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1. INTRODUCTION

Vector-valued modular forms for the Weil representation play a central role in the theory of
automorphic forms. They arise naturally in the theory of theta functions, Borcherds products,
and arithmetic geometry, and have found numerous applications in the study of orthogonal
Shimura varieties, special cycles, and generating series (see for example [Brl] or [YY]). Their
close relation to scalar-valued modular forms has been investigated by several authors. In
particular, explicit lifting maps between scalar-valued and vector-valued modular forms have
been constructed and their mapping properties studied in considerable detail (see e.g. [BB],
[Schl], [Zh1] or [Zh2]).

From the adelic point of view, scalar-valued modular forms are naturally realized as automor-
phic forms on GLa(A), thereby placing them into the framework of automorphic representa-
tions. An adelic realization of vector-valued modular forms for the Weil representation was
recently established in [St]. Since the lifting constructions developed here rely heavily on this
adelic realization, we recall in sufficient detail its principal constructions, emphasizing those
aspects needed for the subsequent lifting theory. The main purpose of the present note is to
show that the classical lifting maps between scalar-valued and vector-valued modular forms
admit natural adelic analogues. More precisely, we construct lifting maps between the corre-
sponding spaces of automorphic forms and prove that they are compatible with the classical
lifting maps under adelization.

The contents of this paper are as follows: We recall the adelic realization of scalar-valued and
vector-valued modular forms (cf. Sections 3 and 4). A technical ingredient of the paper is
the observation that scalar-valued automorphic forms on GL2(A) may be replaced by their
restrictions to a subgroup G(A) without loss of information (cf. Theorem 3.1). This places the
scalar-valued and vector-valued theories on the same adelic group and thereby provides the
common framework needed for the lifting constructions. We then construct in Section 5 adelic
lifting maps between scalar-valued and vector-valued automorphic forms and prove that they
are compatible with the classical lifting maps under adelization. Thus, the correspondence
between scalar-valued and vector-valued modular forms extends consistently to the adelic
setting.

Besides providing a conceptual reformulation of the classical theory, the adelic viewpoint
opens the possibility of studying these lifting maps by means of the theory of automorphic
representations. It is reasonable to expect that the constructions considered here induce

corresponding relations between the automorphic representations attached to scalar-valued
1
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and vector-valued automorphic forms. This suggests several directions for future research.
Among them are the study of the associated automorphic representations, the investigation
of the mapping properties of the adelic lifting maps in analogy with the classical results, and
the compatibility of these lifts with Hecke operators.

This paper is based on material presented at the annual Symposium on Automorphic Rep-
resentations, Automorphic Forms, and L-functions held at the Research Institute for Mathe-
matical Sciences (RIMS), Kyoto, in January 2026. I am very grateful to Professor Gunji for
the invitation to present my work and for organizing this excellent conference, and I thank
the organizing committee for their efforts in making it a stimulating meeting. The investiga-
tions leading to the present paper were motivated by a question raised during the discussion
following my talk.

2. GROUPS

We begin by introducing the groups and notation that will be used throughout the paper.
As usual, we let e(z), 2 € C, be the abbreviation for €™, For any prime number p, by Q,
we mean the field of p-adic numbers and by Z,, its ring of p-adic integers; | - |, is the p-adic

absolute value and v, (-) the p-adic valuation of Q,. We write A for the adele ring of Q and
A for the idele group. By Ay, we mean the set of finite adeles, and by Z = [] Zy. For

any commutative ring R with 1, we write 15 for the unit matrix in Ms»(R),

p<oo

(2.1)
G(R) = {M € GLy(R) | det(M) € (R*)*} and G(A) = H/G(Qp),

p<oo

G(R) = {(M,r) € GLa(R) x R* | det(M) =7} and G(A) = H/Q(Qp),

ZR) = {(52) | r € B} and Z(R) = {(2,7) € Z(R) x B | det(z) =17},
G(R) = Z(R)\G(R), G(R) = Z(R)\G(R) and GLa(R) accordingly,
Kp=G(Zp) and K = [] K,

p<oo
{(2%) € GL2(Z,) |[c=0mod M}, p|M,
GLQ(ZP)? pt M
and Ko(M) = [] Ko(M),,
{((28),r) € GLa(Zy) x Zy | det (2%)=r?and c=0mod M}, p|M
Kp, pi M,
and Ko(M) = [] Ko(M),.

p<oo

For M € N, Ko(M), = {

’CO(M)p = {



071

Here []' is the usual symbol for the restricted product. For our purposes, it is sufficient to
identify G(Qu) with GL2(R)™ by the section g — (g, V/9). For later reference, we note that
(2.2)

