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Petersson norms of Jacobi-Eisenstein series and
Gross-Kohnen-Zagier’s formula

Yoshinori Mizuno (Nagoya Institute of Technology)

We report our results on exact evaluation of regularized norms of Eisenstein series. This is in
part a joint work with Shuichi Hayashida.

1 Introduction

Let k > 4 be an even integer and H = {7 = u 4 iv;v > 0} the upper half-plane. We write M},
and Sy, for the spaces of modular forms and cusp forms of weight k for SLs(Z), respectively.

Definition 1. For f,g € Sk, define
(Fgh = [ FOG 2dudv. D= {r=u-tiv e 721, Ju] < 4.

This is called the Petersson inner product.

The Petersson inner product was introduced by Hans Petersson in 1939. An overview of its
development and subsequent applications can be found in [4]. The Petersson inner product plays an
indispensable role in the theory of modular forms. Among its many applications are the determi-
nation of generating systems of modular forms via Poincaré series, the existence of basis consisting
of simultaneous eigenfunctions of Hecke operators, and trace formulas for Hecke operators through
the construction of reproducing kernels.

1.1 L-functions and algebraicity

The Petersson norm also appears in other contexts. A typical example is the following. Let

Ar) =q [[(1 =g =D r(n)g" € Sz
n=1 n=1

(¢ = €®™7) denote Ramanujan’s A function, and define the associated twisted symmetric-square

L-function by

Lo(s, A, x5) = L(2s,x2) - ZX5(H)T(7L2)R_S_k+l (x5 = (§> € {0,£1}).
n=1

Lo(r, A, x5) 5% - 11!

(A, A)q 412713 at s = r admits an

For appropriate values of 7, the special value b(1,7) =

explicit closed-form evaluation:

212.36.7 212.3%2.7.2851 ,

215.3.1511
T b(1,3) = SRR 7, 31511599

517.7.13

b(1,1) = b(1,5) =
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In this way, the special value is related to an algebraic quantity (indeed, a rational number in the
present case) after division by the Petersson norm and a suitable power of .

1.2 The Kohnen-Zagier Formula [9]

2

eigenform such that Tl;:_ 1 (P*)g =a #(p)g for all primes p. Here S;_ 1 is the Kohnen space of half-

integral weight cusp forms on I'g(4) and T’ ];r ; (p?) is the Hecke operator acting on it. Let D be any
2

fundamental discriminant with (—1)*D > 0. Then S}, (g) = ¢4(|D|)f by the Shimura map S}, and
one has

Let k£ > 2 be an integer. Let f € S5 be a normalized Hecke eigenform and g € S;’+1 a Hecke

‘CQ(‘D’)P _ (k_l)' k—lL(f»D?k)

i = DI )

5(9,9)4 7T (fi
where xp = (£) is the Kronecker symbol, L(f, D,s) = >0, xp(n)as(n)n~* is the quadratic
twist of the L-function associated with f, and (g, g)s denotes the Petersson norm on S]L 1. For

2
geM ]::r 1, the Shimura map is defined by
2
Lp(l—k _ n2|D
SH(g) (1) = %CQ(O) + D xpld)di e, (%) e(nt) € Moy,

n>1 \ dn

where Lp(s) is the Dirichlet L-function and e(z) = €2™®. Once again, the fundamental role of the
Petersson norm is clearly visible in this formula.

2 Koblitz’s Comment [7]

I had been interested in the following question: what should be regarded as the Eisenstein series
analogue of the Kohnen-Zagier formula? In my talk, I reported some results obtained in connection
with this problem.

The question originates from a remark in Koblitz’s textbook. Let k > 2 be an integer. There
are two Eisenstein series of interest: the classical Eisenstein series for SLy(Z) and the Eisenstein

series in the Kohnen space M ];:- , discovered by Cohen:
2
. _ B 1 —2k
Gop € Moy Gox(7) = T ( %:_1(07 +d)”,
Ghp1 € M];:%; Gy 1 (7) = C(1—2k) + > L yyra(1 = k)e(dr),
d>1
(—1)kd=0,1 (mod 4)
where the Cohen function Lp(s) is defined, for a complex variable s and any integer D, by

4(25 - 1)7 if D= 0,
LD(S) — L(Sa XdK) azlj;lu(a)XdK (a)a’_sgl—Qs(f/a)? it D 75 07 D= 07 1 (mOd 4)7
0, if D=2/3 (mod4).

