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SCHUR EISENSTEIN SERIES AND QUASIMODULAR FORMS

JINBO YU
NAGOYA UNIVERSITY

ABSTRACT. In this survey article, we summarize some results of [BY, Yu] and introduce
Schur multiple Eisenstein series, which are defined by Schur-type sums over semi-standard
Young tableaux. To study them, we use the Young tableaux Hopf algebra and the lineariza-
tion map to the quasi-shuffle algebra. Furthermore, we explain the Jacobi—Trudi formula on
the Young tableaux Hopf algebra. In the case where all entries are equal to 2, the Schur
Eisenstein series are quasimodular forms and span the ring of quasimodular forms. The
Schur-MacMahon g-series, appearing in the Fourier expansion of Schur multiple Eisenstein
series, are also discussed. In joint work with H. Bachmann, we study their relation to the
algebraic structure of quasimodular forms with integer coefficients.

1. INTRODUCTION

The purpose of this note is to explain the relation between Schur multiple Eisenstein series
(SMES) and quasimodular forms. For 7 € H = {7 € C | 3(7) > 0} write ¢ = €*™", and for
even k > 2 let

Gk) = Gk: 7) = % 3 !

k
mmezmnoy T ™)

be the Eisenstein series. Here, when k = 2 we use the Eisenstein summation. Let
2k _
Fir) = 1= 5 Sl €2l ovealr) = 3

be the normalized Eisenstein series, where By is the k-th Bernoulli number. For even k& > 4,
the Fj are modular forms. The Eisenstein series F5 is not a modular form. Including F5 leads
to the notion of quasimodular forms, which appear throughout mathematics and physics, for
instance, in enumerative geometry, the theory of partitions, and string theory. The notion
was introduced by Kancko and Zagier [KZ] in the context of counting ramified covers of
clliptic curves. The ring of quasimodular forms is M = Q[G(2),G(4),G(6)] C C][g]]. which
is the extension of the ring of modular forms M = Q[G(4),G(6)] C C|[q]] closed under the
derivative D = qdiq.

Set G(2k) := (2mi) G (2k) = —%Egk(ﬂ € Q[lg]]. We denote the spaces of modular
forms and quasimodular forms with rational coefficients by

Mg = Q|G(4).G(6)] € Qllgl] and Mg = Q[G(2), G(4), G(6)] C Q[lg]].

Multiple Eisenstein series give a connection between modular forms and multiple zeta

values. These series were introduced by Gangl, Kancko and Zagier [GKZ] and developed
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by Bachmann [Ba]. They are defined by replacing the sum over one lattice point with an
ordered sum over several lattice points:
1 .
G(s1y.--y8r) =G(s1,...,8:7) = Z W (reH;s; €Nsg, i =1,...,7),

0<A1 <=
NiE€ELTHL

In [Yu], Schur versions of these series are constructed. Instead of summing over ordered

lattice points, we sum over semi-standard Young tableaux whose entries are lattice points.
A partition of n € N is a tuple A = (Aq, ..., A;) of positive integers satisfying

N> >N21 A=Attt N =n

Here, we also allow for the empty partition &, with |&| = 0. When comparing two partitions,
we extend them by adding zero parts at the end if necessary. Let A and p be partitions. Write
pCNif 0 < p; <\ forall i. For p C A, the (skew) Young diagram of shape A/ is

D\ p) = {(i,j) € Z* |1 < i < dep(N), i <j < N}

Here we use the convention that pu; = 0 if ¢ > dep(p). If p = @, or equivalently, if all parts
of u are zero, then we write D(A) := D(A\/@) and call it a non-skew Young diagram. In
general, when  is nonempty, D(\/u) is called a skew Young diagram. We refer to A\/u as a
skew shape and to X\ as a non-skew shape.