(g,7) — (gr~*,7) defines an isomorphism of G(A) and SLa(A) x AX and

SLy(A) x A* — G(A), (h,7) — hr is a homomorphism with kernel {(ulz,u ') | u? = 1}.
Therefore, G(A) = (SLa(A) x AX)/{(ulz,u™t) | u? = 1}. Under these two isomorphisms the
center of these two groups corresponds to

Z(A) = Z(SLa(A)) x A% and Z(A) =2 (Z(SLa(A)) x AX)/{(ulg,u™) | u? =1},
Quotienting by the respective centers therefore yields
(23)  Z(A)\G(A) = Z(SL2(A))\ SL2(A) and Z(A)\G(A) = Z(SLy(A))\ SL2(A)

and so the quotients G(A) and G(A) are isomorphic. The same holds for G(Q) and G(Q).
Since any element (g, r) in SLa(A) x A* is unipotent if and only if g is unipotent in SLo(A)
and r is unipotent in A*, the maximal unipotent group for this group is N(A) x {1}, which
in turn means that the maximal unipotent group Ng(A) of G(A) is equal to

(2.4) {((61),1) [teAy=NMA)={(5]) [teA}.

Finally, we use the symbol T' for the modular group Sl.a(Z), T'o(M) and T'(M) for the usual
congruence subgroup and principal congruence subgroup, respectively.

The groups G are more suitable for our purposes. For G(A) a strong approximation theorem
analogous to the one for the classical groups holds:

Theorem 2.1. Let v : G(Af) =AY, (g,7) = r and U =[]
subgroup of G(Z) with the property that v(U) = Z*. Then
G(Ay) =6G(Q)- U and

G(A) = G(Q)(GL2(R)" x U).

Proof. The idea is to reduce the statement to the corresponding strong approximation theorem
for SLy via the homomorphism v. Indeed, under the homeomorphism (g,1) — g the group

Kern(v) identifies with SLa(Ay), in particular g(Z) N Kern(v) = SLQ(Z).

As U is a subgroup of G(Z), we obtain the subgroup U; = U N Kern(v) of Kern(v). Since U is
open, U NKern(v) is open in Kern(v). Moreover, Kern(v) is closed in g(i) and U is compact.
Hence, U; is an open compact subgroup of &/ and its image, denoted by U;, under the above
identification is a subgroup in SLa(Z) with the same properties.

Now let (g,7) € G(Ay). In view of the decomposition Ay = Q*XZ* = Q*v(U), we may write
v(g) = qv(u) for some u = (gy, ) € U. This implies

(91,1) = (qlg,q)_l(g,r)(gu,ru)_1 € Kern(v) = SLy(Ay).

By strong approximation for SLg with respect to Uy, we find v € SL2(Q) and u; € Uy such
that (g1,1) = (v,1)(u1, 1) and therefore

(g,r) = (Q’Y>Q)(ulgU7ru) € g(@) -U.

This decomposition extends immediately to G(A): given g = (goo,gf) With gy = Juy with
7= (v,r) € G(Q) and uy € U, the identity

p<co U, be any open compact

(2.5)

g = ?(7_19007 uf)?
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follows immediately. Here we notice that v g, € GLo(R)* as v € G(Q) has a positive
determinant. O

Observe that v(KCo(M)) = Z* holds since for every u € 7,
(diag(l,u2),u) € Ko(M).
Consequently, Theorem 2.1 applies to KCo(M).

3. SCALAR-VALUED ADELIC AUTOMORPHIC FORMS

The aim of this section is to recall the adelic realization of scalar-valued automorphic forms.
Together with the vector-valued theory recalled in the next section, it provides the frame-
work for the lifting constructions established in Section 5. We also fix some notation used
throughout this paper. For details we refer to [Mi] and [KL]. Let x € Z. The group GL3 (Q)
acts on the space of functions f : H — C via

(3.1) (f | A)(7T) = det(A)/%5(A, 7)™ f(AT), T € H,

where, as usual, j(A4,7) = c7 +d for A = (2%) € GL2(Q)". Let M € N, x a Dirichlet
character and M, (To(M),x) the space of modular forms for T'g(M) with character y. As
usual, we write Sy (T'o(M), x) for the subspace of cusp forms. Any such form satisfies
fley=x(7)f for all v € To(M), where x(v) = x(d) for v = (25) € To(M).

By &, we denote the Hecke character induced by x and by A (Ko(M), &), we mean the space
of cuspidal automorphic forms on GLa(A) of weight x € Z, level Ko(M) and character £
associated to S, (T'o(M), x). Here we briefly recall the definition of A,(Ko(M),&), which is
taken from [KL], Prop. 12.5.