Here dg is the discriminant of K = Q(v/D) or 1, f € N is defined by D = dg f?, Xdy is the
Kronecker symbol, y is the Mébius function, ((s) is Riemann’s zeta function, L(s, x) is the Dirichlet
L-function, o4(n) = Zd\n d®. If dg = 1 and D = f2, then yg, is the trivial character x; and
Lis,x1) = ¢(s).

Under the same notation in §1.2, we have

SB(GIH-%) =Lp(1 —Fk) - Ga.

2



185

Putting g = Gk+%, we obtain ¢4(|D|) = Lp(1—k) and L(Ga, D, s) = Lp(s)Lp(s+1—2k). Hence,
up to a constant factor, we deduce L(Gay, D, k) = Lp(k)Lp(1—k) = Lp(1—k)* = ¢,4(|D])? by the
functional equation. Thus, if one focuses only on the numerators appearing in the Kohnen-Zagier

formula, one finds a striking analogy even in the Eisenstein series setting. Against this background,
Koblitz [7, p. 218] makes the following remark.

The Kohnen-Zagier theorem does not include this case. One cannot even define the norms
except for cusp forms. However, we may think of this result as a prototype for the theorem of
Kohnen-Zagier.

The reason that the Petersson norm cannot be defined is that the integral [, Ej(7)E}, (7)v*2dudv
defining the norm diverges. Therefore, some modification is necessary, and one must introduce a
reqularized norm (Ey, Ey)|™.

For Eisenstein series of integral weight, Zagier [13] gave both a definition and an explicit eval-
uation of the regularized norm. Consequently, if one could define and compute an analogous
regularized norm for the half-integral weight Eisenstein series G 1on ['o(4), then an Eisenstein
series analogue of the Kohnen-Zagier formula could be formulated.

To this end, let us first review Zagier’s method.

3 Zagier’s regularized norm [13]

According to Zagier, the regularized norm (Ej, Ey)]"® should be

Tk—1
lim < E(1)Ep(7)0*2 dudv — ) )
Dy k—1

T—o00

where D = {r =u+iv e H;|7| > 1, |u| < 1/2}, Dy = {u+iv € D;v < T} with a sufficiently large

1T _ k—1
T. By Bi(r)Ex(r) = 14 O(u™") (VN) as v — o0 and [ oF2dv = |47 | = T — P the
0

correction term looks natural.

While this gives a satisfactory definition of the regularized norm, one would also like to determine
its exact value. Both the existence of the limit and its explicit evaluation are consequences of
Zagier’s Rankin-Selberg method, which we now describe.

reg

3.1 Zagier’s Rankin-Selberg method and the computation of (Ej, E})}

We now state Zagier’s Rankin-Selberg method. For the general case where the integer k is not
necessarily zero, we follow Tsuyumine [12] which treats a more general setting.

Theorem 1. Let k > 4 be even. Suppose that F : H — C is continuous and satisfies
(a) F(y7) = (et + d)FF (1) (r € H, v = (‘CL 3) € SLa (7)),
(b) F(1) = ¢(v) + O(w™™) (YN) as v — oo, where

P(v) = Z C—i'vo‘i log"' v (I € N ¢, 05 € Cyn; € NU{0}).

T
i=1 "

For such an F, put

o] 1
R(s, F) = /0 /0 (F(7) = $(0))v*2dudv.
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Then R(s, F) converges absolutely for R(s) > 0, and
R(F,s) = / F(r)E_u(7, 5) dp
Dr
[ POl s) = 90)e(w,9) du— hr(s) + dlakr(s).
— LT
Here dy = dudv/v?, D = {r =u+iv € H;|u| < 1/2,|7| > 1}, Dy = {u+iv € D;v < T} and

T o)
:/ W) do, kT(s):/ b =2 gy,
0 T
1

s 1
_ v _ _ .8 1—s+k
Ex(1,s) = 5 E (o T D er T d e(v,s) = /0 E_i(7,s) du = v® 4+ ¢(s)v .

c,deZ
(e,d)=1

Combined with explicit forms of hp(s), kr(s) as rational functions of s and analytic properties of
Ey(7,s), the function R(F,s) can be continued meromorphically to the whole s-plane and satisfies
a functional equation.