Let A be a set, and A/u be a skew shape. A Young tableau h of shape \/p with entries in
A is a collection (h; ;) j)ep(y/u- For such a tableau, we write sh(h) = A/u. Later, we write
n C sh(h) to mean that there exists a partition 7’ with g C " C X such that n = 7'/ The
notation YT(\/pu, A) denotes the set of all Young tableaux with entries in A:

YT, A) = {(mij)ipepovm | mij € A}

YT(A) denotes the set of all skew Young tableaux with entries in A. Assume A is a totally
ordered set with order <. A Young tableau m = (my;)ij)epo/w € YT(A/ 1, A) is a semi-
standard Young tableau if m; ; < m; j41 and m;; < m,yq; for every (i,75) € D(A/p). We use
SSYT(A/u, A) to denote the set of all semi-standard Young tableaux with entries in A.

To define Schur multiple Eisenstein series, set Zy = {—M,...,M}. For M;N > 1 and
7 € H, consider the set X7,y = Zy7+Zy. This gives a finite ordered set X7, v = (X, v, <)-
Here we consider the order m 7 +ny < ma7 +ng i< my < myV (my = my Any < ng). Next,
we consider the subset of “positive” lattice points defined as

Xin={ e X v 0= A}

This gives another finite ordered set X AZ,?? = (X]T/i,?]\?, <).

Definition 1.1. The (truncated) Schur multiple Fisenstein series for h € YT(A/u,N) is
1
G h: )= .
a (i 7) Z - H (Mg T + n )i
(mi,jT—"TLi,j)ESSYT()\//,L,X]Q?J\?) (6,)€D(N 1) ’ '

Proposition 1.2 ([Yu]). If h;; > 2 for all (i,5) € D(\/ ), then the following limit exists
G(h) =G(h;7) := lim lim Gy n(h;7).
M—00 N—o0

A single-column Schur multiple Eisenstein series gives a multiple Eisenstein series.
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2. THE YOUNG TABLEAUX ALGEBRA

Recall the algebraic setup of [Yu]. Let A be a countable alphabet and k a commutative
ring. By k we denote the commutative k-algebra generated by connected skew Young
tableaux with entries in A, modulo the relation that identifies a disconnected tableau with
the product of its connected components. Further, we allow the Young tableaux to have
entries in kA and then extend them k-linearly in ecach entry. For example, let a,b,c,d € A,
a, B €k, and X = aa + fb. Then we write

gclzagcl_i_ﬁgcl.

The product * places two tableaux as disconnected components of a single shape. We
equip with the following cutting coproduct A.,;. Then we have

Definition 2.1 (Cutting coproduct A.,). Let w be a Young tableau with shape sh(w) = \/p.
The coproduct Ay is defined by

Ao (w) = Z Wy /p & W/,

nCNCA
where w,/, and wy/, denote the restrictions of w to D(n/u) and D(A/n), respectively. The
counit € : k — k is defined by €(1) = 1y and e(w) = 0y otherwise.

It cuts a tableau w of shape \/u into an upper-left part and a lower-right part along each
intermediate shape. For example,

A () =104+ @ e+ @B @+ Hem+ [P 1.
Theorem 2.2 ([Yu]). Ay is well-defined on . Moreover, (,*,Acut) is a bialgebra.

Since both * and A.,; are graded by the number of boxes of Young tableaux, we have

Theorem 2.3 ([Yu]). (k, , Aeyt, S) is a connected commutative graded Hopf algebra.

k is graded by the number of boxes. The antipode S can be computed recursively. For
example,

S(gbl) :_Zb|+@ﬂ*+*@—@*@*_

Compare k with the quasi-shuffle algebra [Ho, HI|. Let ¢ be a commutative and associative
product on the k-vector space kA. The quasi-shuffle product *, on k(.A) is given by 1%, w =
w*, 1 = w, and

aw *, bv = a(w *, bv) + blaw *, v) + (a o b)(w *, v),

where a,b € A and w, v are words.

Recall how a Schur multiple Eisenstein series expands into multiple Eisenstein series. The
semi-standard condition only constrains the relative order of the summation variables. Sum-
ming over all orderings compatible with this condition gives an expansion of a Schur multiple

Eisenstein series as a sum of multiple Eisenstein series. Consider the tableau h = CCL bJ of

shape (2, 1), whose entries a, b, ¢ stand for exponents. The semi-standard condition requires
3
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mq < my along the row and m, < m,. along the column. Enumerating the orderings of
mq, My, M. compatible with these constraints gives

G(a bl) =G(a+b, c)+G(a, b+c)+G(a, b, ¢) + G(a, ¢, b).