The space Ay (Ko(M),&) consists of all functions ¢ : GLa(A) — C satisfying

i) ¢ € L2(GLa(Q)\ GLa(A), &) and d(ng)dn = 0 for almost every g € GLa(A),
N(Q\N(A)
where N is the usual unipotent group in GL2(A)

i) ¢(gk) = E(k)p(g) for all k € Ko(M) and g € GLa(A)

iii) ¢(g (_C(s’fr(l(gz)) ig;%g%)) = ¢ 0p(g) for all § € [0,27) and all g € GLa(A)

iv) The function ¢ as a function of GLy(R)" alone satisfies the differential equation
L¢ = 0. Here L is the differential operator given by

, 0 0 0
L=e%0(_2iy— 4+ 2y— +i—
e ( zyax—I— y8y+z&9)’
with respect to the coordinates of the Iwasawa decomposition of GLa(R)™.

Here the L?-space is defined by

i) ¢ is measurable

(3.2)  L*GLy(Q)\ GLy(A),&) =L ¢ — C ii) f(ezgz)(z)&(z)cb(g) for all |

iii) f@(@)\@(m 6(9)[*dg < oo

where dg is any right GLy(A)-invariant measure on GL2(Q) \ GL2(A).
In terms of this decomposition we can define the usual adelization map % (see e.g. [KL],
Sect. 12.2) for scalar-valued modular forms for T'o(M) with character x. To this end, let
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9= 90(goo X k) € GL2(A) and put

(3.3) [ e(f) = Fy, where g = Fr(gg(goo X k)) = €(k)7(9o0r 1) ™" f (goot)-

It is easily confirmed that the restriction of any ¢ € A, (Ko(M),§) to the subgroup G(A)
yields an adelic automorphic form on the group G(A) of the same weight with respect to the
level Ko(M) N G(A) and character §|, . For a fixed character £ and level Ko(M) there is
close relation between these spaces of automorphic forms. In fact, we have

Theorem 3.1. The map
(3.4) ¢ — ¢|Q(A)
defines an isomorphism of the spaces A (Ko(M),&) and Ax(Ko(M) N G(A),QGW).

Proof. The proof relies on the identity

(3.5) GL2(A) = G(A) - GL2(Q) - Ko(M) = GL2(Q) - G(A) - Ko(M),

where the latter equation makes use of the fact that G(A) is a normal subgroup of GLa(A).
The first equation is a consequence of

(3.6) AX = (A)2. Q- Z7%,

which translates to (3.5) by applying it to the determinant of a matrix g € GL2(A). The
identity (3.6) can be verified by a direct computation similar to the proof of the strong

approximation theorem of A* (see e.g. [KL], Prop. 5.10).
The injectivity of (3.4) is immediate from decomposition (3.5) and the identity

(3.7) ?(g) = £(k)d(gc) for g = gogck,

which expresses every value of ¢ in terms of its restriction to G(A). Consequently, if ¢, w = 0,
it follows from (3.7) that ¢ is zero on the whole group GLa(A).

Conversely, any automorphic form ¢g € Ax(Ko(M) N G(A),§, , ) admits a unique lift to an
automorphic form ¢ € A, (Ko(M),§): For g = gogak we put

(3.8) ¢(9) = &(k)dolga)-

We need to check that this definition is independent of the decomposition of g. To this end,
let

(3.9) 9 = 9o9ck = 909k = Kk = g5 95 9090 = 95 "9 = 96Kk 9"
In terms of these two representations of g, it remains to prove that
o(909ck) = d(ggaok’) <= &(k)¢o(gc) = £(K)¢o(gc)

= do(ga) = E(K'E)golgg)-

But the latter identity is valid since gogek = gpgsk' is equivalent to

(3.10)

(3.11) 96 = 9g' 996K k"
Further, because gg € G(A), the same holds for the right-hand side of (3.11) such that by
(3.8)

(3.12) $(96) = 695 9Iak k™) <= dol9a) = dol9g do9ck' k™).