To compute (Ej, E;);®, we let k = 0 and take F(7) = Ej(7)Eg(7)v* in Theorem 1. By
1 2k
Ey(r) = Z (CET 1 - Be op—1(n)e(n).

k
(a7 +d) =

Y(v) =k, op( de 1. By : the k-th Bernoulli number,
din
it follows from Theorem 1 that

udv s+k—1
C*(2s)R(s, F) :/D Ep(r) Ex(m)o"¢*(2s) Eo (7, g)dv(zi _C*(zs)sﬁ_k—_l

k—s
dudv (2 — 1)T
k—s

with ¢*(s) = 77%/2'(s/2)((s). Hence, we obtain the Rankin type formula of (Ej, ;)] as
Ress=1C"(25)R(s, F)

1 —dud dudv Tk
_1 ( / B (r)Ba(m* Tt + / By (7) By () — of] Tt )
2 \Up, D—Dr k—1

v?2 v?2
cdudo TH )

+ / (B (rV B0 C* (29) Bofr, ) — oA ¢* (28)e(v, 5)]
D—Drp

_! lim < Ex(7)Eg(T)v

Drp ’02 k—1

In addition, by

R(S,F) ( Zak 1 2 —85— k-l—l/ —47rvvk+s—2 dv
0

Bz’ n>1
_ R s+ k=D —k+1) ki g
-5 ) (4n) D(s+k— 1),

one has
1 2-KI¢(k—1)
k—1 Bk (471') -1

(Ey, Ep)1™® =
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4 Obstacle for half-integral weight case

Let k > 2 be an integer, D a fundamental discriminant with (—1)*D > 0. We saw L(Gay, D, k) =
Lp(k)Lp(1—k)=Lp(1—k)? = Gy, 1 (|D])?. The problem we want to consider is as follows: does
2

the following statement hold for some suitable and natural notion of (G kil G, >reg ?
Gy (ID])? w7 (k= 1) D L(Goy, D, k)
%<Gk+ 1, Grp1)® L (Gaog, Gop)y™®

In view of what we have seen so far, one possible approach is to ask whether Zagier’s method can
also be applied to the Eisenstein series G, 1 € M ];:1 of half-integral weight. Zagier’s method can
! 1

be extended to congruence subgroups, such as I'g(4). This makes it possible to define a regularized
norm (G, Iy Gy, > 1 8. Determining its exact value, however, is a different matter. If one wishes to
follow Zagler S approach, it is necessary to obtain an explicit formula for the following Rankin zeta
function in sufficient detail to permit analytic continuation and residue calculations at a suitable

point a:

L 1yeg(1 — k)2
reg . (—=1)kd
<Gk_+%/Gk+%>4g :,Ress:a Z ds
d>1
(-=1)kd=0,1 (mod 4)

Since obtaining such an explicit formula seemed out of reach, my attempt remained at a stand-
still for a long time.

5 Tsuyumine’s method [12]

Tsuyumine discovered the following method to compute the norm, which does not use any
explicit formula for the Rankin zeta function. Recall the identity in Theorem 1: for R(s) > 0,

/ / v))v* 2dudv

/ 7,8) dp — ha(s)

(E(T)E k(7 5) = ¢(v)e(v,5)) dp + d(s)kr(s).

D—Drp
Let F(1) = Ex(71) = %Z(cd) (em +d)7F with k > 4 even. Since ¢(v) = 1, fo du =1 and
E_i(1,8) = E(1,5 — k)v¥, one has
0= R(F,s)
Ts—l
_ / En(r)Er(r.5 — F)o" du —
Dy s—1
—— 2kIP(1 — 5)((2 — 25+ k) TF
E(r)Ex(7,5 — k)o* — dp+ = .
w BT =Rt — elw, ) do+ g e P
Replacing s by s + k, we have
L Ts+k—1
= R(F k)= E Er(r. 50" dy — ——
0= R(F,s+k) - w(T)Ex(7,35)0" du Py —

a2t — s — k)C(2— 25 — k) T~
'(s)¢(2s + k) s

+ / (B (T)Ex(1,5)v" — e(v,s + k)) du+
D-Dr
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Letting s = 0, we get

0= REW = [ BB du— L
Kok 7P (1 — 5 — k)C(2 — 25 — k)
+ /D—DT(Ek(T)Ek(T)v v ) d/L—l— F(S + 1)C(23 +k) o
and
k—1
[ BB -
- kY g T I0(1 — s — k)((2 — 25 — k)
- /D—DT(Ek(T)Ek(T),l v ) dlu F(S + 1)C(28 —|—k’) S:().

