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Shalika functions on GL4(R)
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Faculty of Global Studies and Sustainability
Seikei University

1 Whittaker and Shalika functions on GL,,,(R)

The aim of this manuscript is to announce explicit formulas for Shalika functions on
GL4(R) for certain generalized principal series representations by solving a system of
partial differential equations. As an application, we compute the archimedean part of the
Friedberg-Jacquet integral.

Let n = 2m and G = GL,(R). Define a maximal unipotent subgroup U and Shalika
subgroup S of G by

U= {(uiJ) ed | U5 = 17“2’,]’ =0 (Z > ])}v

S:{SWX): (h h) (1m fi) heGLm(R)}'

X € M, (R)
Let ¢(z) = exp(2miz) (z € R). For R = U, S, define a character ) of R by

Yu((uij)) = p(ure +ugg + -+ tp_1n),
s(s(h, X)) = (tr(X)).
We set

C*(Yr) ={f € C*(G,C) | f(rg) = ¢r(r)f(g),¥(r,g) € R x G}

on which G acts by right translation. For an irreducible Casselman-Wallach representation
7w of G, we set

Ig(m) = Homg(m, C™ (¢r)).

The following is known for the dimension of the intertwining space Ig(m).
e R = U (Whittaker model)
— dim Iy (7) < 1 ([8], [7], [10])

— dim [y(7m) = 1 (7 is generic) <= 7 is isomorphic to irreducible generalized
principal series representation induced from a parabolic subgroup correspond-
ing to the partition (2,...,2,1...,1) of n = 2m ([9]).

e R = S (Shalika model)
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— dim Is(7) < 1 ([1)),
— For generic 7, dim Ig(7) =1 <= 7 is symplectic ([2]).

We set

Wh(m, ) ={®(f) | ® € Iy(n), f € 7} (space of Whittaker functions),
Sh(m, 1) = {®(f) | ® € Is(m), f € m} (space of Shalika functions).

Let K = O(n). For a K-type (1, V;) of m, we have a K-homomorphism ¢ : V, < 7 2,
Wh(m, ) or Sh(m, 1), where ® € Ir(w). By definition, we have

o(v)(rgk) = Yr(r)e(t(k)v)(g), V(r,g,k) € Rx G x K.
Let

4 {diag(a1,...,am) | a; > 0} it R="U,
-\ {diag(ar, ... am,1,...,1) |a; >0} f R=S.

Since we have a decomposition G = RAK, Whittaker /Shalika function ¢(v) is determined
by ¢(v)|a (radial part of ¢(v)). By using (g¢, K)-module structure of 7, we give a system
of partial differential equations for {p(v)(a) |v € V;} (a € A)

2 Representation theory of G = GL4(R) and K = O(4)

We briefly recall representation theory of G = GL4(R) and K = O(4). See [6] for details.

Let us briefly explain a way of construction of irreducible representation of K. Let
(7st, Ve = My 1(C)) be the standard representation of K: 7 (h)v = hv (h € K, v € V),
where hv is the ordinary product of matrices h and v. Let & (1 < i < 4) be the matrix
unit in Vi with 1 at (z,1)-th entry and 0 at other entries. For 1 < i,5 < 4, we set
&ij = & NE € Vi A Vi We define the graded C-algebra R = @)\12>\220 R by

R = Sym(Vst) K¢ Sym(Vst Ac ‘/st>a Ry = SymAl_M(Vst) Xc Symh (Vst Ac Vst)

Here Sym(V') = @,,-, Sym™ (V) is the symmetric algebra on V' with the usual grading.
We regard R as a K-module via the action 7 which is induced from 7. Then R ) 18
a K-submodule of R. We note that {¢; | 1 <i <4} U{& |1 <j <k <4} is a system
of generators of R as a C-algebra.