Provided we can confirm that g@lg{@ € G(Q) and K'k~! € Ko(M)NG(A), the desired identity
in (3.10) follows from (3.12).
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Thanks to (3.9), g, 'g9g € GLa(Q) N G(A)Ko(M)G(A) = GLa(Q) N G(A)Ko(M), where the
latter identity once again makes use of the fact that G(A) is normal in GL2(A). Now taking
determinants of any matrix gok in GLy(Q)NG(A)Ko(M) yields an element in Q* M (A% )2ZX,
by the definition of these groups. Since any x € Q* N (AX)QZX has even p-adic valuation
(the valuation of any u € Z* is zero and does not contribute), we have that = € (Q*)2 and
therefore Q* N (A><)22X = (Q*)%. Consequently,

GL2(Q) N G(A)Ko(M) = {7 € GLy(Q) | det(y) € Q* N (AX)QZX}

= {7 € GL2(Q) | det(y) € (@*)*},
which is precisely the group G(Q). Taking this fact and the identity

(3.13)

Kk~ = 9595 9a9e

from (3.9) into account, we can conclude that kA~ € Ko(M) N G(A)G(Q)G(A) = Ko(M) N
G(A) since G(Q) N G(A).

The remaining defining properties of an automorphic form follow immediately from the cor-
responding properties of ¢g. O

4. VECTOR-VALUED ADELIC AUTOMORPHIC FORMS

The purpose of this section is twofold. First, we recall the theory of vector-valued automorphic
forms in sufficient detail for the reader’s convenience. Second, we establish the framework
needed to formulate and prove the lifting results of Section 5. More specifically, we define
vector-valued adelic automorphic forms associated with vector-valued modular forms for the
“finite” Weil representation pp and describe the corresponding adelization map. To this
end, we first introduce the Weil representation w = weo ® wy of SLa(A) x H(A) and study a
subrepresentation closely related to pp.

4.1. The Weil representation. Let L be a lattice of rank m equipped with a non-degenerate
Z-valued bilinear form (-,-) of type (b*,b7) such that the associated quadratic form

1
Q(x) = 5((1),(1)), S L7
takes values in Z. We assume that m is even and denote its signature b — b~ by sig(L). Note
that sig(L) is also even. We stick with these assumptions on L for the rest of this paper unless
stated otherwise. We further define V(Q) = L®Q and let H = O(V') be the orthogonal group

over Q attached to (V(Q), (+,-)). We denote by
L':={zeV(Q)|(z,y) €Z forall ye L}

the dual lattice of L. Since L C L', the elementary divisor theorem implies that L’/L is a finite
group. We denote this group by D. The modulo 1 reduction of both the bilinear form (-, -) and
the associated quadratic form, defines a Q/Z-valued bilinear form (-,-) with corresponding
Q/Z-valued quadratic form on D. We call D equipped with (-,-) a discriminant form or a
discriminant group. By C[D], we mean the group algebra of D and denote by {e)}xep its
standard basis. Further,

(4.1) <Z a/,\e,\,Zb,\eA> = Z(L)\K.

AeD AeD xeD
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is the standard scalar product on C[D]. We denote by N the level of the lattice L. It is the
smallest positive integer such that Ng(\) € Z for all A € L’. Throughout this note, by N we
always mean the level of L and assume that N is odd. As N and |D| share the same prime
factors, |D| is also odd. The “finite” Weil representation associated to D (or L) is a unitary
representation of I' on the group ring C[D] with respect to (-,-). One important property of
pp is that it is trivial on the principal congruence subgroup I'(IV). Thus, it factors through

I'/T(N) = SLy(Z/NZ).

For further details see e.g. [Sch2] or [BS]. Note that D can be decomposed into p-groups
D= @ D,,. On the level of C[D] and pp this decomposition translates to C[D] = ® C[Dy)
plID] plID]
and pp = ® pp,, respectively, where pp, means the Weil representation on C[D,] attached
D
to the quaz(ji”ra[cic module Dj,. Later in this note, we will compute wy on Ko(/N). To this end,
we need the following lemma, which can be found in [Sch2].

Lemma 4.1 ([Sch2], Prop. 4.7). Let D be a discriminant form of even signature and level
N and v = (9%) € To(N). Moreover, let v an integer. By gr(D) we denote the Gauss sum

(42) gr(D) = > _ e(ra(N)
AED
and we set g(D) = g1(D). Then 7y acts in the Weil representation of D as
D
(4.3 po(er = L2 (b)),
9a(D)

Proof. By Prop. 4.7 in [Sch2], we find

(4.4) pp(7)er = (%I) e((a — 1) oddity(D)/8)e(—bdg(\))eax-

Lemma 2.1 in [St] expresses

(4.5) (ﬁ) e((a — 1) oddity(D)/8)

as the quotient of Gauss sums i(fg). 0

In addition, if |D| is odd, the quantity in (4.5) simplifies to a quadratic character

(46) w(@ = (i)

To define Hecke operators on vector-valued modular forms for pp, Bruinier and the author
constructed in [BS] an extension of pp from SLa(Z/NZ) to the group

Q(N) = {(M,r) € GLy(Z/NZ) x (Z/NZ)* | det(M) = r? mod N}.

