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1 Introduction

Let A = {ay,a9,...,a;} (k > 2) be a set of integers satisfying a; > 2 (1 < j < k) and
ged(ag, ag, ..., a;) = 1. Let Nygy denote the set of non-negative integers.

For a non-negative integer ¢, the f-numerical semigroup!, denoted by S;(A), is the set
of integers n € N for which the Diophantine equation

a171 + asTo + - - + apTy = N, T1, T, ..., Tk € N,

admits more than ¢ representations in non-negative integers. The complement Gy(A) :=
Ny \ Se(A) is called the set of ¢-gaps. Thus G¢(A) consists of those integers n for which
the above equation has at most ¢ solutions. The largest element of Gy(A) is called the
(-Frobenius number and is denoted by g¢ 4. The cardinality of G¢(A) is called the ¢-genus
(or ¢-Sylvester number) and is denoted by ns4. When ¢ = 0, the set S(A) = Sp(A)
coincides with the classical numerical semigroup generated by A. In this case g4 = go.4
and n4 = ng 4 correspond to the classical Frobenius number and genus.

In general, determining explicit formulas for the Frobenius number and the genus is
notoriously difficult when k£ > 3; indeed, no general closed formula is known in this case
([4]). For k = 2, let A := {a,b}. Sylvester [20] proved that go., = ab —a — b and
further showed that for any non-negative integer n < g 45, exactly one of n and go 45 —n
belongs to Sp(a,b). Consequently, exactly half of the integers in the interval [0, go ] can
be expressed as ax + by with (z,y) € N%o)' More generally, for any pair of relatively prime
integers (a,b), we have (see, e.g., [13, Corollary 2])

Goap =L+ 1)ab—a—0,
1
Noap = 5((26-1— 1)ab—a—b+ 1) )

More general formulas can be found in [12, 13].
As noted earlier, there are exactly ngqp, = (@ — 1)(b—1)/2 integers in the set Go(a, b).
Let P denote the set of prime numbers. For any given non-negative integer ¢, define

Teap = #{p €P : p € Se(a,0),p < grap} -
n a series of recent papers ([12, 13, 14, 15, 16]), we call it the p-numerical semigroup. However, this paper focuses on

the discussion of prime numbers, and since it is common to use p to represent prime numbers, we will use £ instead of p
here.
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In 2020, Ramirez Alfonsin and Skatba [18] proved that for any e > 0, there exists a
constant C'(g) > 0 such that

9o,a,b
et = O g g v

provided that go,p is sufficiently large. Based on (1) and numerical experiments, they
proposed the following conjecture [18, Conjecture 2].

Conjecture 1. Let 2 < a < b be two relatively prime integers. Then g qp > 0.

Dai, Ding, and Wang [5] confirmed Conjecture 1. More recently, Chen and Zhu [2]

proved that
90,a,b

10g 90,a,b .
Ramirez Alfonsin and Skalba also posed another conjecture [18, Conjecture 3].

Toap > 0.005 -

Conjecture 2. Let 2 < a < b be two relatively prime integers. Then

& (gO7a,b)

5 (asa — 00),

T0,a,b ™~

where w(x) denotes the number of primes not exceeding x.

Ding [7] proved that Conjecture 2 holds for almost all cases. Subsequently, Ding, Zhai,
and Zhao [10] confirmed it unconditionally. More generally, Ding and Komatsu [8] proved
that

o) B )
Teab ™ 5 <, a as )
t,a,b 200+ 1) Gt.ab S a oo
generalizing Conjecture 2. Huang and Zhu [11] further extended the result of Ding, Zhai,
and Zhao to the distribution of prime powers. Very recently, Chen and Zhu [2] also proved
that for any fixed integer a > 3 with ged(a,b) = 1,

a—2 90,a,b
b= | ——— +0(1 = b— .
To.a.b <2(a - 1) of )> log 90,4, (as o)

We shall generalize the results of Chen and Zhu [2].

