o € CO (B, ;) that ‘fRn o, ;4(0 )goda:‘ — 0 as j — oo.

Gathering the convergences above, we find that the limit function w® is a nonnegative weak
solution of the stationary equation —div (|[Vw®P=2Vw®) = Ao (w®)?  in R™.

Similarly as in the proof of Theorem 5, the local boundedness (31) yields the strong convergences
of {vs,(0)} in L7(R™) with Vy > 1, and {Vuv,, ;(0)} in LP(R"), respectively.

By the regularity results of the critical p-Laplace equation [Theorem 2.2, P. Pucci and R. Servadei,
Indiana Univ. Math. J. 57 (2008)] and [Corollary, p. 830, E. DiBenedetto, Nonlinear Anal. 7 (1983)),
w s CIOC (R™)-regular. In addition, by (27) with (32), and the strong convergences above,
w® is not identically zero in R™. This, together with the strong maximum principle in [J. L.
Vizquez, Appl. Math. Optim. 12, (3) (1984)] implies that w® is strictly positive in R™. By the
fundamental result on the extremal function attaining the best constant of Sobolev inequality
on R” [B. Sciunzi, Adv. Math. 291 (2016)], w® has the form of w(®(z) = AP~ mv [0 )xool/p,uz]

for some p; > 0.

Boundary case. Finally, we consider the boundary singular point. Let zg € E' := 0\ (0€)reg-
A very similar argument leading to (29) in the interior case can be applied with the region R
replaced by R to show that the limit function w € Dy? (R%) of the scaled-solutions {vg,,;(0)}
is a nonnegative weak solution of —div (|Vw[P—?Vw) = Aoow? in R? with w = 0 in R*~! = 9R?
for some positive number Ao,. Adapting (27) with (32) those on B(zg, 70)N, w is not identically
zero in R’ . From the Liouville type result in [Theorem 1.1, C. Mercuri, M. Willem, Discrete contin.
Dyn. Syst. A 28 (2010)], w should be trivial, which contradicts to the above. Thus, £’ = @. O
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