- dudv Tk
re . k
(Ey, Ex))™ = Jim (/ . Ey(1)Eg(T)v 2 E_ 1>

1 2k ((R-1)
o k=1 By (4m)k1"

I — s — k)C(2 — 25 — k)
I(s+1)¢(2s + k)

This allows one to determine the value of the regularized norm without appealing to an explicit
formula for the Rankin zeta function. This argument is remarkably elegant, and more importantly,
this method can be extended to the setting of half-integral weight modular forms and Jacobi forms.
We would like to mention that there is another approach based on the theory of harmonic Maass
forms [10]. In both methods, the Value of <Ek, E)1°® arises from the constant term of the non-
holomorphic Eisenstein series e(v, s) fo (7,8) du = v® + ¢(s)v! **t*. The relevant quantity
is the coefficient ¢(s), which disappears when one restricts attention to holomorphic Eisenstein
series. It is therefore quite remarkable that a quantity associated with a holomorphic object can
only be detected by passing to its non-holomorphic counterpart. Furthermore, for various families of
Eisenstein series, the constant terms of their non-holomorphic analogues exhibit a similar structure.
This suggests that the phenomenon described above may hold in a much broader setting.

6 Kohnen-Zagier’s formula for Eisenstein series [10]

Tsuyumine’s method works for half-integral weight case. In fact, we can obtain the following
result.

Theorem 2. Let k > 2 be an integer, D a fundamental discriminant with (—1)*D > 0. Then
SE(G,H_%) =Lp(l—k)-Go, Gy, 1 (|ID|) = Lp(1 — k) and we have
2

to\»—-

L ((D)? (k_l)!]D\k_% L(Gax, D, k)

<G %G Ve R (Gaok, Gar)®

D=

1
+3

Here L(Gog, D,s) = > o2, xp(n)ogg—1(n)n=*.

7 The case of Jacobi forms

What happens in the case of Jacobi forms? As motivation, let us mention the following two
topics: (1) Gross-Kohnen-Zagier’s formula, (2) a question posed by Bécherer and Das. A natural
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approach is to extend Zagier’s method to Jacobi forms and then apply Tsuyumine’s idea. The
results presented below are joint work with Shuichi Hayashida.
Let k,m € N and put

Hy = U vDr ={7 =u+iv € Hj; maXVESLQ(Z)%(’YT) <T},
~v€SL2(Z)

D={r=u+iveHlul <1/2,|r] > 1}, Dr ={u+ive D;v<T}.

For Jacobi forms ¢, € Jj ,, consider the theta expansions

G(r,2) = v 2N ()01, 2),  p(rz) = 0RO g (7) (T 2).

WEZL/2mZ HEZL/2mZ
Notice that
2
/ o(7, 2) (1, 2) 0" 3™ qudvdzdy = / Z fu
SLa(Z)7\ (HyxC) Dr o 02

Definition 2. We define (¢,1)™® by

S 2 1 Th3
k—3 —4mm*- §
gb(T, Z)w(T, Z)U e me dudvdxdy - mﬁ G‘M(O)bﬂ(o)

2 pez/2mi
u2=0 (4m)

lim /
T—oo | JSLy(Z)7\(Hy xC)

T3

au(0)b,,(0)

4m)

4\/_Th—I>Ic1>o/D Zf“ v?

T uezZ/2mz

?Tn
[][9V]

€z/2m
_(

Here a,,(0)0*/271/4 (resp. b, (0)0*/271/4) is the constant term of fu(7) (resp. gu(T)).

This definition follows from Zagier’s method. In fact, the integrand satisfies the assumption in
Theorem 1.

Bocherer-Das pairing [2]. Let & > 2 be even, m € N. Bocherer-Das defined the paring {¢, v}
for any ¢, € Jj, . It has the form

wt=1= [ ¥ Dol S

WEL/2mZ

where f,, g, are theta coefficients and Dy,_; 5 = v*(92 + 83) — (k — 1/2)(k — 3/2).

