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A CONJECTURAL IDENTITY FOR THE RATIO OF PETERSSON
NORMS OF DEGREE 2 SIEGEL CUSP FORMS AND ASSOCIATED
HALF-INTEGRAL WEIGHT FORMS

ABHISHEK SAHA

ABsTrACT. This article is an expanded version of the talk I gave at the conference
Research for automorphic forms, automorphic representations and L-functions
held at RIMS, Kyoto, in January 2026. I discuss an explicit identity relating the
Petersson norm of a degree 2 Siegel cusp form F to the Petersson norms of the
half-integral weight cusp forms f,, obtained from the Fourier-Jacobi expansion of
F. Assuming Xue’s refined Gan-Gross—Prasad conjecture for Fourier-Jacobi peri-
ods on Sp,, one obtains an exact formula for (fm, fm)/(F, F) when m is odd and
squarefree, in terms of central values of degree 10 Rankin—Selberg L-functions. I
also compare this with the explicit identities arising from the refined Gan-Gross—
Prasad formalism for Bessel periods on SOs.

1. INTRODUCTION

Let F' € Sk(Sp4(Z)) be a Siegel cusp form of degree 2, full level, and even weight
k. Assume that F' is a Hecke eigenform. The purpose of this note is to explicate an
identity for the ratio of Petersson norms

(s fm)

(F.F)

where f,, is a half-integral weight cusp form naturally associated to the mth Fourier—
Jacobi coefficient of F'. The identity is conditional on Xue’s refined Gan—-Gross—Prasad
conjecture [12, 13| for Fourier-Jacobi periods on symplectic groups. Assuming that
conjecture, we obtain a striking and rather elegant answer: the above ratio is a weighted
average of central values of L-functions of the form L(1/2,mp X 7y, p5s @ p2).

The result described here is part of ongoing joint work with Biplab Paul, Ameya
Pitale, and Ralf Schmidt.

2. SIEGEL CUSP FORMS AND THE FORMS f,,

(0 L
7= (% 1)

and for each commutative ring R, let Sp,(R) be the group of matrices g € GL4(R)
satisfying igJg = J. The Siegel upper half-space of degree 2 is

Hy, = {Z € My(C) :'Z = Z, Im(Z) > 0},

Let
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with the usual action of Sp,(R) by fractional linear transformations. A Siegel cusp form
of degree 2, full level and weight k is a holomorphic function F' on Hy satisfying

F(yZ) =det(CZ+ D)*F(2), = (g g) € Spy(Z),

and vanishing at the cusps; we denote the space of such forms by S (Sps(Z)); see for
example [1]. If F is a Hecke eigenform, its adelization generates an irreducible cuspidal
automorphic representation 7p of GSp,(A) with trivial central character.

The dual group of GSp, is GSp,(C). We write py for the 4-dimensional spin rep-
resentation, ps for the 5-dimensional standard representation, and p;9 = Ad for the
adjoint representation.

Every F' € S;(Sp,(Z)) has a Fourier expansion

F(Z) _ Z a(F, 5«)6271'2'T1P(SZ)7
SeNs

where

AQZ{S:(b?2b£2)Z(l,b,C€Z, S>O}.

For S = (b72 béQ) we put disc(S) = —4det(S) = b — dac < 0. The coefficients with

disc(S) a fundamental discriminant play a distinguished role: they may be viewed as
the independent “building blocks” for the Fourier coefficients of a Hecke eigenform, as
two such coefficients with different discriminants cannot be related by Hecke operators.

One way to understand the Fourier coefficients of Siegel cusp forms is to view them
through the lens of Fourier coefficients of classical half-integral weight forms. Write
Z = (7 %) and let ¢, (7, 2) be the mth Fourier—Jacobi coefficient of F. Let f,, be the
sum of the theta components of ¢,, with the rescaling 7 — 4mr. Equivalently, one may
define directly

fm(T) _ Z am(n)e%-im-’
n>1

where
n+r?
am(n) = Z a (F, ( 4m
r (mod 2m) 2
r?=—n (mod 4m)

)

The function f,, is a holomorphic cusp form of half-integral weight. More precisely,
Jm €81 (T'o(4m)) and, when m is odd and squarefree, it lies in the Kohnen plus-space
[4, Theorem 5.6]. Note also that the coefficients of f,, are explicit linear combinations
of the Fourier coefficients of F'.

This construction of f,, from F' is particularly useful for understanding fundamental
coefficients. Indeed, if S € A5 has fundamental discriminant and a(F, S) # 0, then after
replacing S by an SLo(Z)-equivalent matrix one can arrange that

S/ = (b(/zz b; 2)
with p an odd prime. Since Fourier coefficients are invariant under SL2(Z)-equivalence,
a(F,S) = a(F,S"), and now a(F, S’) appears as a Fourier coefficient of f,. In this sense
every fundamental Fourier coefficient of F' is captured by the family {f,},. This point
of view underlies several results on non-vanishing and related questions for fundamental
coefficients; see, [11, 8].

