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ISOMORPHISM BETWEEN JACOBI FORMS OF INDEX D,,.; AND
ELLIPTIC MODULAR FORMS OF LEVEL 2

SHUICHI HAYASHIDA
DEPARTMENT OF MATHEMATICS, JOETSU UNIVERSITY OF EDUCATION

1. INTRODUCTION

Jacobi forms appear in the study of modular forms of several variables like modular forms
on symplectic groups and orthogonal groups. In this article we consider Jacobi forms as
holomorphic functions on $ x C", where § denotes the Poincaré upper half-plane.

The main purpose of this article is to explain an isomorphism between holomorphic Jacobi
forms of lattice index Dy, and elliptic modular forms of level 2 as Hecke modules (Thm. 3.1.
Cusp forms case is explained in Thm. 4.2). This isomorphism was conjectured by Mocanu [9]
and is a kind of generalization of the isomorphism between Jacobi forms of integer index
N and elliptic modular forms of level N. In particular, in the proof of the main theorem
we show that Jacobi forms of lattice index Dy, 1 correspond to certain modular forms of
half-integral weight of level 8 and certain powers of the Dedekind eta-function (Thm. 3.5).
Finally, by virtue of the Shimura correspondences which were given by Ueda-Yamana [12]
and Yang [14], we obtain the main theorem. In sections 4 to 7 we give some applications of
the main theorem.

2. JACOBI FORMS OF LATTICE INDEX

Let L be a free Z-module of finite rank n, equipped with a Z-valued symmetric bilinear
form . By abuse of language, we put f(x) := %6(1:, x) for x € L. Such a pair L = (L, ) is
called a lattice. We extend f(x,y) as a C-valued symmetric bilinear form on L ® C.

For example, L = Z", f(x,y) = x(2M)*y for a half-integral symmetric matrix M. Then
L =(L,p) is a lattice.

Definition 2.1. Let k € N, and let L = (L, ) be an even lattice and positive-definite (i.e.
B(z) € Zsg for any x € L — {0}).

A holomorphic function ¢ : $ x (L ® C) — C is called a Jacobi form of weight k of index
L, if ¢ satisfies

(1) VA= (2%) € SL(2,Z), (1,2) € H x (L ® C), then

(¢]A)(7, 2) :=¢<m+b - >€<_Cﬁ(2))(cr+d)_k:¢(7',z).

ct+d et +d et +d
(2) Yo,y € L, (1,2) € H x (L®C), then
(¢l(z,9))(7,2) = @(7, 2 + T2 Jrly)e(ﬁ(x)T + B(z, 2)) = (7, 2).
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(3) ¢(r,2) = Z Z co(n',re(n'T + B(r', 2)), where
n'e€l ' cl#
n'>B(r")
L#*:={yc L®Q: B(x,y) €Z for v € L}.

Here we put e(x) := e*™™ and q := (7).

A Jacobi form ¢ is called a Jacobi cusp form if c,(n',r") =0, unless n' > B(r') in
the condition (3).

We denote by Ji 1 (resp. J; ") the space of all Jacobi forms (resp. Jacobi cusp forms) of
weight k& and index L. ;

For any half-integral symmetric matrix M, we denote by Jj »r the space of Jacobi forms
of weight & and index M. (For the definition of Jacobi forms of matrix index, see [16].) If
L= (2" (x,y) — x(2M)'y), then Jy s = Ji 1 via a bijection C" = L @ C.

Denote by My(N) := M(To(N)) the space of elliptic modular forms of weight & with
respect to Io(N) (k € Zso, N € Z~y). Let MP*V(N) be the space of new forms in M (N).
For ¢ € {+, —} we set

M= (N) == {f € M{*"(N) : [ <W> = i "N¥2rRf (7))

Remark that if f € M;“"(N), then the completed L-function L*(f, s) of f satisfies L*(f, s) =
eL*(f,k —s) (cf. [11, P. 136]). We put M} (1) := M5 (1). Then, Mg, (1) = {0} unless
(—1)F =e.

Assume n =1, N € Z-q, B(x,y) = 2Nazy for x,y € Z and L = (Z,3). Then Jip = Jy n,
where Ji n is the space of Jacobi forms of integer index N. The following theorem was
obtained in [11] by calculating trace formulas for Jacobi forms.

Theorem 2.2 (Skoruppa-Zagier (1988)). For any k, N € Z~,, we have
It N = My (N)
as Hecke modules. Here Ji'{7 v denotes the space of Jacobi new forms (see [11] for the
definition of Jacobi new forms).
It is expected that such isomorphism also holds for any lattice index L. In particular, it is
expected
(2.1) Jir = {certain elliptic modular form of weight &}

as Hecke modules, where k1 = k — 5 if rank 7 of L is even, and ky = 2k — 1 — r if rank r of
L is odd (see [1, p. xv].

In this article we show the isomorphism (2.1) for the case L = D,, where D, is a root
lattice with odd rank r.