Theorem 1. Let { be any non-negative integer. For a fived integer a > 3 with ged(a,b) =
L
Tlab = __az2 +0(1) ) 7(g0,0p) (asb— 00).
” 2(la+a—1) “

Theorem 2. Let { be a non-negative integer and let a < b be two relatively prime integers
with a > e, Then
I Geap

ab > 0.005 —— .
7Tg, b E + 1 log g&a,b
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Chen and Zhu also studied the number of primes in Gy(a,b). For any non-negative
integer ¢, define
Tiap=H#1P € P :p € Gy(a,b)}.
Chen and Zhu [3] proved that for a fixed integer a > 3 with ged(a, b) = 1,
a 9o,a,b
2(a — 1) log goa

7T6<7a7b (asb — o0),

and
To.ap > 0.047(go,a,b)-
They also proposed the following conjecture [3, Conjecture 1.4].

Conjecture 3. For b > a > 1 with ged(a,b) = 1, we have

Toab = 57‘-(90@,17)7
with equality if and only if one of the following holds:
Wa=1 (2)(ab)=(2,3); (3)(a,b)=(2,5); (4)(a,b)=(3,5).
Along these lines, we obtain the following results.

Theorem 3. Let ¢ be a non-negative integer. For a fived integer a > 3 and sufficiently
large b with ged(a,b) =1,

. (20+1)a  grap
7TZ a b > .
@ 2(la +a—1)1og goap

Theorem 4. Let {,a and b be non-negative integers with ¢ < a < b and ged(a,b) = 1.

Then
14 4+ 0.02 9t,a.b

E -+ 1 lOg 9eab '

*

Tyab

2 Proofs

In this section, we establish the main results of the paper. Throughout, we assume that
A = {a, b} with ged(a,b) = 1.

The first lemma is quoted from Ding and Komatsu [8, Lemma 2].
Lemma 1. Suppose that the number of solutions to
n=ax+by, (z,y)€ N%O)
is exactly £ + 1. Then we have
n = lab+ axy + byg

for some 0 <zo<b—1,0<yy<a-—1.
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Combining Lemma 1 with Sylvester’s result mentioned earlier yields the following
characterization.

Lemma 2. Let a and b be relatively prime positive integers. Then a non-negative integer
n < goap has exactly £ + 1 representations of the form n = ax + by with (x,y) € N%o) if
and only if grap —n cannot be expressed as ax + by with x,y € Ng).

Let 7(z; k, 1) denote the number of primes p < z with p =1 (mod k), and let ¢(m) be

Euler’s totient function. The third lemma is the Siegel-Walfisz Theorem (see [6, Chapter
22]).

Lemma 3. (Siegel-Walfisz Theorem) Let A be a positive real number and let m,l be
coprime integers with 1 < m < (logx)?. Then there exists a positive constant D depending
only on A such that
(m. 1) = — /xl dt+ 0 (vexp (- Dy/logw))
m(z;m,l) = —— — rexp( — ogzr)),
p(m) J, logt
uniformly in m.

The following lemma is quoted from Bennett, Martin, O’Bryant, and Rechnitzer [1,
(1.15)].

Lemma 4. For x > 1474279333, we have

|7 (x) — Li(z)| < 0.0008375——,
log” z
where v 4
Litz) = | .
5 logt

As an application of Lemma 4, obtain the following result.
Lemma 5. Let ¢ be a positive integer and x > max{le® D) 7.10°}. Then

1 x
— > 0. o
m(z) — m(cx) > 0.11604925 Tl

_ 1
where ¢ = 1—m.

We require the following lemma from Montgomery and Vaughan [17, Theorem 2].

Lemma 6. Let k.l be integers and let x,y be positive real numbers with 1 < k < y. Then

; — m(x; W
m(z+y; k1) ( ’k’l)<<p(k)log(y/k)'

We also need the following lemma from Chen and Zhu [2, Lemma 2.8].

Lemma 7. Let m,k be two relatively prime integers. Then for any positive real number
x and any integer [,
Z 1= (p(m)‘r + ex,m,k,l2w(m)7

m
1<n<z

ged(nk+1l,m)=1
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where Oy m 1y is a real number with |0y mii| < 1 and w(m) denotes the number of distinct
prime divisors of m.

The following lemma is an application of Lemma 7.