Let I be the ideal of R generated by {(£1)% + (&2)* + (&) + (&4)?, E12€34 — E13€0s +
E14€os} U {&&n1 + Lo + E&is + &a&in | 1 < i < 4 U {&n&n + &okjo + i3z + Eiuja |
1 <i<j<4bU{&&r — & +&&j | 1 < i < j <k <4} We can show that the
ideal I is K-invariant. The action of K on R/Ir induced from 7T is denoted by T. Let
qr: R 21— r+Ig € R/Ix be the natural surjection. Let A = (A, Mg, A3) € Z? x {0,1}
with A\; > Ay > 0. We define a representation (7, Vy) of K by

(k) = (det )T (k) (k € K), Vy = ar(Roa o) )-

Let
A = {A= (Ao, Xg) €22 x {0, 1} [ M > X5 > 0, M)y = 0}

2
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Then we can show that the correspondence A <+ 7, gives a bijection between Ax and the
set of equivalence classes of irreducible representations of K ([6, Propsition 2.5]).
Let S)\ be the set of [ = (ll, lg, 13, l4, 112, 113, l147 l23, 124, 134) € (Zzo)lo satisfying

L+l+ls+1l =M=, Lig + lLig 4 iy + log + log + I3 = Ao

FOT l - (l17 l27 l37 14’ 1127 l137 l147 123» 1247 l34) S S)\? we set

ul:qR<H<§i>“ 11 <§jk>’jk)-

1<i<4 1<j<k<4

We note that {u;}cs, forms a system of generators of V) as a C-vector space. It is
convenient to set w; = 0 if [ € (Zs0)'. We set 0 = (0,0,0,0,0,0,0,0,0,0), ¢, =
(1,0,0,0,0,0,0,0,0,0), e15 = ea1 = (0,0,0,0,1,0,0,0,0,0), etc. For A = (A, Ay, A3) €
Ak, we have the following relations.

o When A\ — Xy > 2, for [ € Sy_(2,0,0), we have

ul-i—?el + U’l-i-?eg + ul-ﬁ—283 + /ul+264 == O
o When A\ > Xy > 0, for [ € Sy_(2,1,0), we have

Zlgjg;,j# sgn(j — i)ul+€j+€ij =0 (1<i<4),
Uiteitee — Ultej+e + Uitep+ey; — 0 (1 <i<j< k< 4)

o When Ay > 2, for [ € Sy_(22,0), we have

Zlgkg&kg{i,j} Sgn<<k - Z)<k o j))ul+€ik+€jk =0 (1 < Z7] < 4)7

Ulterptess — Witerztens + Ultergtess = 0.

We recall the definition of generalized principal series representations of G. We specify
certain representations of G; = GL(1,R) and G5 = GL(2,R) as follows:

e For v € C and 6 € {0,1}, we define a character x(,,4) of G1 by X4 (t) = sgn(t)°[t]”
(t € Gy).

o For v € Cand k € Zxy, let Dy, ) be an irreducible Hilbert representation of G, such
that Dy, . (t12) = t* (t € Ry) and Dy, ) ~ D} & D, as (sl(2,R), SO(2))-modules,
where DF are the discrete series representations of SL(2, R) with the minimal SO(2)-
type: SO(2) 3 (%% snl) — e=VTIR0 € X,

—sinf cos6

Forn € {(1,1,1,1),(2,1,1),(2,2)}, we associate the block upper triangular parabolic sub-
group P, = N,M, of GG in the usual manner. Here N, and M, are the unipotent radical
and the Levi part of I, respectively. Because of Vogan’s characterization, any irreducible
admissible generic representation 7 of G is infinitesimally equivalent to some (normalized
induction) Ind%, (o), which is induced from one of the following representations:

3
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e Case 1 (n=(1,1,1,1)):
0 = X(Vl,(sl)IEX(VQ,(52)®X(V3,(53)IZX(V;;,(M) where V1,V9, V3, V4 € C and 517 527 537 54 € {0* 1}
with 51 Z 52 Z (53 Z 54.

e Case 2 (n=(2,1,1)):
0 = Dy ) WX (12.62) B X (v3.,65) Where vy, 15,13 € C, k1 € Z>y and 0y, 03 € {0, 1} with
Oy > 03.

e Case 3 (n=(2,2)):
0 = Dy, x1) ¥ Dy, ry) Where v, v, € C and &y, ky € Z>o with k1 > K.

We call Indgn(o) a generalized principal series representation of G. To discuss three kinds
of the generalized principal series representations simultaneously, we set k1, ko € Z and
1, 02,03 € {0, 1} for undefined cases:

o (Case 1) Ky 1= 0y — d4, Ko 1= 0y — J3.
o (Case 2) 0; = k1 (mod 2), kg 1= dy — 0.
e (Case 3) 01 = k1 (mod 2), 3 = ke (mod 2), d3 := 0.
Then we know that T(,, ., .4, is the minimal K-type of Ind% (o).