C

The linearization map L, formalizes this procedure. A semi-standard decomposition of h
is a way of cutting its boxes into ordered groups Dy,..., D,. Filling cach box of D, with
the number a produces a semi-standard tableau: the entries weakly increase along rows
and strictly increase along columns. Each decomposition records one ordering of the boxes
compatible with the semi-standard condition. Writing SSD(sh(h)) for the set of all such
decompositions and |hp, |, for the o-product of the entries in D,, we define

Lo :HA] — k(A),  Lo(h) = > Ihp, |o- - [, fo

(D1,...,Dy)€SSD(sh(h))

For the tableau h = g bl, the four semi-standard decompositions are represented by the
labeled tableaux below. The label @ marks the boxes of D,:

1]1] 1]2] 1]2] 1]3]
20 0 2] 0 B 0 2]

and therefore L,(h) = (aob)c+a(boc) +abc+ach. L, is surjective, and the quotient

KA] = KAJ/ ker(L,)

carries the induced structure.

Theorem 2.4 ([Yu]). L, induces an isomorphism of Hopf algebras
(AL, #, Acur) = (K(A), %6, Agec).

"
Let k “ he the subspace of k spanned by the diagonal constant Young tableaux, in
which all boxes on a common diagonal have the same entry. This space is closed under the

product and coproduct and therefore kdiag is a Hopf subalgebra of k.

Next, we introduce some statements on the subalgebra lag. The first identity expands

a single o-power h®', which corresponds to a depth-one value, as an alternating sum of hook-

shaped tableaux. This allows us to write a Riemann zeta value as a combination of Schur

multiple zeta values with constant entries. For h € A, let {h}** denote the Young tableau
of shape A/u whose entries are all equal to h. We also write A" ;== ho -0 h.
N——

n factors

Theorem 2.5 ([Yu]). For h € A and | € Z>1, we have
L({h}0) = 37 (1)L ({n}=7).

a+b=l,
a>1,b>0

The Jacobi-Trudi function J : lag — dlag is defined by a determinant in which
each entry of the classical Jacobi—Trudi matrix is replaced by the corresponding column
tableau. Furthermore, J is shown to act trivially modulo ker L., which allows a diagonal
Schur multiple zeta value to be written as a determinant of multiple zeta values. The hook

identity also underlies the expansion of this determinant.
4



023

diay
Definition 2.6. Let h = (h; ;) € ® be a diagonal constant Young tableau, and write
hiitn = apn forn € Z. Assume that sh(h) = \/u, where A = (A, ..., A\) and g = (pg, .. ., pr).
Let N = (N,...,\)) and ¢/ = (g, ..., ) be the conjugates of A and u, where zero parts

are allowed. The Jacobi—Trudi function J is the k-linear map J : iag — iag defined
by

A—plf4j—1

A—pitj—2

J(h) = det

7 Al j— (N —p—i+3) I 1<ij<s

Here, Ay o1 * Qg (N —itg) = 1 if N —p—i+j=0and 0if \j —p; —i+j<O0.
Theorem 2.7 ([Yu]). The Jacobi-Trudi function J satisfies the following.
(i) J: diag — kiaLg is a Hopf algebra homomorphism.
(ii) For any h € diag we have
J(h) —h € ker L,.
Example 2.8. When sh(h) = \/u = (4,3,2)/(1,1), we have

ai | as a3| a_9 a1apa_1G_2 (201400_10_9 @30201000_10G_2
1 ajaoga—_ asa1apa—_ as3asa1a9ad_
L. a0 | ar — det 100a0—1 2010001 302010001
0 al asaq asasaq
0o 1 0 0 1 as

Part (ii) states that J acts trivially modulo ker L,, so the Jacobi-Trudi identity holds
in . Applying any algebra homomorphism out of then yields the corresponding
determinant identity.