SESE
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3. THE MAIN CONJECTURAL IDENTITY

Because the forms f,, are built canonically from F it is natural to ask whether their
Petersson norms are related. For Saito—-Kurokawa lifts there is a classical answer. If F’
is a Saito—Kurokawa lift and a Hecke eigenform, and m = 1, then Kohnen and Skoruppa
[9] proved

<f13f1> _ 247Tk (1)
(F,F)  T(k)L(3/2,f)
where [ € Soi_2(SL2(Z)) is the classical Hecke eigenform on the upper half-plane whose
Saito-Kurokawa lift is F'. Analogous formulas in this Saito—Kurokawa case for %

can likely be derived from (1) for all squarefree m, using existing expressions (e.g., [4,
Theorem 6.2]) for the mth Fourier—Jacobi coefficient in terms of the first.

The natural problem is to understand what replaces (1) when F is not a Saito—
Kurokawa lift. We prove the following conditional identity which expresses the above
ratio as a weighted average of central values of degree 10 L-functions.

Theorem 3.1. Let F' € S;(Sp,(Z)) be a Hecke eigenform, and assume that k is even
and that F' is not a Saito—Kurokawa lift. Let m be an odd squarefree integer. Assume
the refined Gan—Gross—Prasad conjecture for Fourier—Jacobi periods on Sp,. Then

<fmafm L(%,WFXFf’p5®p2)
P @
< 7qz>1 qf€'3§v12(q) L(177TF7Ad)L(1,7Tf,Ad)

Here BL;Y,(q) is an orthogonal Hecke basis of holomorphic newforms of weight 2k — 2
and level T'o(q), m¢ is the automorphic representation of GLo(A) attached to f, Cy is
an explicit constant depending only on k, and r 4 is an explicit product of local factors
at the primes dividing m.

Remark 3.2. Using the usual measures to define the Petersson norms, the constant C',
is a nonzero multiple of (47)*/(T'(k)(2k — 2)). The weights r, , < m~1+°(1) arise only
from ramified local calculations; at unramified places the normalized local periods are
equal to 1.

Remark 3.3. In the case of Saito-Kurokawa lifts, L(s, 7, Ad) has a pole at s = 1, and
an analogue of (2) for m = 1 would reduce to a single nonzero term corresponding
to the unique f (which lifts to F') for which L(%,wp X Ty, ps @ p2) also has a pole.
Simplifying the resulting expression gives us (1) up to a constant.

Remark 3.4. As a consequence of Theorem 3.1, we obtain an essentially optimal upper

bound for (sz f ’; under GRH.

4. FOURIER—JACOBI PERIODS AND THE PROOF STRATEGY

The key input is Xue’s refined Gan—Gross—Prasad conjecture for Fourier-Jacobi pe-
riods on symplectic groups [12]. In the case relevant here we take G = Sp,. Let H C G
be the Heisenberg subgroup

1 0 0 pu

_ Al p kK
= 00 1 =X ’

00 0 1
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and embed SL, into G by

o0 O
oo = O
O QU O o
_ o O O

If §f42 denotes the metaplectic double cover, we set R = SLo - H and R= §f42 x H. For
a non-trivial additive character ¢ of Q\A and m € Q*, and denote ™ (x) = ¥ (mz).
Let wym be the Weil representation of R(A) on the space of Schwartz functions §(A),
and define the theta function
Oy (r,¢) = > wyn(r)g(x), 1€ R(A), ¢ €S(A).
x€Q

Now let (m,V;) be a cuspidal automorphic representation of Sp,(A) and (o,V,) a
genuine cuspidal automorphic representation of SLo(A). For ¥ € V., A € V,, and
¢ € 8(A) one defines the global Fourier—Jacobi period

T, A6 0m) = [ / B(ng)A(9) ym (ng, ) dn dy.
SL2(Q)\SL2(A) J H(Q)\H (4)
For factorizable data there are corresponding local linear forms a, (U, Ay, ¢y; 2"), and
after dividing by suitable local norms and local zeta factors one obtains normalized local
periods o (U,, Ay, ¢,;¢™) that are equal to 1 for almost all .
Xue’s conjecture is an exact analogue of the Ichino-Tkeda formalism [7]. In our
setting it predicts that, under temperedness hypotheses,

o 1
FIW,A, G0 Ly (3,7 % 0) sTTaf (b Avoui). )

(W, 0)(A,A)(h,¢)  L(1,m,Ad)Lyn(1,0,Ad
In our setting, we let ¥ = ®p be the adelization of the Siegel cusp form F, and we
choose o and the test data so that the left-hand side becomes a multiple of

1 Fm WPP

(F,F)(h,h)
for a half-integral weight cusp form h € Sk,%(l“o(4m)). In other words, the global
Fourier—Jacobi period admits a classical interpretation in terms of Petersson inner prod-
ucts.