2.1. Discriminant module (form, group) and Jacobi forms. Let L = (L, () be an
even lattice (i.e. B(L) C Z). Then L*!/L is a finite abelian group and the reduction of 3
modulo Z induces a bilinear form on L*/L. This module is called the discriminant module
(or discriminant form, discriminant group) of L. We set the discriminant module

Dy = (L*/L,z + L~ B(z) + Z).
2
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Proposition 2.3 (Boylan-Skoruppa(2014), Ajouz(2015)). Let Ly, Ly be even positive-definite
lattices. If Dy, = Dy,, then

Terr1n = Jer 3L
as Hecke modules. Here r; is the rank of L;.

The bijection of this isomorphism was given in [2, Thm. 2.5] and the compatibility with
Hecke operators was shown in [1, Thm. 4.2.4].

2.2. Lattice D,. We treat the case L = D,.. For r € Z~, put the set

D, = {(xl, X)) €L ZZ‘Z € 22}
i=1

and the lattice D, is equipped with the standard Euclidean bilinear form §(z,y) = z'y for
x,y € D,. Then we have

1\’ 1 r
Dﬁz{m€(§Z) : :cGZTorxG(E—I—Z) }

The set {0, etoter e el+"'+;"1_eT } gives aset of representatives of D?/D,, where {ey, ..., e, }
denotes a standard basis of Z". We have

Di/D, = YAZYA Tf r=1 (mod 2),
2)27 x 7)27Z, ifr=0 (mod 2)
as finite abelian groups. We remark that 3(0) = 0, B(e,) = § and f(SF5+e) = f(ati=c) =
For any lattice L, the smallest positive-integer N which satisfies NB(z) € Z (Vx € L) is
called the level of L. If r =1 (mod 2), then the level of D, is 8.

From now on, we assume 7 = 1 (mod 2). Then

2
DE/D, = <Z/4Z,:L- +AZ % + Z)

as a finite quadratic module. Therefore, by virtue of Prop. 2.3, the Hecke module J, | i1 p,
is determined by r modulo 8.

For r =1 (mod 8), by using Thm. 2.2, we have

Tt b & Jiipy = Jrpra = My (2) © My (1),

For r € {1, 3,5, 7}, we have isomorphisms between Jacobi forms of lattice index and matrix

index:
Jk+%,Dr = Jk+i217MTv
1 1/21/2

where M, is a Gram matrix of I),. For example, M, = 2, M3 = (1/2 1 1/2>, My =

1/21/2 1
11/20 0 0 0 1/2

1 1/2 0 0 1/2 /2 1 1/2 0 0 0 0
1/2 1 1/2 0 0 0 1/2 1 1/2 0 0 0
0 1/2 1 1/2 0 and M, = 0 0 1/2 1 1/2 0 0
0 0 1/2 1 1/2 0 0 0 1/2 1 1/2 0
1/2 0 0 1/2 1 0 0 0 0 1/2 1 1/2

/20 0 0 0 1/2 1
3
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Remark that |D!/D,| = |(2M,)~Z" JZ"| = det(2M,) = 4.

3. MAIN THEOREM

A. Mocanu [9] posed the following conjecture. Some numerical examples of Euler factors
and dimension formulas supported the conjecture.

Conjecture 1 (Mocanu (2019)). If r =1 (mod 2) and k > 2, then
Jpprsr p, = My (2) © M33(1)
as Hecke algebra module, where ¢; € {4+, —} are given by

r (mod8)| e &

1 — _
3 -+
5 —
7 + +

Remark that the case r =1 (mod 8) is implied in [11]. We obtain another proof for the case
r=1 (mod 8).

The above signatures ¢; are written by using the Kronecker symbols:

The main result of this article is
Theorem 3.1. Conj. 1 is true.

Roughly speaking, the proof of this theorem is obtained by using three isomorphisms from
My™*(2) to Jyyrs1 p, via scalar-valued modular forms and vector-valued modular forms of
half-integral weight:

certain scalar-valued certain vector-valued
MEE(2) ¢ modular form o modular form = Jpprt1 p .
of weight %k + % of weight k + % 20

The image of this composition from My (2) to J,, a1 p, can be regarded as new forms in
Jacobi forms. The orthogonal complement of this image with respect to the Petersson inner

product is J;;lfrzil D, (the space of Jacobi old forms) which corresponds to Mg, (1). The space

Jl?fr—“ 5. is obtained as the image of the composition of the Ikeda lifting and a map given
2 9 T

by the Fourier-Jacobi expansion:

eda 1 Siegel modular form ., .
MgL(1) =< {of weight k + "£L € 2N, } — T, v, = gyt p
degree r 4+ 1 and level 1

r+1

> and matrix index M.

where J; ESIVARL the space of Jacobi forms of weight k +
4
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2