Next, we consider constant-entry tableaux, which form a special class of diagonal-constant
Young tableaux. All entries of such a tableau are the same. The key tool is the Newton
identity in the quasi-shuffle algebra k(A). It holds over any commutative ring. In character-
istic zero, it integrates to the exponential identity of Hoffman—Thara [HI]. For the lincarized
quotient of the Young tableaux Hopf algebra, we have

Theorem 2.9 ([Yu]). Let {a}** € and n = |A — |p|. Then
{a}¥r e Z[H) [{a®}V |1 > 1],
the subalgebra of k generated over Z[—| by the depth-one tableaux under x. In particular,

n!

if Q C k, then {a}* € Q[{a*}V |1 >1].
3. SCHUR MULTIPLE EISENSTEIN SERIES

Let H2 = Q be the quotient generated by connected Young tableaux with entries in
N>,.
Theorem 3.1 ([Yu]). The Schur multiple Eisenstein series map
G(—):H2 — O(H), h+— G(h)

is an algebra homomorphism.
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Corollary 3.2 (Jacobi-Trudi formula). Let h = (h; ;)¢ j)esnmn) be @ diagonal constant Young
tableau. Let sh(h) = N/, where A = (Ay, ..., \y) and p= (p1, ..., ). Let N = (N}, ..., \)
and p' = (ph, ..., 1t) be the conjugates of X and p. Then we have

G(h; 7‘) = det [G(a_u‘;+j_17 oy Ol (Nl — i) 7’)]

Here, G(a_H;Jrj_l, e O (=l i) 7) = Vif Nj—pj—i+j =0 and 0 if \;—p;—i+j < 0.

1<i,j<s

Suppose every entry equals h > 2. Corollary 3.2 expresses this Schur multiple Eisenstein
series as a polynomial in standard multiple Eisenstein series of the form G(h, ..., h;T).

Corollary 3.3. For h > 2, we have

exp <Z< 12)1 1(G ih;T) X ) ZG X",

i>1

It rewrites the series G(h,...,h;7) as a polynomial in depth-1 Eisenstein series G(ih; 7).

Together, these two corollaries provide a complete reduction. First, Corollary 3.2 reduces
a constant-entry Schur multiple Eisenstein series to a polynomial in G(h, ..., ;7). Then,
Corollary 3.3 reduces those terms further to polynomials in G(ih; 7). Since standard depth-1
Eisenstein series have well-known Fourier expansions, this reduction explicitly determines the
Fourier expansion of the original Schur multiple Eisenstein series. To see how this reduction
works, we consider the following example:

G(2;7)=G([2];7), G(4;T):G<;T)—G(;T>,

2
G(6;7) =G ([2]2]2];7) —G( g 2|;7') +G ( ;7') .
These formulas show that the relation is invertible. Thus G(2;7), G(4;7), and G(6;7) can
be written as Z-linear combinations of Schur multiple Eisenstein series with all entries equal
to 2. Since they generate the ring of quasimodular forms, this means that all quasimodular
forms can be expressed using these Schur multiple Eisenstein series. This idea extends to the
following modularity results,

Corollary 3.4 (Modularity). Let h = {R}** € H2, then
(i) G(h;7) € Q[G(hl;7)|l = 1].
(i7) If h =2, G(h;7) is a quasimodular form, and every quasimodular form can be written

as a linear combination of these G(h;T).
(1ii) For even h > 4, G(h; 1) is a modular form.

4. SCHUR KEISENSTEIN SERIES, SCHUR—MACMAIION SERIES AND QUASIMODULAR FORMS

This section considers the Schur multiple Eisenstein series with all entries equal to 2,
referred to as the Schur Eisenstein series. They are expressed using the normalized notation:

Gy = (2mi)~ 2"\/’”@({2}”’* 7), Gop, 1= (27Ti)_2kG(2k;T).
6
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Theorem 4.1 ([BY]). {G\ | A1 < 3} is a Q-basis of'/%.