According to [2], among the above generic representations, the following representa-
tions have Shalika model:

e (Case 1)
(i) 01 = 02 = 03 = 04 and Vy(1) + Vo(3) = Vo(2) + Vo) = 0 for some o € &.
(ii) 0y =0, =1,03 =90, =0 and v1 + v5 = v3 + 1.

o (Case 2) ky € 2Z>1, 62 =03, 1, =0 and 15 + 13 = 0.

e (Case 3)

(i) k1 = ko and vy + 15 =0,

(11) K1 — Ko € QZZO and V) =V = 0.

3 Partial differential equations

For the generator {u; | { = (l1,...,134) € S(k1.k0.65)} Of Viky ka,85), and & K-homomorphism
© 1 Ve raos) — Sh(m,¢), we can derive a system of partial differential equations for
{p(w)|a | 1 € Stk mess}- As in Whittaker functions [6], the system of partial differ-
ential equations consists of 4 Capelli equations and 10 Dirac-Schmid equations. For
a = diag(ay,as, 1,1) € A, we set 0; = aia%i (i=1,2).

Proposition 1. (Dirac-Schmid equations) Retain the notation. The functions {¢, =
() | 1 € Sty ma,55)} Satisfy the following.
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(i) Assume that k1 > ko. Forl = (I1,lo, 13,14, l12, l13, 114, la3, 124, I34) € S(ie1-1,k0,6) 5

{O—n -9 -1+ (12 + D)}orre, + 27V —1)a1prse,

2
ay
+ a%_a% (_llﬁpl—el—&-Qeg - ll3¢l—613+62+623 - ll4(pl—614+€2+624

+ 12390l—623+62+613 + l24§0l—624+62+614)

aiaz
+ a?_ 2( l3§0l es3+ea+teq + 1490l eq+ea+e3 l1390l+62 e13+eiq

+ 11490l+62—614+613 - l23¢l+62—623+624 + l24901+52—e24+623) = 07

CL2
{0 = =% -1~ gfag (l+ D }prpe, + 2rV=1)asprie,

2

a

+ a%_za% (l2901762+261 - 1133514-61*613-&-623 - 11499l+e1*€14+624
+ l23(101+61—623+613 + l2490l+61—624+614)

aias
+ a2—al (—l301—cstertes T laPi—estertes — 113P1rer—ergters

+ l14(101+61—614+613 - 12390l+61—623+624 + l24(pl+61—624+623> = 07

{-0-n+5+1- (l4 + D} rres + 2V —1)arrse,
2
+ af—_la%(lfﬂipl—esﬁ-?m + 11390l+e4—613+e14 - ll4901+e4—e14+613

+ 123§5l+64*€23+624 - l24gpl+e4*624+623>

ala
+ 3 2% (ll¢l—e1+ez+e4 — 12P1—ertertes T 11390l+e4—e13+623

al —a

+ 114/551-5-64*614-%624 - 12330l+64*823+613 - 124/551-5-64*624-1-814) = 07

{0+ 5+ 14 o2 (13 + D)} orges + 27V —1)a2014c,

2
(1
+ a%—a% (_14801—644-2:33 + l13§5l+63—613+614 - 1149014.63_6144_@13

+ 123901+63—623+624 + l24@l+63—624+623

aiaz ( _
+ ;{Tag(llﬁpl—el—l-eg—&-eg l2(pl—€2+€1+63 + l13gpl+€3—613+623

+ 114901-5-63—614-1-624 - l2330l+63—623+613 - 124901+63—624+814) = 0.

(ii) Assume that k1 > ke > 1. For 1 = (Iy, 1y, ls, 1y, lia, Lz, Lia, 13, loa, I34) € Sy —1,k0—1,65)

we have

(O + 02 — 552 — 1 — 11 — 12)Prery — 2TV —1)a111ey, + (27V—1)a2014e1,

(Or + 0o = B552 — L+ 11 + 10) Py — (27V=1)a1@1ters + 2TV =1)a2014 er

(h+ 1= 1I3 =1y — 2v1 = 200) (A1 Q1115 + Q2Pireny)
- 2l1a1§0l—e1+e4+634 + 212a2gpl_62+63+634 - 213a1§0l—63+62+612 + 254@2S01—e4+e1+e12

bt

=0,

=0,

=0,
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(ll + l2 - l3 - l4 + 2V1 + 2”2)(a1§0l+624 + a290l+613)