At this point one sums over an orthogonal Hecke basis of the relevant half-integral
weight space and applies Parseval. The Shimura-Waldspurger correspondence then
converts the representation ¢ into an automorphic representation 7, of GLa(A), with
f anewform of weight 2k — 2 and level dividing m. This produces the inner sum in (2).

The technically hardest part of the proof is local. At each prime p | m one must
compute the normalized local factors a# (Up, Ay, @p; ¢y") explicitly. After several reduc-
tions, one arrives at integrals on the Jacobi group involving matrix coefficients associ-
ated to induced representations of the Jacobi group. The local integral breaks naturally
into many valuation regions and the final weights 7, 4 in (2) are precisely the products
of these ramified local contributions.

5. COMPARISON WITH BESSEL PERIODS

There is another refined Gan—Gross—Prasad story for degree 2 Siegel modular forms,
namely the one based on Bessel periods. Let m be an automorphic representation of
GSp,(A), let K/Q be an imaginary quadratic field, and let A be a character of K *\Ax.
One can then form a Bessel period B(p, A) for vectors ¢ in the space of m. A refined
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conjecture of Yifeng Liu expresses the square of this period in terms of central values
of L-functions and explicit local integrals [10].

For holomorphic Siegel cusp forms of degree 2, the local factors in Liu’s conjecture
were computed in joint work with Dickson, Pitale, and Schmidt [3]. Furusawa and
Morimoto proved Liu’s refined conjecture first for special Bessel periods and later, in
the full (SO5,S02) setting relevant here, for arbitrary tempered representations |5, 6].
Combining these works one obtains the following explicit identity.

Theorem 5.1. Let F' € S;,(Spy(Z)) be a Hecke eigenform and assume that F is not a
Saito—Kurokawa lift, let d < 0 be a fundamental discriminant, put K = Q(\/E), and let
A be a character of Cli. For the corresponding positive definite binary quadratic forms
{Sc}eeci, one has

‘Zcecm:;(‘})?‘;(ﬂ SC)’2 _ 92k—1y,

Ik_lL(l/Q,ﬂ'F X AJ(A))'

(K)*|d L(L,np, Ad)

(4)

This theorem and the conjectural identity (2) are related in spirit. Both equate
squares of natural periods attached to Siegel cusp forms to central L-values, and both
lead to arithmetic and analytic applications.

However, the Bessel-period picture for degree 2 relies on the accidental isomorphism
PGSp, ~ SOs, so it is special to genus 2. By contrast, the Fourier-Jacobi framework
exists for Sp,,, for every n, and this is the main reason the conjectural identity discussed
here should have higher-rank analogues. The obstacle is not the absence of a formal
conjecture, but rather the need for new ramified local calculations.

6. LOCAL COMPUTATIONS AT THE RAMIFIED PRIMES

The coefficients 75 4 in (2) come entirely from the primes p dividing m. Since m is
assumed odd and squarefree, each such prime is odd and we are in the case v,(m) = 1.
Fix one such p, write ¥ = Q,, let o be its ring of integers, w a uniformizer, and ¢ =
#(o/wo). Let m = mp, be the unramified local representation of GSp,(E) generated
by the spherical vector vg, and let

_ {n(g)vo,w0)

(I)O (q) <U07 U0>

be its normalized spherical matrix coefficient. On the metaplectic side one considers
a genuine representation o of SLy(E) together with the standard test function ¢(™) =
1,,-1, in the Weil representation. The basic local quantity is obtained by integrating
the matrix coefficients of 7, o, and the Weil representation over SLo(E) x H(E) and
then summing over an orthogonal basis of I'’(ww)-fixed vectors in . After multiplying
by the explicit local zeta and L-factors from Xue’s conjecture, one gets a normalized
number af; at the places not dividing m this normalized factor is equal to 1 [12]. Thus
the only new local input in Theorem 3.1 is the exact evaluation of o for p | m.

