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EXPLICIT FOURIER COEFFICIENTS OF THE EISENSTEIN SERIES AND
THETA LIFT ON SO(3,n+ 1)

HENRY H. KIM AND TAKUYA YAMAUCHI

ABSTRACT. We survey the results in [6, 7] concerning explicit Fourier coefficients of Eisenstein

series and the theta lift on SO(3,n + 1).

1. INTRODUCTION

We use the notations in [6]. Let A = Ag be the ring of adeles of Q. For an integer n > 3,
let A be a positive definite integral matrix of size n — 2. Assume A is even if n is even while
A = diag(1, A’) if n is odd where A’ is a positive definite integral matrix of size n — 3. Let
Ji,, = antidiag(1, —A, 1), Jo, = antidiag(1,1,—A4,1,1) and J3 41 = antidiag(1,1,1,—-A4,1,1,1)
which are of size n + 2, n + 3 and n + 4 respectively. Let G = SO(3,n + 1) be the special
orthogonal group over Q associated to the symmetric pairing defined by J3 1. Note that if n is
even, G does not have discrete series. Assume G splits everywhere at finite places and it induces
n =2 mod 8 if n even and n = 3 mod 8 if n odd. In [13], Pollack developed a theory of modular
forms on SO(3,n + 1), and defined the Eisenstein series E; on G(A) of weight [ with respect to
G(z), and computed unramified and archimedean part of Fourier coefficients. He showed the
algebraicity of the Fourier coefficients. However, he did not compute the Siegel series explicitly
which come from the bad finite places. The computation of the Siegel series is complicated and
it is done in [6]. One corollary of our explicit computation is that we can show that Fourier
coefficients of Eisenstein series have bounded denominator.

By using the explicit Siegel series, we can write down an Ikeda type formal series [3, 4] from a
normalized Hecke eigen cusp form of weight on SLy(Z). In [7], we showed that the formal series

is the theta lift to SO(3,n 4+ 1), using the degenerate Whittaker functions. One consequence is
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that we have an explicit Fourier expansion of the theta lift. In this note we survey the results
from [6, 7].
Acknowledgments. This work was supported by the Research Institute for Mathematical

Sciences, an International Joint Usage/Research Center located in Kyoto University.

2. AUTOMORPHIC FORMS ON G = SO(3,n+ 1)

Recall G = SO(V). The maximal compact subgroup K of G(R) is S(O(3) x O(n + 1)). Let
Ky = S0O(3) x SO(n+ 1). We have a map S(O(3) x O(n+ 1)) — O(3) = (SU(2)/pu2) x {£1}.

For each A € C, we consider the normalized induced representation

G(R _n_
() :=Indg{g) [ 51

By the Peter-Weyl theorem, we have
Indj0 peyl = C®((S* x ") /{£1}) =~ @ HY(C*)RH(C")
a«ﬁ’b?i?en
where S* stands for the k-dimensional sphere and H*(C/) stands for the harmonic polynomials
on C7 of degree i. Using this, we have
(2.1) INk= @ ndg, (H(C*)RH(@C™).
a,b>0
a+b: even

In particular, if b = 0 (hence a is even, say a = 21), then H?(C?) X1 is naturally extended to a
representation of O(3) and it appears in I(\)|x with multiplicity one.

Definition 2.1. Let [ > 0 be an integer. Let V; = Sym?(C?) be the (2] + 1)-dimensional
representation of K that factors through O(3) and we regard it with H2/(C3) X1 as a K-type
of I(I+1). We fix a basis {[X]"[Y]"""}._ | of V; where [X*] = XL and [Y*] = X for k > 0.
Modular forms on G of weight ! are V;-valued automorphic functions ¢ on G(A) that satisfy:
(1) ¢(gk) = k= ¢(g) for all g € G(A) and k € K.
(2) ¢ is annihilated by a special differential operator D;.

(3) As a (g, K)-module, ¢ generates an irreducible constituent of I(l + 1).