They remak that “It seems to be a rather difficult question to determine whether the quantity
{Ek1,Ek1} is non-zero” for the Jacobi-Eisenstein series Ej; € Ji; in Eichler-Zagier [3]. By
generalizing Tsuyumine’s approach, we obtain the following answer.

Theorem 3. For ¢, ¢ € Jim, we have {¢,} = (3/2 — k)(k —1/2) - (¢, )™ 8. If k > 4 is even,
then

. C(2k—3)T(k—3/2)
(B, Bra)™® = —(-D"*2  n e e ey

In the remaining of this report, we review the way to compute (Ej 1, . 1)"®
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8 The way to computing (Ej 1, Fj1)™®

8.1 Notion of Jacobi forms

Form e N, t € Z, let

— 3 em ( (\ +t/(2m))> +2z(>\+t/(2m))>

AEZ

be the theta series, where e™(z) = 2™, Put
O(7,2) = (Omo(7,2), -, Oms(T,2),* )rezjomz.
Fort € H, z€C, M = (2%) € SLy(Z), put
JM,7)=cr+d, M(r,z)=(M,z/(cTt+d)).
As is well-known, the theta formula
O(M(r,2)) = e™ (c2*/ (et +d)) J(M,7)/2U(M)O(r, 2)

holds, where U(M) is a certain unitary matrix of size 2m and the branch of z* = e®18* for
z € C\ {0} is taken so that log z = log |z| + i arg z with —7 < arg z < .
A Jacobi form ¢ € Jj ,, has the theta expansion

(Z)(Tv Z) = Ul/4_k/2 Z fT(T)'gm,T(Tv Z)
reZ/2miz
The vector valued function

U1/4—k/2F( ) = p/A=k/2 Yfolr), -, fr(T), "')reZ/QmZ

is holomorphic on H and the cusp ico, and satisfies

)\ k=172
F(Mt)=U(M) ju(T)F(1), M € SLo(Z) with jp (1) = <|j§]\]\§—’7)|> .

~—

8.2 Zagier’s method for Jacobi forms

The next theorem is a Jacobi form analogue of Theorem 1.

Theorem 4. Let k € Z, m € N. Suppose that F(7) ="(fo(7), -+, fr(T), - )rezjamz is continuous
on H satisfying that

(a) F(M7)=U(M)jrp(T)F (1) (1 € H, M € SLy(Z)),

() fr(1) = r(v) + O(w™N) (YN) as v = (1) — 0o, where

l
Py (v) Z —7)0‘” log"7v (Il €N, ¢, ap € Conpj € NU{0}).

For such a function F', put

\IJ(’U) = t(%(v)v T 7wr(v)7 T )TGZ/QmZ'

Forr e R%‘ﬂé and a vector w, defined below and for R(s) > 0, we define

- (F, ) / / — U (v)w,v* 2 dudv.
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Then R.(F.,s) (r € R?}L‘%) converges absolutely for R(s) > 0, and

R.(F,s) = /D tF(T)ET(T, 3) du
+ / (PN BT 3) — " (0)er(0,5)) dpt — hy(s) + knr(s).
D—Dr

Here dy = dudv/v?, E.(1,s) is the vector valued Eisenstein series defined below, e.(v,s) is the
constant term of E.(1,s),

T [e.9]
hr,T(S)—/O t\y(v)wrvs—Z dv, kT,T(s)—/T tqj(v)¢T—(§)U1—5—2 dv.

Combined with explicit forms of hy7(s), kr1(s) as rational functions of s and analytic properties of
E.(7,s), the function R.(F,s) can be continued meromorphically to the whole s-plane. Moreover,
the vector R(F,s) = (R, (F, S))reR"‘“,i satisfies the functional equation

R(F,1—3s)=R(F,s)®(1—s).