P
The first key step is to replace the pair ¢ @ wym by a representation of the Jacobi

group J(E) = SLo(E) x H(E). If ¢ is an unramified principal series of SLy(E), then
0 Quym identifies with a Jacobi principal series B,{’m; if o is special, it identifies with the
corresponding special subrepresentation o¢ ,, C B;{)m studied by Berndt and Schmidt
[2]. In the unramified case the space of K7/¥(w)-fixed vectors is two-dimensional, with
a convenient orthogonal basis f1, f,,; in the special case it is one-dimensional and gener-
ated by the spherical vector fo. A useful consequence is that the sum over I'°(w)-fixed
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vectors collapse to a sum of Jacobi-group integrals of the form

a(m,zim) = 1(00,”)i= [ @ulg)2(9) g (5)
J(E)
where ®7 is the normalized matrix coefficient of a relevant vector on the Jacobi side.
This reduction is the point at which the local problem becomes completely explicit.
To evaluate (5), one uses the Iwasawa decomposition on SLy(E) together with the
support properties of the vectors in the Jacobi principal series. Using the Cartan
decomposition for GSp,(E) and Macdonald’s formula, one expresses ®( in terms of
the Satake parameters «, 5 of m and the parameter 6 = 1(w) coming from the Jacobi
principal series. This leads to a sum of integrals over many p-adic pieces. After summing
these pieces and simplifying, one obtains a closed rational expression for the normalized
local factors.

7. CONCLUDING REMARKS

The ratio {fm, fm)/(F,F) is a natural invariant from both the classical and adelic
points of view. Classically it measures the growth of Petersson norms of the half-
integral weight forms extracted from the Fourier—Jacobi expansion of F'. Adelically it is
governed by the refined Gan—Gross—Prasad formalism for Fourier—Jacobi periods. The
resulting identity fits well with the philosophy that periods should detect central values
of L-functions.

What makes this especially attractive is the prospect of extending the picture to
higher degree Siegel modular forms. The Bessel-period method has already led to strong
theorems in degree 2, but it does not naturally go beyond that setting. The Fourier—
Jacobi method, on the other hand, is available for all symplectic groups. Once the
necessary local computations are carried out, one expects a new family of explicit norm
identities for Sk(Sps,(Z)), with consequences for Fourier coefficients, non-vanishing,
and related analytic problems.

REFERENCES

[1] Mahdi Asgari and Ralf Schmidt. Siegel modular forms and representations. Manuscripta Math.,
104(2):173-200, 2001.

[2] Rolf Berndt and Ralf Schmidt. Elements of the representation theory of the Jacobi group. Modern
Birkhduser Classics. Birkhduser/Springer Basel AG, Basel, 1998. [2011 reprint of the 1998 original]
[MR1634977].

[3] Martin Dickson, Ameya Pitale, Abhishek Saha, and Ralf Schmidt. Explicit refinements of
Bocherer’s conjecture for Siegel modular forms of squarefree level. J. Math. Soc. Japan, 72(1):251-
301, 2020.

[4] Martin Eichler and Don Zagier. The theory of Jacobi forms, volume 55 of Progress in Mathematics.

Birkhauser Boston Inc., Boston, MA, 1985.

Masaaki Furusawa and Kazuki Morimoto. Refined global Gross-Prasad conjecture on special Bessel

periods and Bocherer’s conjecture. J. Eur. Math. Soc. (JEMS), 23(4):1295-1331, 2021.

Masaaki Furusawa and Kazuki Morimoto. On the Gross-Prasad conjecture with its refinement for

(SO(5),S0(2)) and the generalized Bdcherer conjecture. Compos. Math., 160(9):2115-2202, 2024.

[7] Atsushi Ichino and Tamotsu Ikeda. On the periods of automorphic forms on special orthogonal
groups and the Gross-Prasad conjecture. Geom. Funct. Anal., 19(5):1378-1425, 2010.
[8] Jesse Jddsaari, Stephen Lester, and Abhishek Saha. On fundamental Fourier coefficients of Siegel
cusp forms of degree 2. J. Inst. Math. Jussieu, 22(4):1819-1869, 2023.
[9] Winfried Kohnen and Nils-Peter Skoruppa. A certain Dirichlet series attached to Siegel modular
forms of degree two. Invent. Math., 95(3):541-558, 1989.
[10] Yifeng Liu. Refined global Gan-Gross-Prasad conjecture for Bessel periods. J. Reine Angew. Math.,
717:133-194, 2016.
[11] Abhishek Saha. Siegel cusp forms of degree 2 are determined by their fundamental Fourier coeffi-
cients. Math. Ann., 355(1):363-380, 2013.

[5

6



090

A CONJECTURAL IDENTITY FOR PETERSSON NORMS 7

[12] Hang Xue. Refined global Gan-Gross-Prasad conjecture for Fourier-Jacobi periods on symplectic
groups. Compos. Math., 153(1):68-131, 2017.

[13] Hang Xue. Fourier-Jacobi periods of classical Saito-Kurokawa lifts. Ramanujan J., 45(1):111-139,
2018.

SCHOOL OF MATHEMATICAL SCIENCES, QUEEN MARY UNIVERSITY OF LonpON, LonDON E1 4NS,

UK
Email address: abhishek.saha@qmul.ac.uk