Lemma 8. Let b > a > 10 be two relatively prime integers. Then we have

#{peP:cg<p<g,p¢S}

! log 3((+1)a)\ g
< 400+ 1)90(@)( Z 1) <1 B logg ) ' log g

1<y<a/8+1
ged(y,a)=1

-1
w(a) log (8(¢ + 1

RGO A A s DA

40+1)\8 a ¢(a) log g log g

where ¢ > 1 andc=1—

1
8(+1)

We also need the following lemma from Bennett, Martin, O’Bryant, and Rechnitzer [1,
Corollary 1.6].

Lemma 9. Let m,l be two relatively prime integers with 1 < m < 1200. Then for all
x > 50m?, we have

L r(em,l) < —— 140
e e— T, m e e— e .
o(m)logx T o(m)log x 2log

The following lemma, quoted from Chen and Zhu [3, Corollary 2.3], is a variant of
Lemma 9.

Lemma 10. Let m,l be two relatively prime integers. Then there erxists X (m) such that
for all x > X (m),

° < 7( l) < ° 1+ >
———— < 7w(x;m —_ .
o(m)log x T o(m)log x 2log

The final lemma is quoted from Rosser and Schoenfeld [19, Corollary 1].

Lemma 11. For x > 17 we have w(xz) > z/logx.

2.1 Proof of Theorem 1

By Lemmas 1 and 3, for ¢ > 1 we obtain

a—1
Tlab = Z 1= Z Z 1

Lab<p<g y=1  p=by (mod a)
p=Lab+az+by ged(y,a)=1 Lab+by<p<g
J},yEZZQ
9 qt 1 &L plabtby gy —
= — / — + O(ge‘D k’gg) .
o logt  ¢la) <= )y log ¢
ged(y,a)=1

5
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For 1 <y < a — 1, integration by parts yields

/Z(Lb+by dt lab + by 2 N /éab—O—by dt
2 2

logt log(fab+ by)  log?2 (logt)?

Observe that
tab+by  lab+by log g

log(ab + by) logg log(lab + by)

and 0
logb +1 la—%2—1
log g _ ‘og +log((£+1)a — ¢ )_>1 (b— 00).
log(¢ab + by) log b+ log(fa + y)

Consequently,

lab + by lab + by
~ ) 4
log(¢ab + by) log g (b= o0) (4)

We now estimate the remaining integral. Splitting the range of integration gives

Lab+by dt NG dt Lab+by dt
B
/2 (log t)? /2 (logt)* * Jyp  (logt)?

- Vb lab+ by 8logg
(log 2)? logg (logh)?

Since
8logg  8logh+8log (({+1)a—§ — 1)

(logb)? (log b)?

—0 (b—o0),

we deduce

/f“b“’y dt  lab+ by
2 (logt)*  logg
Combining (3), (4), and (5), we obtain
/M’“’y At lab+by
9 logt log g

o(1) (b— 00). (5)

(1+0(1)) (b—o00).

Substituting this asymptotic into the sum over y yields

a—1

1 /‘“b“’y dt 1+ 0(1)
5 logt  p(a)logyg

<eab<p(a) +b-

Therefore,

9 dt 1 1) (204 1)ab
We,a,bZ/ +oll) 20+ Da +O(9€_Dm)
2

logt B log g 2
(204 1)a

This completes the proof of Theorem 1.



045

2.2 Proof of Theorem 2

Letc:l—m. Since £ > 1 and b > a > et > 7, we have
(l+1)ab—a—0> 71 1
=W+1ab—a—b— bab+ | = —— — = b > lab.
cg=({+1)ab—a S+ 1) >a+8aba>a

Thus cg > fab, and by Lemma 1 we obtain
Toap =#{p € P lab<p < g,p=Lab+ ax+ by, (z,y) € N%O)}
>7(g) —m(cg) —#{peP:cg<p=<g,p¢ St

We now consider seven cases.