Example 4.2. For example the Ramanujan A function can be written as

1
A :_G(3 3) — 6G(3,2,1) + %G(3,1,1,1) - G(sz)

49

+ @0(272,1,1)

720

2
—@G G )
FEAMCIRRE) + — 45 U@L

Let My, := MQ NZ][q]] be the space of quasimodular forms with integer coefficients. Note
that My does not equal Z[FEy, Ey, Eg]. Indeed, Ramanujan’s differential equation gives

E E
DE,; = —4:—2427101 qE./\/lZ

n>1

Thus DEs, is an element of Mz that is not contained in Z[Fs, F4, Eg]. So far, no explicit
conjectural spanning set of Mz has been proposed in the literature.

In [Mac|, MacMahon introduced, for » > 1, a generalization of the generating series of
the sum-of-divisors function. Andrews and Rose [AR] showed that these g-series are quasi-
modular, and Bachmann [Ba] gave explicit expressions in terms of Eisenstein series. For a
partition A = (Ay, ..., A.), we define the Schur—MacMahon g-series by

w= > I 5
MeSSYT(N) (i,j)ED(N) (1 qm )

where D(A) is the Young diagram of A, and SSYT(X) denotes the set of semistandard Young

tableaux of shape \ with positive integer entries. For example, for A = (2, 1) we have

gen= HW — ¢* +6¢° + 21¢° + 58¢7 + 129¢° + 266¢° + .
0 <mg <mg i=1 q

A

my
By including the empty partition, g4 is set to 1. For A = (1), this yields the divisor generating
series gy = Y., 01(n)q" = 3:(1 = E5). More generally, for a single column A = ({1}"), this
reduces to MacMahon’s g-series. Moreover, it is a g-analogue of (Schur) multiple zeta values.
In particular,

. , 1 s

q—1— 0<mmy <<y 1 (27’ + 1)'

2r

For A € {Z,Q}, we sct G4 := span,{g, | A is a partition}. Our first result is the following.
Theorem 4.3 ([BY]). For all partitions X\, the Schur—MacMahon series gy is a quasimodular
form of mized weight, with mazimal weight 2|\|. In particular, Go = My.

While Theorem 4.3 establishes that the Schur—MacMahon series span /T/t/@ over QQ, there
are many linear relations among them. A natural question is which subset forms a basis. We
can prove that gy for partitions whose largest part is < 3 give a basis.

Theorem 4.4 ([BY]). {gx | \1 < 3} is a Q-basis of MVQ.
7
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Example 4.5. For example, the Ramanujan A function can be written on this basis

Alg) =qJ(1 = ¢ = ga) — 2790 + 473g(1.1) — 90g(3) — 1890g(2.1)
n=1

—1036509(1,1,1) + 15120g(3,1) + 17640g(2,2) — 693000g(2.1.1)

+ 199836091111y + 4536009 (3.2) — 4536009 (3.1 1) — 4324320g(2.2.1)

+ 8648640g(5.1 1.1) — 12519360g(1.1.1.1.1) + 1814400935 — 1814400g(3.2.1)
+ 1814400g(3.1.1.1) — 21409920(2.2.2) + 232243209 (2.2.1 1)

— 250387209211 1.1) + 25038720g(11.1.1.1.1)-

Since the Fourier coefficients of g, are non-negative integers, we have gy € /f\/\l/Z. Together

with Theorem 4.3, this gives span,{gy} C //\/\l/z. Based on numerical experiments, we expect
the following.

Conjecture 4.6 ([BY]). Mz = Gs.
As further evidence for this conjecture, we consider how g, behaves under differentiation.

Theorem 4.7 ([BY]). Gz is closed under D = qdiq.

As we saw, D does not preserve Z[Es, Ey, Eg] as DEy = E§1_2E4 ¢ Z[E,, Ey, Eg), but Theo-

rem 4.7 shows that Gz is preserved under D. For example, we have
Ey— E2 n
Dgny = WQ = anl (n)q" = gy +39@) — T9a,1)-
1<n
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