Proposition 2.2. Assume | > % is an even integer. Let F' be a non-zero modular form on G
of weight | and Il be the corresponding irreducible admissible representation of G(R). Then, as
a (g, K)-module, Il is isomorphic to a unique irreducible component of Hi’gbﬂbm) containing
H2(C?)X 1 as a minimal K -type. (see [11, Proposition 2.1] for HiglJrl).
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Theorem 2.3. [13] Suppose ¢ is a modular form of weight 1 > 1 on G. Then

d(g) = do(g) + Y ap(n)(gr)Wary(goo),

nev’(Q)
q(n)=0,n#0

for g = grgoo in G(Af) x G(R), where ag(n) : G(Ag) — C is a locally constant function.
Moreover,

do(m) = &(m) X2 + B(m) X'V + &' (m)Yv?,

where ® is an automorphic function associated to a holomorphic modular form of weight I on M,

3 is a locally constant function on M(Ag), and ®' is a certain (K N M)-right translate of ®.

Here Wy (g) : G(R) — V; is a generalized Whittaker function of type n satisfying
(1) Wy(n(w)g) = PW,(9);
(2) Wylgk) = k= Wy(g);
(3) DiWy(g) =

(4) Suppose 1 € V’( ), n# 0, and (n,n) > 0. For t € GL1(R), m € SO(V')(R), set

(2:2) up(t,m) = itV2(n, m(ivy — v2)),
where
n n—2
—— ——
v1 :=(1,0,...,0,1), ve := (0,1,0,...,0,1,0)
Then
t,m)\" _
2. :tlt L K, Xl+’u Yl v
(2.3 Wttom) = e S (B g om0

—I<v<l
where K, is the K-Bessel function defined by
1 [ 1 dt
K _Z e y(E+tT1) /240 0
o(y) =3 /O T

We have the following criterion of cusp forms on G.

Proposition 2.4. Let ¢ be a modular form of weight | > 1 and be of level one, hence it is fived
by G(Z ) If it has the Fourier expansion of the form

d(g) =Y ap(n)(g)Warn(goo)-

nev’/(Q)
q(n)>0

then ¢ is a cusp form.
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3. EISENSTEIN SERIES ON SO(3,n+ 1)

Let P be the Siegel parabolic subgroup of G with the Levi decomposition P = M N where
M = {diag(t,m,t" 1) | t € GL1, m € SO(2,n)} ~ GL; x SO(2,n) and N ~ G2 where SO(2,n)
is defined by Jo .

. o G(A) | 1s_nt2

For any [ > n+1 and a Schwartz-function ®¢ on V' (A¢), we define a section fj of IndP(A) 12

(normalized induction) by

fl(97 (I)fv 8) = ffte(gf7 (I)f7 S)fl,oo(gw7 5)? g =9f9c0 € G(A)
where
frolar ®es) = [ tf*eltgre)dt. g € Ga)
GL;(Af)

and f1 0 (oo, 5) is the V; = Sym?(C?)-valued, K-equivalent section of Indggﬁg |V|5_n2ﬁ. Then,

we define the associated Eisenstein series as

Ei(g,®e8):= Y fi(y9,®ss), g € G(A).
1eP(Q\G(@)

By definition, Fi(g, ®f, s) = Ej(goo, 9 - P, s) where gg - P¢ is defined by g¢ - Pr(v) = <I>f(gf_1@)
for v € V(A). Tt converges absolutely for Re(s) > n+2. When s =1+ 1land I +1 > n+ 2,

Ei(g, ®g, s =14 1) gives rise to a modular form of weight [, and it has the Fourier expansion as

Eig) =Eo(g)+ Y. apg(n)(9)Wam(geo),

neV/(Q)
q(n)=20,n#0
for ¢ = grgeo in G(Ag) x G(R), where Way, is Pollack’s spherical function associated to the
additive character e2™V~1(*)v/ o V'(R), and ag,(n) : G(Af) — C is a locally constant function.