The relation between pp and a subrepresentation of the adelic Weil representation w is crucial
for the extension of wy to K, which in turn is necessary for the definition of vector-valued
adelic automorphic forms. Here we consider the Weil representation of SLa(A) x H(A) acting
on the space S(V(A)) of Schwartz-Bruhat functions, where V(A) = V @ A. It depends on
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the selection of an additive character ¢ of A/Q. Here we pick the complex conjugate of the
standard additive character:

(4.7) =[] vp: A/Q = CX, z = () = ¥(x) = 20T o)

p<oo

where 17; € Q/Z is the principal part of z;,. The subrepresentation of w; mentioned before
acts on a finite-dimensional subspace of S(V(A})), which is defined as follows: For each prime
p there is a p-adic lattice L, = L ® Z, attached to L. Accordingly, we have the dual p-adic
lattices Lj,. They are the p-part of L=L®ZandI' = I'®7, respectively. L’ / L is canonically
isomorphic to the discriminant group L’/L. For the rest of the paper we identify ;1 € D with
its image in L'/L. For y € D we define ¢u € S(V(Ay)) with

(48) Ou = ]lﬂ+ﬁ'

Here 1 ; is the characteristic function of y 4+ L. Then we consider the | D|-dimensional
subspace

(4.9) Sp=EP Ty, C S(V(Af)).
neD

By means of ¢, — ¢, we can identify the spaces C[D] and Sy with each other. Locally
we have the isomorphism L; /Ly = D, of quadratic modules for all primes p (see e.g. [Ze],
Section 3). Therefore, we can write D = €D Lj,/Ly. On the level of the space Sz, this
decomposition translates to the isomorphism

(4.10) S22 Q) St eur Qe

p<oo p<oo

p<oo

where p = ZPIIDI pp and ga},“”) = 1,,+1,- In particular, p, is trivial for all primes p coprime
to |D[. Accordingly, the p-part Sz, of S, is given by

(4.11) S; = {@NEL;/LP C%g“), p | |D]|,
P leey, p 11D,

It is known that the space in (4.9) is stable under the action of the group SLg(z) via the Weil
representation wy. Thus, SLa(Z,) acts via the local Weil representation w, acts on Sg.
We then have

wr(r)en = ) wp(p)en”.

p<oo

Furthermore, under the identification of Sy and C[D], w; coincides with the finite Weil
representation pp in the following way

(4.12) pp(7) = wi(vs),
where v € I' and ¢ € SLg(i) is the projection of v into SLg(z). (see e.g. [YY], p. 3456).
Based on this observation, we can define an extension of wy to K in terms of the exten-

sion of pp to the group Q(N). Indeed, for N = [];_, pl-/pi(N) we have the usual projection

1
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homomorphisms

7 — H Zy : the projection onto the places p | N,
pIN
TN H Zy — Z/NZ: the canonical projection of Z, to Z/pVP(N)Z
pIN

and the application of the Chinese remainder theorem subsequently.
We write I, Iy for the corresponding maps on matrices given by the componentwise appli-
cation of m and my. Then

oy = Iy oI, mN o)

maps K homomorphically to Q(NN). Thereby,

(4.13) wy(k) = pp(on(k))

is well-defined. Taking (4.12) into account, it is obvious that (4.13) indeed specifies an
extension of wy to K.

The same process yields an extension of the local Weil representation w, to the group K, on
the space Sr,. Accordingly, we set

pr<gp“p(N) (kp))v p|N7
idst, ptN.

The action of Ko(/V) on Sy, via wy plays a crucial role in relating scalar-valued and vector-
valued adelic automorphic forms. The following result describes this action explicitly.

(4.14) wp(kp) = {

Lemma 4.2. Let&p : Q*\AX — C* be the Hecke character induced by the Dirichlet character
XD (4.6).
i) For k = (k,t) € Ko(N) with k = (2%) we have

(4.15) wi(k)px = Ep(a)e(bt>dg(N)@r14x-
In particular, for X\ =0 (4.15) specializes to
(4.16) wr(k)po = £p (K)o,

which shows that the action of Ko(N) on g is independent of the choice of the square
root t and descends to an action of Ko(N) N G(A).
ii) For zy = (zy,t5) € Z(Ay) N Ko(N) we have

(4.17) w(Zf)po = Ep(zf)@o.

Therefore, the action of Z(Ay) N Ko(N) on o via wy is independent of the square
root factor of Zy.