+ 2010101 e testers — 2020201 ey testern T 2030101 egtentess — 2140201 e4rei e = 0,

{(01 — Do) (00 + 8o — 522 — vy — vy — 1) — (2m)*(a] — a3)}irers

+ (QW\/—_)(11G1S01—61+e3+e12 — 120201 ey testers — 13U1PI ey terters T 140201 csterters)
+ (2mV=1)(BE2 — 1 =y — Isg + 11 + 12)(02011ers + 01P14en;)

+ (27 V=1){l4(01 P1—erssersress + 02P1—ers2e12)

+ 123(a1S01—523+2512 + a290l—523+512+eg4)} = 07

{(01 = Do) (00 + 0o — 52 vy +1p — 1) — (2m)%(a] — a3) }Pre

+ (27V 1) (110101 ey testens — 120201 —cptestess — 1301P1cqtertens + 1402P1 ey tentess)
+ (27T\/—_1)(% — 1 —lo = lga + 11 + 1) (A1 Q11ers T Q2P14es5)

+ 20V =1){l14(a191- 144 2¢3 T A2P1—ersterstess)

+ l23(a1@0l—623+612+634 + a290l—€23+2€34)} = 0.
Proposition 2. Retain the notation.

2 @ A1R13 T A2R24 12 34 T2 —a2)2 TM2R34 501 = V20,
{Ay + (27V—1) (a1 813 + a2824) — (2“2 (R, + &%) — 2“3“”1*“ Ripfgs}

and
A4—|—(27T\/_)a1{ (02— DB~ §) - al+ ~ aaQ—-+(2w) az}ﬁlg
—I—(27T\/—_1)a2{—(81—%)(81—%)— 00+ a0y — § 4 (27) al}ﬁg4
+ (27V=1) 3% (01 + 02 — 2) (K12 + Raa )

ll2ll2 a
+ {20 - DO - D) - 30+ 550 -3
a2 a2 2
+ el (am)(al + >}<ﬁ12 gy
CL2 ll2 as(a a
+ %lmg {_22311_@32)(81 - %)(82 - %) + (_2(21( 1+)—2) + 1) (3 %)

I (Qa%(a%—l-a%) _ 1) (82 _ %) + w — (27'() (aall&}ﬁlgﬁ;m

(a?—a3)? (a?—a3)*

(27’(’\/ ) a1a2 ( ﬁ24 -+ ﬁ24ﬁ24> (27’(’\/ ) a1a2 ( ﬁ13 + ﬁ34ﬁ13>
— (2rv— )a1a2 a;+a2)ﬁ12ﬁ34ﬁ13 - (2nv— )W+Wﬁ12Q34ﬁ24

+ (aalljz2 (R, + ﬁ34) 2a%a22_a124)-;1_2 (R}, R34 + ﬁ12ﬁ§4) = ag(?;+4;z ;lﬁ% R 2ﬁ:234 = Va1,

where

Dy = —0} — 08 +2(0h + 0h) — § — HE5(0h — On) + (27)*(ad + a3,
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Ai= (0= 50— D0~ 10— ) — g0 — )0 — )0~ 3)
- %%ag(al - é)2)(01 - %)(82 - l) - 5%—“5(81 - 32)2 + w(éﬁ - (92)

P 2) T (aT-ad)? (@—a2)?
+ @) —ad(@: — )7 - a3 — 3P~ FB (0 - 3 | + (2m)alad,

(1/11/2 4+ V3 + vy + o + vy + 3y case
Yo =14 —Vs— i("’il —1)? case 2,
- M= 1+ (o= 1) case 3

(V1V2V3V4 case 1,

Ya=q V5 (k1 — 1) case 2,

(] — 31— 1)%) (3 — (k2 — 1)%)  case 3,

and

ﬁl?@l - ll@l—eﬁ—eg + l2¢l—62+81

+ 113901—613-&-623 + l14901—614+624 + 12390l—€23+613 + 124(10l—624+€147
ﬁ23§0l = ZQQplfeg—&—eg + l3(pl7€3+62

+ l12301—612+613 + ll3¢l—513+512 + l24¢l—624+634 + l34¢l—634+6247
ﬁ3490l = Z3S0l—eg+e4 + l4(pl—€4+63