Moreover, for m € M,
Eo(m) = fi(g,8) + B (m) X* + EM (m) Y™,

where fi(g, s) is the inducing section, and EZM is an Eisenstein series on M which is a holomorphic
modular form of weight [ on M, and E;M is a certain (K N M)-right translate of F}M.
If n is of rank one, i.e., n # 0 and ¢(n) = 0, then the rank one Fourier coefficient of E;(g, ®r)

is given by

2014 (27) oy () Warn(goo)s
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where oy(n) = [, 01,,(n), and 07,,(n) = ”z(%) pi. Here given € V'(Z), we define vp(n) = max{n :
nep"V(Z,)}. =

If n is of rank two, i.e., g(n) > 0, then it is given as follows:

When n is even (n > 2), for each n € V/(Q) with ¢(n) > 0 and each rational prime p, there exists
a Laurent polynomial Qn o, (Xp) = Q,, (Xp) € Z[Xp, X, 1] depending on 7 and the unramified
Schwartz function ®, = chary(z,) € S(V'(Qp)) satisfying Q,]ﬂp(Xp) = Ci)vnvp(Xp_l) such that

l——

aEz( ) C(lnq Hanp 2

for the constant Cj .
When n is odd, we need a slight modification. Let [ > n + 1 be an even integer. Write q(n) =

1, if ¢(n)1 =1 (mod 4
an% such that 9, is the absolute discriminant of Q (\/eq(n)) /Q, where e = (1 ( ) ,
—1, if g(n)1 =3 (mod 4)

and ¢(n) = 22Mq(n)1, ¢(n)1 odd. Let x, be the primitive Dirichlet character corresponding to
Q ( eq(n )) /Q. Then for each rational prime p, there exists a Laurent polynomial Qn 0, (Xp) =

én,p( X,) € Z[X,, X, '] depending on 7 and ®, = chary(z,) satisfying Qn o(Xp) = an( ~1)
such that

ag(n) = Cl/,n (n+1 L xy)f HQn,p(pl_% )

for some constant Cj],. These formulas immediately 1mply that Fourier coefficients have a

bounded denominator.

4. FOURIER EXPANSION OF THE THETA LIFT ON SO(3,n+ 1)
o0

k—1
Let [ > n+ 1 be an even integer. Let f(z) = Z ar(m)m 2 ¢™ be a normalized Hecke eigen

m=1

) | — nt2 if n is even, )
cusp form of weight k = , with respect to SLy(Z). For each prime p, let

2l—n+1 ifnisodd
ar(p) = ap + a;l with o, € C!. Let 7 = 7§ = ®'m, ® Moo be the unitary cuspidal representation
of GLy(A) associated to f. For each prime p, we have m, ~ m, (44, s, ) so that p,(p) = ap. Let 7
be any fixed cuspidal component of 7|gy,(4) When n is even or 7 be the Shimura-Waldspurger lift
of 7 to SLy(A) when n is odd. Let Iy = @11, ®1lf be any component of the restriction to G
of the theta lift of 7 to O(3,n 4+ 1). A well-known standard method shows that Il is a non-zero
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square integrable automorphic representation of G(A). Further, by [1] for non-archimedean places
and [9], [11, Proposition 2.1] for the archimedean place, we see that I, is a unique spherical

quotient of the degenerate principal series

Indggggug ov if nis even,

Indgggiiup ov ifnisodd

and Il7 o, is a unique irreducible component of H?€+1|G(R) containing H?(C3?) K1 as a minimal
K o-type. Here H%ﬂrl is the unitarizable, irreducible non-tempered, cohomological admissible
2 if n is even,

representation of O(V)(R) given in [11, Proposition 2.1]. Let ¢ = . By using
1 ifnisodd

the degenerate Whitaker functions (cf. [5], [8]), for each prime p < co and n € V'(Q,) with

q(n) # 0, we can define a non-zero functional

w;;p € Wh(Ily,) = HomN(Qp) (g py ¥p((m, %)17)

where 9, is the standard additive character of Q,. Let us fix an intertwining map
Iy — L*(G(Q\G(A)), ¢ Fy.