Proof. The proof is a direct computation using the definition of wy.
i): We write on (k) = ((fLN by ) Jtx) and on((49),0) = ((tg ,PN) ,ty). By (4.13) and the

cy dn

definition of pp on Q(N), we find

tolan totb
a(hDen = (5 ) oo (0 20 ) o

-1 -1
tN CN tN dN
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where ¢ means the inverse of ¢ in (Z/NZ)*. As k is assumed to be in Ko(N), the projection

tleaz\f tl_\fle
-1 —1
tN CN tN dN

> lifts to a matrix in I'o(NN). Therefore, combining Lemma 4.1, the subsequent

remark and [BS], (3.5) for the action of (té" t?v)’ we obtain

(1.18) w(k,t)px = XD(tN)XD(szlaN)e(—be]_VQdN(J()\))SOt;VldN,\
. — XD(aN)6(_bNt]_V2qu(>\))(pt;J1dN>\.

By means of the definition of the induced Hecke character {p we can replace xp(ay) with
¢p(a). Also, if we employ the same arguments leading to the well-known relation ¢ (r) =
Yoo (r)~! for the additive character ¢, we may replace e(—bNt&Qqu()\)) with e(bt~2dg(\)).

Similarly, by E’/E =~ [//L we may identify Py=14,x With @;-14y. This finally yields
N

(4.19) w(k,t)px = Ep(a)e(bt™2dg(N))@i-1az
This last formula specializes for A = 0 to
(4.20) wr(k)po = Ep(k) o,

where we used that £p(k) = {p(d) and the fact that £p is quadratic.
ii): Let zp = ((59),t) with r? = ¢? and on(Zf) = ((7"(’)V 7"?\7) ,tn) with r%, = t%,. Then as in
i) we have

wr((59) 090 = po((75 3, ) tw)o
ty' 0
(4.21) = PD((tév t?v> IN)pD (TNON rNt]‘V1> %0
~ g(D) ngtJ—vl(D)(p
gix(D) g(D) T
where the last equations are based on [BS], (2.10) and (3.5). Then using g:, (D) = g,-1(D)

N
and [BS], (2.12) subsequently, we can replace the right-hand side of (4.21) by
9(D)
vo = &p(zf)wo-
e (D) (2f)
which does not depend on the square root factor t. O

4.2. Vector-valued automorphic forms. In this subsection, we introduce vector-valued
modular forms for pp and their adelic counterparts and how they are related to each other by
an analogue of the usual adelization map. For the definition of vector-valued modular forms
we follow [Brl].

Definition 4.3. Let x € Z. A holomorphic function f : H — C[D] is called modular form of
weight k with respect to pp and T if

fOym) =3(v7) pp () f(7) for all y € T',

and f is holomorphic at the cusp oo.
We write My (pp) for the space of all such functions and denote the subspace of cusp forms

by SH(pD)'
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A vector-valued adelic automorphic form F' assigned to a cusp form f € S, (pp) is a S-valued
cuspidal function. With respect to the basis {¢,}uep it can be written as F' = 3" . p Fupp.

In particular, it is an element of the Hilbert space L*(G(Q) \ G(A),wy), which we define in
accordance with the classical scalar-valued L? space (3.2):

i)  F, is measurable for all 4 € D

(122) TA(G(Q)\G(A),wy) = { F:G(A) - 5p | ) fgfg(sz(zf)-lﬂg) for all

iii) f@(@)\@(A) (F(9), F(g))dg < o0

The main difference between the two L? spaces is that the Weil representation w ¢ replaces
the Hecke character €.

The subspace of cuspidal functions is defined entirely analogously to that in the scalar-valued
case. Namely,

(4.23)

Li(wy) = {F € L*(G(Q) \ G(A),wy)

/ Fu(ng)dn =0 for all p € D, a. e. g€ G(A) } .
Ng(Q)\Ng(A)

We are now in a position to define an analogue of the adelization map in (3.3):

Definition 4.4. Let f € S.(pp) and g € G(A) with g = go(geo X k) according to Theorem
2.1, where gg € G(Q), goo € GL2(R)T and k € K. With respect to this decomposition, we
define the map <7, by

(4.24) f () = Fy with Fy(g) = wp(k)™"5(goo, 1) ™" (g000)-

It can be verified (see the Propositions 5.3 and 5.4 in [St]) that F is an element of L3(wy). The
following theorem (cf. [St] Theorem 5.5) determines the image of S, (pr) under adelization
map &,
Theorem 4.5. Let A, (wy) be the space of functions F € L3(wy) satisfying

i) F(gk) = ws(k) " F(g) for all k € K and all g € G(A)

i) F(g (fgig?g) zig((z; )) = e F(g) for all 6 € [0,27) and all g € G(A)

iii) All the components F), of F, considered as a function of GL2(R)" alone, satisfy the

differential equation LF),, = 0. Here L is the differential operator given by

; 0 0 0
_ =210 [ o, .
(4.25) L=e < 2Zy_8x + 2y_8y + 2_89>

with respect to the coordinates of the Twasawa decomposition of gso € GL2(R)™.
Then the map <, defines an isometry from Sk(pr) onto Ag(wy).