Case 1. a > max{e™" 6-10* + 1}. Applying Lemmas 8 and 5 yields
- 00059 —— 9

Mo . —

bab {4+ 1logyg

Case 2. max{e‘™ 631} < a < 6-10*. By Lemmas 8 and 5, together with a computer-
assisted calculation,

I g
. 0061 - —— .
Teap > 0.006 (7 Tiogg

Case 3. max{e*! 149} < a < 630 and g > 3-10°. Using Lemmas 8 and 5 along with
a computer verification gives

I g
ap > 0.0106 - ————.
Meab {4+ 1logyg

Case 4. max{e‘™!,16} < a < 148 and g > 7-10°. Again employing Lemmas 8 and 5
with computational assistance, we obtain

I g
ap > 0.0066 - —— .
b (+1logyg

Case 5. Either 149 < a < 630 with g < 3 x 10%, or 16 < a < 148 with g < 7 x 10°.
In this range, Lemma 1 together with a computer search yields

> 0.006- — 9
Toap > 0. —
bab ¢+ 1logyg

Case 6. ¢t! < q < 15, that is, £ = 1, and b > 50a?. By Lemma 1 and Lemma 9, with
computational support, we have

1 1
989 < 0.04658379 ... ——
(+1

Tlab "

with equality attained at a = 13.

Case 7. ¢! < a <15 (so £ = 1) and b < 50a® with ged(a,b) = 1. Applying Lemma
1 together with a computer-assisted enumeration gives

1 g
(+1logyg

Having established the desired lower bound in each case, we conclude the proof of
Theorem 2.

Teab > 0.1-
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2.3 Proof of Theorem 3

Recall that the (-Apéry set Ap,(a,b) = {m(() ,mﬁ“, . ,mfﬁl} is characterised by the
properties

(H)m? =i (mod a) (i) m\” € Sy(a,b) (i) m!” — a € Gy(a,b)

([13, pp.58-59]). For the numerical semigroup generated by a and b, it is known that
Ap,(a,b) = {b(la+v):0<v <a-—1}. Consequently,

a—1
T ab = Z# {peP :p<blla+v),p=bv(moda)}
v=0
a—2
w(lab — 1;a,0) + Z b(la + v); a,bv)+7r(g;a,b(a—1)).
gcd v,a ) 1
By Lemma 10, there exists X (m) such that for all z > X (m),
x
sm,l) > ————.
asm.l) >
Thus, provided fab > X (a), we obtain
b(la + v) 1 g
Tap > 0+ +
bk = ; ¢(a)log(b(fa+v))  ¢(a)logy
ged(v,a)=1
b < a
> la+v) — ———.
sloss 2 Y e
ged(v,a)=1
Using the well-known identity
-, wele)
2 Y
v=1
ged(v,a)=1
we deduce
b a<p(a)> a
T lap(a) + -
Y= pla)log g ( W+ (a)log g
(20+1)a g

2(la+a—1)logg
This completes the proof of Theorem 3.

2.4 Proof of Theorem 4

We first treat the case a = 2. Since ged(a,b) = 1, b is an odd integer greater than 2.
Suppose p is a prime in S1(2,b) with p < g125. By Lemma 1, there exists a non-negative

8
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integer x such that p = 2b+ 2x + b with 1 < z < b — 1. However, this contradicts

p<gi2p=4b—2—0b. Hence 7], = m(g125) If g12p > 17, Lemma 11 gives

g1,2,b
log 91,2

Moy = (g1,26) >
If g0, =3b—2 < 17, then b =3 or b = 5. Direct computation yields

) 7 d1,2,3
Ty = #{2,3,5,7} > =T,
123 = 7 } log7  loggi2s

and

13 _ 91,25
lOg 13 IOg g1,2,5 .

Thas = #{2,3,5,7,11,13} >

Thus Theorem 4 holds for a = 2. In what follows, we assume a > 3.

Let 9 be a positive number with 9 < 1, and set § = (£+9)/(¢+1) so that g > lab+a.

Then
a < 6g—lab=9ab — fa — 6b < Yab

and consequently 0 < ¢ —0/b—0/a < ¥ < 1. By Lemma 1,
Trap = T(0g) —#{p € P : lab <p < 0g,p € S}

=m(0g) — #{p € P:lab<p<bg,p=~Lab+ ax + by, (z,y) € N%o)}-

(6)

If y = 0, then p = a(¢b + x), which is composite for £ > 1 and b > a > 2. Hence only

terms with y > 1 contribute, and we obtain
#{peP:lab<p<bg,p=~Lab+ ax+ by, (z,y) € N?O)}
< Y (n(0g:a,by) — 7(lab;a, by)).

1<y<(0g—Lab)/b
ged(y,a)=1

Since #g — lab < Yab, combining (6) and (7) gives
Ty = 7(09) — Y (m(0g;a,by) — w(lab;a,by)).