After Arakawa [1], we explain more notation used in the above theorem. Put
er ="(0rj)jenjomz ="(0,---,0,1,0,---,0) (r € Z/2m7Z),
R®) = {r € Z/2mZ;r = —r (mod 2m)} = {0(mod 2m), m(mod 2m)}.
Put w, = (e + (—1)Fe_,)/2 if r € R, and put w, = (er + (=Dke_)/V2 if r ¢ RY. Let
R = fr € Z/2mZ;r* = 0 (mod 4m)}. For r € R®! and R(s) > 1, define
1

Ers) = S u) T S(Mr) UG w,
M€T\SLa(Z)

(To = {£({1);n € Z}). Notice that E,(7,s) = (-1)*E_,(r,s) (r € R™) and

E.(M7,s) = U(M)ja(t)En(7,s) (M € SLa(Z)).
Take Ry, C Z/2mZ so that
Z/2mZ = R® URY U(—R},) (disjoint),

where —Ryy = {—r € Z/2mZ;r € R,}. Put R, , = R}, U R,(z) if k is even, and put R, = Ry, if
k is odd. Then Rrrjlulli is defined by
Rnull _ Rm,k N R%ﬂl'

m,k

Let

1
er(v,8) = /0 E.(1,5) du = Z (6rp0° + 0 50 (8))wy = VoW, + 015 (5),
peRnull

m,k

(I)(S) = (SOTP(S))anR;‘T‘;%’ E(T7 8) = (ET’(T7 S))T’ER;;‘;’%'

Arakawa proved that the matrices ®(s), E(7,s) can be continued meromorhically to the whole
s-plane and satify the functional equations

E(r,1 —5) = E(1,s) '®(s), ®(s)®(1 —s) = Iﬁ(Rwlé), tP(5) = D(s).

9



192

8.3 Real analytic Jacobi-Eisenstein series and its norm
Let k€ Z, meN, k= (1/2)(k —1/2), R(s) > 5/4, r € R™!, Define
2
e™ ((q+ % ) M7 +2(q+ 5) =25 —L>
A . S—k ( 2m ) er+d ct+d
Ek,m,r((Tv Z),S) - Z ZS(MT) J(M7 7_)

MeTE\SLy(Z) 9€Z

with I'f, = {({%);n € Z}. Arakawa [1] proved a meromorphic continuation of El,/37qn7r((7'7 z),$) to
the whole s-plane. For an integer k > 3 and t,r € R™U put

m,k’

El‘gm,t‘szﬂ = EkA,m,t((T7 Z)? H) € Jk,m? Elﬁm,r‘szlﬁ - El‘gm,r((ﬂ Z)? K:) € Jk7m'

By Theorem 4 combined with Tsuyumine’s idea, we obtain the following result.

Theorem 5. Let ¢, =2 forr € R%) and €, = /2 2 forr € Z/2mZ — R . If k> 3, then

>reg 1 907”15( )
4ym s—k A

-1 _— A A
6t 167” 1<Ek7m7t|s:m Ek,m,r|s:n

Therefore, the evaluation of the norm reduces to the computation of the quantities appear-
ing on the right-hand side. If m is square-free, this computation was carried out in [1], from
which the value of (Ej 1, By 1)™® in Theorem 3 follows. Let m = ab?® (a,b € N, O { a). Then
(1/2)ER fomr ((T:2),6) = Eggn ., /(2ab)( z), where the right-hand side is the Jacobi-Eisenstein series

defined in [3]. In particular, Ey; = (1/2)E2 w10((T:2), k) = E}i%yo(T, z).

8.4 Skoruppa-Zagier map and new spaces of Eisenstein series [11]

Let K > 3, N € N and let M5, (N)~ be the subspace consisting of f € My (N) satisfying
that f (—x=) = (=1)*'N*72k f(7). For any ng,ro € Z, assume that Dy = rg — 4Nng < 0 is a
fundamental discriminant. Let ¢ € Ji41 y with

o(1,2) = Z c(n,r)e(nt +rz).

n,r€Z, 4Nn—r2>0

The Skoruppa-Zagier map Syi1 N (Do,ro) © Jk+1,8 — Map(N)™ is then defined by

L(1—k, _ n? n
Serin ooy (@)(r) = LEZIX) g gy 5 Sn te (g g ) | et

n>1 dln

For N = F? (F € N), the new space of Jacobi-Eisenstein series is defined by

gl;]ff,v;ﬂ = (EI;I-Q—LF?,LX; X € (Z/FZ)*, primitive, x(—1) = (—1)k+1>(c7

Eif]+1 F21x — Z x(t )Ek+1 2 € 1,72, EEEl,FQ,t(T7 z) = (1/2)Ek+1 F2 2Ft((7_7 z), k).
teZ)FZ

The new space of Eisenstein series is defined by

g — (B y e (Z/FZ)*, primitive, x(~1) = (—1)*)¢,

1 - 2k
ES (1) = b1+ Y o) (Delin) € Mop(F?), o0 () = d* X (@)x(1/d).
1>1 djl

10
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One has »
3k+17F2,(Do7ro) (Eic]+1 F2,1,X> (1) = Ck+1(n0,7’o)E2>;§ (7).