5. LIFTINGS OF ADELIC AUTOMORPHIC FORMS

The purpose of this section is to establish adelic analogues of the lifting maps between scalar-
valued and vector-valued modular forms, which were studied in detail by Scheithauer in
[Schl] and others (see e.g. [BB], [Zhl] or [Zh2]). We construct the corresponding lifting
maps between scalar-valued and vector-valued automorphic forms and show that they are
compatible with their classical counterparts under adelization.
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Theorem 5.1 ([Schl], Theorem 3.1). Let D be a discriminant form and f € M,(To(N), xD)-
Then

(5.1) Lop(f)= DY (flarp(y) e
YELQ (NI
s a vector-valued modular form for pp and weight k, which is invariant under the automor-

phisms of the discriminant form.

On the other hand, using Prop. 4.5 in [Sch2] and the transformation behaviour of a modular

form f =3 \cp faex € Mi(pp), we find that fo = (f, eo) is in Mc(I'o(V), xD)-

Similar relations hold between the automorphic forms associated to both types of modular
forms. The following theorem shows that the zero component Fy of a vector-valued automor-
phic form is an element of A, (Ko(N)N G(A>’§D\G<A) ).

Theorem 5.2. The mapping ®p : Ax(wyr) = Ag(Ko(N)N G(A)7£D‘G(A)>’

(5.2) = ©p(F) = (F, ¢o)

assigns to a vector-valued automorphic form F a scalar-valued adelic automorphic form of
weight k and level Ko(N) N G(A) on G(A) with central character £p = wf‘l on Ko(N).
K

o(N)
Proof. By Lemma 4.2, i), £p is induced from the Dirichlet character xp. Clearly, (F,pq) is
a priori a function on G(Q)\G(A). However, since wy is unitary with respect to (-, -), Lemma
4.2 implies
<F(g(17u))7 ()00> = <F(g)7wf(17u)(p0>

Thus, ®p is independent of the choice of the square root and thereby descends to a function
on G(Q)\G(A). Next, we verify the correct transformation behaviour with respect to Ko (V).
Let k = (k,t) € Ko(N). Then using Lemma 4.2 yields

Bp(gk) = (F(gh), o) = (W' (k)F(9), o)

= (F(g), ws(k)go) = Ep(K)®p(g).
We further have

[ eselags [ (F(g), Rl < o
GQ\G(A) GQ\G(A)

Also, let Z = (z2,t) € Z(A). Then by Lemma 4.2, i7),

@p(F)(29) = (F(29), po) = (wy(z5) " F(9), o)
= (F(9),wr(zr)p0) = Ep(2)®p(9),
where the last equality uses the fact that p is trivial on G(Q) and GL2(R)". Combining the
last two established properties of ®p, confirms that ®p € L?(G(Q)\G(A),&p).

The remaining defining properties, including cuspidality, are inherited componentwise from
F. d

Similarly, the lifting (5.1) admits an adelic counterpart relating scalar-valued and vector-
valued automorphic forms.
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Theorem 5.3. Let FF € A (Ko(N)N G<A>7§D|G(A)) with £p defined as in Theorem 5.2. and

p:G(A) = G(A), p(g,t) =g
the projection to the first component. Then
(5:3) g LoP)g) = Y Flplgh)wr(k)e
ke /Ko(N)
is an adelic vector-valued automorphic form in A.(wy).

Proof. The first step is to verify that £, (F') is well-defined. Passing from a coset representa-
tive k to kko with kg € Ko(N) gives

> Flp(gkko)wr(kko)po = Y, F(plgk)Ep(plko))ws(k)wy(ko)eo
k€K /Ko(N) k€K /Ko(N)

By Lemma 4.2, w¢(ko)¢o is equal to p(p(ko)). Since &p is quadratic, the factor £p(p(ko))?
cancels out. A priori, £,(F) is a function on G(Q)\G(A). In fact, it is even an element in
the space L%(G(Q)\G(A),wy): The first property follows immediately from the corresponding
one of F. As for the transformation behaviour with respect to Z(A), we exploit once again
Lemma 4.2, i7). Combined with the corresponding behaviour of F', we obtain

Lu(zg)= > Flp(2)plgk))ws(k)po
k€K /Ko(N)