By multiplicity one for the Whittaker spaces and [13, p.621, Theorem 3.2.4], we can expand
Fy = (Fp)o + (Fp)+ as follows for each distinguished vector ¢ = ®),¢, ® L0 = ¢ @ L with the
Pollack’s section ¢L° € Tlf o o~ Hig”l. The initial term (F)o is the constant term of Fy along
N, and it is the Oda-Rallis-Schiffmann lift [12, 14] to SO(2,n) from f.

The second term is given by

(Fs)slg)= > en(B)whT (98 - $e)Warn(goo)s e(9) € C, g = grgoo € G(A)

nev’(Q)
q(n)>0

where wtf? (98- ¢¢) == H wff‘f’ (gp- ¢p) for ge = (gp)p. We show that any index 0 # n € V/(Q) with
p<oo
q(n) = 0 does not appear in the expansion of the second term (Fy). We first determine wj” (¢,)

for an unramified vector ¢, by explicitly computing the Siegel series for Eisenstein series. We
then compute ¢, (¢¢) using Fourier—Jacobi expansions for an unramified vector ¢.

We have our main results.

Theorem 4.1 (n even (n > 2)). Let A¢(n)(g¢) = q(n)% H@ﬂ»gp'q’p(ap) for ge = (gp)p € G(Ag).
p

Then, for ¢ € Iy with ¢¢ is the unramified distinguished vector and ¢poe = EOO, there exists an
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absolute non-zero constant C' such that

Fd)( ) (F¢ o+C Z Af (Qf)W27rn((700> g = gfdoo € G<A)

nev’(Q)
q(n)>0

and it is a non-zero Hecke eigen square integrable automorphic form of weight | with respect to

G(Z).

When 7 is odd, we need a slight modification. Let [ > n + 1 be an even integer. Let f be a
normalized Hecke eigen cusp form of weight k := 2] — n + 1 with respect to SLa(Z). Let f(z) =

o0

Z af(m)m%qm. Let af(p) = ap+a, . Let h(z) = Z c(m)q™ € Si—z41(L'o(4))

m=1 ™0
(=1)2m = 0,1 (mod 4)
be the one corresponding to f by the Shimura correspondence.

Theorem 4.2 (n odd (n > 3)). Let Ap(n)(gs) = c(vy fn H Qn,qp @, (ap) for g¢ = (gp)p €
pla(n)
G(Ag). Then, for ¢ € Iy with ¢ is the unramified distinguished vector and ¢oo = @O, there

exists an absolute non-zero constant C' such that

Fslg) = (Foo+C D Ar(n)(9)Wamy(900), 9 = ggoc € G(A)

nev’(Q)
q(n)>0

and it is a non-zero Hecke eigen square integrable automorphic form of weight | with respect to
G(Z).

0.9}

4.1. L-functions of the theta lift. Let f = Z af(m)m%qm be a Hecke eigen cusp form
m=1
) l—5+1 forn even, . _
of weight k = with respect to SLa(Z). Let af(p) = ap + ;. Let
2l —n+1 forn odd

L(s, ) = [ [ L(s,7p), where L(s,mp) = (1 — app *) '(1 =, 'p %) 1,
P
4.1.1. n even. Let n =8a+ 2 (n > 2). Let Iy = @'II¢, ® IIf be the theta lift.

When p is unramified, G(Q,) ~ SO(4a + 3,4a + 3), and Iz, = Ind%| |** x 1go, where
p*» = a, and lgo is the trivial representation of SO(4a + 2,4a + 2), i.e., the quotient of
In dSO(Lm+2 da+2) | *" | " -®]|°% where B is the Borel subgroup of SO(4a + 2, 4a + 2).
Notice 2s,, since we replace pl% by ap. If n is odd, we replace P -3 by .