1<y<da
ged(y,a)=1

Because g — fab > a, Lemma 6 yields

2(6g — Lab)
7(0g;a,by) — w(lab; a,by) <
) ola)log (09 — (ab)]a)
2 log g g —Llab g

~ o(a)log ((8g — Eab)/a) g logg

Recalling g = ({ + 1)ab—a — b and § = ({ +9)/(¢ + 1), we compute
0g —lab  Vab—Oa — b v—0/b—10/a

g  (+Dab—a—-b (+1-1/b—1/a

9

(7)
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Furthermore,
log ((8g — lab)/a) - log ((6 — ab)/qg) _loga
log g N log g log g
1 1 1 1 — — -1
5 qosa log(tH D) log(V =0/a =6/ _ py o ). (11)
log g log g log g

If 8g > 17, Lemma 11 gives
fg g
>0 :
log(fg) = logyg
Substituting (9), (10), (11), and (12) into (8) yields
Trap 2 7(0g) = Y (7(0g:a,by) — 7 (tabsa, by))

1<y<da
ged(y,a)=1

o - ( > 1>H(€,a,b,19)1 00/ —b/a_| 9

m(0g) >

(+1—-1/b—1/a | logg

1<y<da
ged(y,a)=1

We now consider four separate cases to complete the estimate.
Case 1. a > max{/,6 - 10*}. Applying Lemma 7 yields

s ¢+ 0.02258 ¢
tab (+1 logg

Case 2. max{/,650} < a < 6-10*. We obtain

o ¢+ 0.02088778... g
bab (41 logg’

with equality attained when ¢ = 669 and a = 670.
Case 3. max{/, 15} < a < 650. If b < 1000 with ged(a,b) = 1, by Lemmas 2 and 11,

o >€+0.021 g
bab (+1 logg

If b > 1001 with ged(a,b) = 1, we have

. (+0.02315834... ¢
Trab =~ ’
- C+1 log g

with equality attained when ¢ = 563 and a = 564.
Case 4. max{/,2} < a < 15. If b < 4 with gcd(a,b) = 1, then the only admissible
pair is (a,b) = (3,4), with £ = 1 or £ = 2. A direct verification gives
92,34
l0g G234

and 754, >

10
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If b > 5, by Lemmas 11 and 1,

(40066 g
tab (+1 logg

Having established the required lower bound in all cases, we conclude the proof of Theorem
4.

3 Concluding remarks and future directions

The results presented in this paper reveal an intriguing interplay between numerical semi-
groups and certain aspects of prime number distribution.

Several natural questions remain open. In particular, it would be of interest to inves-
tigate whether analogous phenomena occur for numerical semigroups generated by more
than two integers.

Consider, for instance, the triple

Ao {an _pn an—i—l _ bn+1 an+2 _ bn+2}

a—b’ a—b = a-—b

with @ > b and ged(a,b) = 1, it is conjectured that
7 (9:(4))

Tag~ =5 (n = o),
independently of £. Let v, = v,(a,b) = (a" — ") /(a—b) (a > b). Define ¢ = |v,/(a+"b)]
and 7 = v, — (a+b)q. Then, following [15], for 0 < ¢ < |v,,/(a+b) |, we have the following
explicit formulas for the Frobenius number: When rv,, 1 > aby,,

Vn
Ge(A) = (r = Vmss — v + (z ; [ & bJ)

when rv,.1 < abyy,,

Un
gg(A) = (Cl +b— 1)Vn+1 — VUn42 — VUp + (ﬂ + \\mJ) VUn+42 -

We conclude by examining an extremal case. For an integer a > 3, consider the set
A={a,a+1,...,2a — 1}. As shown in [14],

go(A) =a—1 and Sy(A) ={2a,2a+1,2a+2,...},
and for 1 < ¢ < (a—1)/2,
gi(A)=2a+20—1 and Si(A)={2a+20,2a+20+1,2a+20+2,...}.

Since no prime p satisfies p € Sy(A) and p < gy(A), we have 4 = 0 for all 0 < ¢ <
(a — 1)/2. Consequently, any result analogous to the case A = {a,b} fails to hold in this
setting.

The extended version together with Yuchen Ding and Honghu Liu is published in [9].

11
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