= Y F(pgk))wsk)ws(p(zs)) o = wi(zg) " Lo(F)(g)-
kek/Ko(N)

For the third property we observe that

/ _ {Lu(F)(9), Lu(F)(g))dg = > <wf(k>¢o,wf(k')sco>/ _ F(p(ghk))F(p(gk'))dg
G(Q\G(4) kb €K/ Ko () GQ\G(4)

S S Tt s e / F(p(gh'~ k) F(p(g))dg,

kK €KC/Ko(N) G(Q\G(A)

where the last equality is obtained by the change of variables g +— gk’~!. Since KC/Ko(N) is
finite, it suffices to confirm that the integral

L PR B Fads
G(Q\G(A)

is finite for any pair k,k’. The integrand does not depend on the second component of
G(Q)\G(A) and therefore the latter integral is equal to

(5.4) F(p(gk'~"k))F(p(g))dp(g)

/G(Q)\G(A)

by (2.3). The integral in (5.4) can be written as the scalar product (-,-) on the space
L*(G(Q)\G(A),&p) of R(K1k)F and F, where R(K'"1k)F(g) = F(gk' 'k). The Cauchy-
Schwarz inequality then gives

(RGN, F) < [RETHF || Fll2 = [|F]3 < oo
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Cuspidality of L, (F) follows because the maximal unipotent subgroup of G(A) identifies with
N(A) x {1} by (2.4). Thus,

Ll B)ulng)dn = wr (K)o, F(p(n)p(gk))dn.
S SEWrin= 5 tirgond [ Fatpion)

It remains to prove that the properties of Theorem 4.5 are satisfied. The correct transfor-
mation behaviour with respect to right multiplication of K can be seen as follows: For any
k' € K we have

Lo(F)gk)= > Flplgh'k))ws(k)eo
k€K /Ko(N)

= D FlFm)es®) wr(kk)so
ke /Ko(N)
= wy (k)" Lo (F)(9)-
The last equation holds because &'k runs through a complete set of representatives of K/KCo(N)
if k does. The transformation behaviour of £(F") with respect to SO(2) is an easy consequence
of the fact that elements in  and SO(2) commute in G(A) and the corresponding property

of F'. The property iii) of Theorem 4.5 follows immediately from the corresponding property
of F. O

Finally, we show that the lifts £,, and £, commute with the adelization maps on both
sides. To that end, let us first remark that although % (f) is an automorphic form on
GL2(Q)\ GL2(A), we work with its restriction to G(Q)\G(A) since L, is defined on the
latter. By Theorem 3.1, no information is lost by passing to the restriction.

Theorem 5.4. The diagram

AdEo(N) N G(A) &p,,, ) == Aclwy)
(5.5) o] |

L
Sk(To(N).xp) ——=2— Sk(pp)
15 commutative.
Proof. We have to show that for any f € S, (Io(IN), xp) the identity

(5.6) (A0 Lpp)(f) = (Lo 0 Fep)(f)

holds.
We compute both sides of (5.6) and compare the resulting expressions.
Using (5.1) and (4.24), we find for the left-hand side of (5.6) for any g = go(geo X k') € G(A),

(5.7)
(o 0 L) (F)(g0(g00 X K)) = w (k)7 5(go0s 1) "Ly () (goot)

= wr(k) (000 1) D 51, 9000) " F (Y9001)pD (1) 00
YELo(N\T

wit) Y (1800 ) TR F(79001) P (Y) 00
YELo(N\T
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On the other hand, by (3.3) and (5.3)

(Lo o ep)()(90(goo X K) = Y Fr(p(g0(geo ¥ ') (1oo X k)))ws (k)0
k€K /Ko(N)

=wr(k)™" D Fr(p(go(ges X K'E)))ws(K'k)po.
ke /Ko (N)

Since [K : Ko(N)] = [T : To(N)] and Ko(N) N G(Q) = To(N) (see e.g. [KL], Sect. 7.8
and Lemma 13.2, which also holds for the groups in this paper), we may choose a system
of representatives of IC/Ko(N) consisting of elements of I". Taking this into account, the
right-hand side of (5.8) can be written as

wr(K)™ Y Fr(p(gg) (900 X 7))wr(¥)$0
€L /To(N)

=wr(K) Y Fr(p(90)7(v " g0 X L)wr(7) 00
€L /To(N)

=wr(K)™ D (7  eer 1) T F (v st (7) 00
Y€El'/To(N)
=wr(k)™ Y (V9000 ) (Y geei)wr (v 0.
v €lo(N)\I
Comparing this last expression with the right-hand side of (5.7), yields the identity (5.6). O

(5.8)
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