Consider G = SO(4a + 4,4a + 4), and R = M'N’, M’ ~ GL; x SO(4a + 3,4a + 3). Then

Langlands-Shahidi theory applies to (CN? M’ 11,,), and we have
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Theorem 4.3. The standard L-function of 11y is given by
n n n
L(s, Ty, 8t) = L(s, Sym*77)C(s + )¢ (s + 5 = 1) -+ (s + DC(5)S(s = 1) -+ (s = 5)-

4.1.2. n odd. Let n = 8a + 3. When p is unramified, G(Q,) ~ SO(4a + 3,4a+ 4), and Iy, =
Ind% | |*» % 1g0, where p*» = a,, and 1g0 is the trivial representation of SO(4a + 2,4a + 3), i.c.,
the quotient of Ind%o(4a+2’4a+3) et @) [feti ... 2.

Consider G = SO(4a + 4,4a 4+ 5), and R = M'N’, M’ ~ GL; x SO(4a + 3,4a + 4). Then

Langlands-Shahidi theory applies to (CNJ M',11,), and we have

Theorem 4.4. The standard L-function of Il is given by
n n 1 1 n
L(s,y,St) = L(s, mp)C(s + 5)4(5 T 1) ((s+ §)C(3 - 5) (s — 5)-
4.2. Theta lift as residual spectrum. We noted that II; is a non-zero square integrable
automorphic representation of G(A). Since it is not cuspidal, it should be in the residual spectrum.

We make it more precise.

4.2.1. n even. Let n = 8a + 2. Let HJQ be the Oda-Rallis-Schiffmann lift of f to G’ = SO(2,n).
Let HJQ = oo @ @ 11,. Then by [10] or [1], the Satake parameter of 11, is given by

diag(p4aa e Dy 17 0%7 0452, 19p_17 -'~9p_4a)‘

Now let G =SO(3,n+1)and P = MN, M ~ GL; xSO(2,n), and consider the global induced
representation
I(s,10y) = Ind®| |* ® IIF.
One can form the Eisenstein series (s, f;) for a section fs € I(s,II). It has a simple pole at

s = 5, and the residue generates the residual automorphic representation

n n n
J(gaﬂf) = J(? ) @ ®;J(§’Hp)-

Then J(%,1IIy) is the theta lift Iy to SO(3,n + 1). The Satake parameter of J(%,1I,) is

diag<p4a+17p4a, Dy 1, 0412,, a;Qa 1,]971, ---,p74aa p74a71)’
so that the L-function is
¥ 2 n n
L(s, Sym®mp)C(s +5) -+ C(s + D) (s = 1) (s = ),

which agrees with the result in Section 4.1. We can also show that at the infinity place,

3n+1
J(%,Hoo) ~ H“? .
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4.2.2. n odd. Let n be odd, i.e., n = 8a + 3. Then the Satake parameter of II,, is

da+z 1 —4a—§1)

) 1 _
diag(p sy D2, 0y Q5 D

Now consider the global induced representation
I(s,Ty) = Indg| |° @ I},

One can form the Eisenstein series F(s, f;) for a section fs € I(s,1I7). It has a pole at s = 3,

and the residue generates the residual automorphic representation

n n ) n
J(=, 1) = J(=, ) ® @@;J(E,Hp).

2 2
Then J(%5,1If) is the theta lift ITy of h to SO(3,n + 1), where h is the weight % holomorphic
form corresponding to f under the Shimura correspondence. The Satake parameter of .J(35,1l,)
is

da+3 -1 -1

1 3
1 —4q—23
s D2, Oy QG D ?)

diag(p P

)

so that the L-function is

1 1 n

Lis,mp)C(s +5) s+ 5)¢(s = 5) (s = ),

which agrees with the result in Section 4.1. We can also show the matching at the infinity place.
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