Here cky1(ng,70) is the (ng, ro)-th Fourier coefficients of Ek+1 P2

8.5 Gross-Kohnen-Zagier’s formula for Eisenstein series

As an application, we have the following Gross-Kohnen-Zagier’s formula for Eisenstein series.

Theorem 6. Let k > 3 be an integer and F' an odd square-free positive integer, F* = (—1)(F_1)/2F
the associated fundamental discriminant, and xp~ the Kronecker character associated with F™*.
Assume that xp«(—1) = (=1)**1. Let n and r be integers such that D = r?> — 4F?n < 0 is a
negative fundamental discriminant and (D, F) = 1. Then the following holds:

ki1 (n,r)? B (k—1)! |D|k“ L(E(XF*) D, k)
J J reg * *)\re
(Biyr, 2 ,1,XF*’E1€+1,F2,1,XF*> g 2%lphp2thol) (Eé’,gF ) E(XF )>F§

Here ci1(n, 1) is the (n,r)-th Fourier coefficients of E}/ )res

(EY E/
F1L,F2 1 x et Pk, P21 e Pl 1,21, x e
and <E§>,§F) E%F*)ﬁsg are the regularized norms, L(E(XF*) D,s)=3%> xp(n )O%Fl) (n)n=s.

A general formula for the regularized norm was obtained in Theorem 5. Moreover, both the
norm and the quantity ck+1(n r) appearing on the left-hand side of Theorem 6 are directly related
to Fourier coefficients of E* p.r2.2r¢((T:2), 54 k). Therefore, in order to determine their exact values,
it suffices to compute these Fourier coefficients. For this purpose, it is convenient to introduce the
Jacobi-Eisenstein series twisted by a character defined by

2ar+b 2 _cz?
EX (T Z Z ()\ a:—‘rd + 2F>\CT+d - F Cf’i—d)
kF2 AT 2 ~ )\sz (¢t 4+ d)F|er + d|?s
(c,d)=1

Here (7,2) € H x C, 2R(s) + k > 3, x is a Dirichlet character modulo F with y(—1) = (—1)*, and
integers a, b is taken so that ad — bc = 1 for each pair ¢, d.

Theorem 7. Let F' be an odd square-free positive integer, and let x be a primitive Dirichlet char-
acter modulo F with x(—1) = (—1)F. Then the Fourier coefficients of E,* 2 (1,2,8) can be described
explicitly in closed form.

For the precise statement, we refer the reader to [6]. In order to make use of the earlier
computations in [8], we impose the assumptions on F and y. A rough description of the Fourier
coefficient formula for E)f P2 (1,2, ) can already be found in [3]. However, for the (n,r)-th Fourier
coefficient, neither the proportionality constant nor the Euler p-factors for primes p | F and p | r
are made explicit there. Theorem 7 fills this gap by determining these quantities explicitly.

The series Ek FQ(T, z, s) is better suited to the available techniques for computing Fourier coef-

ficients. Since it is connected to E,? 72 95 (75 2), s+ k) by the following relation, the determination
of the Fourier coeflicients of the former yields that of the latter.

Lemma 1. Let k€ Z, F e N, s € C, 2R(s) + k> 3, k = (1/2)(k — 1/2).
(i) Let x be a Dirichlet character modulo F with x(—1) = (—=1)¥. Then

Ei)c(,F2(T7Z>5): Z x(t)(1/2) kF22Ft(( z),s+ K).

teZ/FZ.

11
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(ii) Let t be an integer with (F,t) = 1. Then

1 I
(1/2)EkA,F2,2Ft((T7 2)78_‘_’%) = ﬁ Z X(t)E;;FQ(TvaS)v
XE(Z]FZ)*

—

where (Z/F7Z)* is the character group and ¢(F) is the Euler function.

It is likely that Theorem 6 continues to hold for & = 2; however, this case requires further
investigation.
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