+ l13901—613+614 + 11480l—514+513 + l23901—623+824 + l24§0l—824+6237
Rzt = LiPi—eytes T 1301-cgte

- 112/751—612-&-623 + l14901—€14+634 + 123901—623-&-612 - l3490l—€34+6147
Roapr = laPi—egtes — laPr—estes

+ l12301—612+614 - ll4¢l—e14+812 - l23¢l—623+634 + l3490l—e34+5237
ﬁ1490l = _llgpl—el—l—ez; - l4gpl—e4+el

+ l12¢l—612+624 + 11390l—613+834 + l24901—624+612 + l3490l—834+613
4 Explicit formulas
We have explicit formulas for minimal K-type Shalika functions (of moderate growth),
in cases (1-i) and (3-i). Let I'g(s) = 7 %/2T'(s/2), Tc(s) = 2(27)~*T(s) (s € C), and
(a)p =ala+1)---(a+n—-1) (aeC,neN).
Theorem 3. Retain the notation.

o (Case 1-i) We have

v(up)(diag(ay, as, 1,1))

((11612)3/2 1 /v\/joo /\/TIOO ) . ayay .
= . Vo(s1,s92) (a7 +a 51( ) dsidss,
Va2 +ak (drv-1)? )= JoyTs ols1,82) (a1 + a3) a? + a’ 1%z

7
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where Vo(s1, s2) 1s given by

47T\/_/ / / Ta(sy — 255+ 1)Ts(s1 — £1)Tw(1 — £)

X FR(SQ — tQ)FR So — tg)FR tl)FR(tl — tg — t3>
X FR(tQ + Ul)FR(tQ — Vl)FR(tg + Ug)FR(tg — 1/3) dtldtgdtg.
[ ] (C(ZSG 3-2) Let l = (0, O, 0, 0, llg, l13, l14, 123, l24, l34) - S(,{lﬁlyo) . We hCLUB

1
@1 +a )113+l14+l23+124

o(uy)(diag(aq, as, 1,1)) =

a1z

—s9
471_\/— / / 81732) (CZ% —I—Clg) Sl(a% +(L%> d81d82)

where

l13+124
(—1)hatha (113 + l24> -
Vi(s, 85) = ) (—1y
l(sl 52) (277' /_1)l14+123 ; j ( )

X (814 K1+l +log + 1)1, 400
X FR(SI —+ K1 —+ l13 —+ l24 =+ 1)FR(81 — QSQ)FR(SQ + % + 141 +] + ].)
XPR(SQ+%_V1_j+l13+ZQ4+1>

if lig + lia + loz + I34 € 27, and
W(Sl, 52) =0

if lig + lig + log + 134 ¢ 27.

5 Friedberg-Jacquet integrals

For I € Sh(m, ) and a character x of R*, the archimedean Friedberg-Jacquet integral is

Orn o
ZFJ(S7F7X>:/ F((Og ] ))x(detg)ldetgl 2 dg
GLm (R) m  Lm

Friedberg-Jacquet [5], Aizenbud-Gourevitch-Jacquet [1] proved that Zg;(s, F, x) ad-
mits meromorphic continuation and is a holomorphic multiple of the standard L-factor
L(s,m® x).

For cohomological representations over R, Chen-Jiang-Lin-Tian [3] constructed archimedean
nonvanishing cohomological test vectors. Refined period relations and the Blasius-Deligne
conjecture in the symplectic type case were further studied by Jiang-Liu-Sun-Tian [4].

On the other hand, as an application of the formulas in Theorem 3, we can give test
vectors for Friedberg-Jacquet integrals. Our result covers a non-cohomological case.

Theorem 4. Retain the notation in Theorem 5.

8
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e (Case 1-i) If 9; = 0, then we have

Zrs(s.¢(uo), 1) = C ] Tr(s+w)

1<i<4
with a nonzero constant C.
o (Case 3-i) Let
P(U(0,0,0,0,112,0,0,0,0,051)) if K1 1s even,
F = , ‘ .
Z R(Eyq + Eq,p)@(U(O,O,O,O,llg,0,0,0,0,z34)+epq) if k1 1s odd,

(p,g)el

where I = {(1,3),(1,4),(2,3),(2,4)} and E,, € g is matriz unit, and R is right
differential. Then we have

ZFJ(S7 F, 1) = Clrc(S + 512_1 + Vl)P(C(S + mT_l + VQ)

with a nonzero constant C'.
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