3.1. Half-integral weight. We put 0(7) := Y  _,¢". Let N,k € Z such that 4|N. A
holomorphic function f on $ is called a modular form of weight k£ + % and level N, if f

satisfies -
ran = (%) s

for any A = (2¢%) € To(N) and if f? satisfies the cusp condition, where we set A7 :=
(aT + b)/(cT + d). Denote by MH%(N) the set of modular forms of weight & + 1 and level

N. For any N € Z- such that 4| N, we put

M,;%(N) = (1) =Y as(n)q" € My 1(N) @ ag(n) =0 unless n = 0,(=1)" mod 4

TLGZZO

We treat the case N = 8. For r € Z which satisfies —r = (—1)* mod 4 (it is equivalent to
the condition k + £ = 0 (mod 2)), we put

MI;:_%T(S) = {f € M;+§(8) :ap(n) =0 unless n = 0,4, —r mod 8} :

In particular, if a;(n) = 0 for all n such that n =4 —r (mod 8), then f € M ,(8) belongs

k+3
to M; +_%T(8)
For example, we have 6 € MlJ;b_?(S).

The following Proposition follows from [12].

Proposition 3.2 (Ueda-Yamana (2010)).

M () = M;+_%3(8) @ M]::__;(E%) if k is even,
s M ®) @ M°(8), if k s odd.
2 >

For a holomorphic function f(7) =), .,  ¢f(n)g" on § and for any prime p, we define

T G?) = i (et 5 (S5 eyt 2l )

If p /N, then T'(p?) is a Hecke operator on My 1(N).
For any odd prime p, the Hecke operator T'(p?) preserves the space M Ij J;_J(8). The following
2

theorem follows from [12].
Theorem 3.3 (Ueda-Yamana (2010)). If k + 3% is even and k > 1, then

MET(8) = My (2) & Mi(1)

as Hecke modules. It means that if h € ]W;;_J(S) is an eigenform, and h|T(p?) = \yh, then
2

there is an eigenform f € Moy(x) which satisfies f|T(p) = A\, f, where T'(p) is the usual Hecke
operator.
5
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3.2. half-integral weight of n-type. We put n(7) := ¢"/* T[>",(1 — ¢").
For r € {1, 3,5, 7}, We consider the space

P Mg e (1) = {0 () ¢ € My s (D

Let g € 7]24_3”Mk+%_2453r(1). We take the Fourier expansion g(1) = > o0 c,(n)q"/®.
We remark that cy(n) = 0 unless n = —r (mod 8). For any odd prime p and for g €
n* 3TN, +1_2-s: (1), we define a Hecke operator

81 o6 = (2 (bt (S8 e+ i)

pJ.3 p

Remark that we put the Legendre symbol (%) on the RHS.

The following theorem follows from [14].

Theorem 3.4 (Yang (2014)). For r € {1,3,5,7} and for any integer k > 1 such that
k+™ =1 (mod 2), we have

W My e (1) 22 My (2)
as Hecke modules. Here the action of the Hecke operators on the LHS is defined in (3.1).

3.3. Hecke operators for Jacobi forms. Hecke operators for Jacobi forms of lattice index
were introduced in [1]. These were also introduced in [10] in the framework of Jacobi forms
of matrix index. The following follows from [10]. We assume that r is odd. For

Z Z co(n',re(n'T + B(r, Z))GJk+%1,DT

n'€L yprep#
n’'>p(r")

and for any odd prime p, a Hecke operator T (p?) is defined by

(Blpyzsa, T (0 Z Z cy(n',re(n'T + (1, 2)),

n'€Z ' c p¥
n'>p(r")

where

/
n,r
P )

(1) (' - 6<r'>>> ol
¢

c;;(n’7 ') = cy(pPn, pr’) + phl <

+ p*! Z C(b<p1 (n" = B, N) + B(N)), %(r —)\)).

XeD,./pD;

3.4. Theta decomposition. Jacobi forms correspond to vector valued modular forms as
follows. Let ¢ € J, =11 5 and denote by cy(n', ') the Fourier coefficient of ¢. Then

Z fl’(T)eme(T? Z)?

z€D /D,

where 0p, (7, 2) =3 caip, €(TA(Y) + By, 2)) and fo(7) := 32, cp co(n', w)e((n' — 5(2))7).

6
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The vector valued function (f,) p, satisfies:

zEDg/

and

fo=r )y =27 (e /8) YT e(wyr/4) (7).

y (mod 4)

Such holomorphic function is called a vector-valued modular form of weight & + %

Recall that D!/D, = Z/4AZ as finite abelian groups. We have f_, = (=1)""% f,. In
particular, if k + 1 is odd, then f_, = —f, and f, = 0 for 22 € D,. We put

2
Z [+(87), if k+ = is even,
(T (@))(7) := 4 zeDi/D,
Jor (T), if k4 =2 is odd,
where we set vy == (e; + - +¢€,)/2.

Theorem 3.5. The above defined map J gives the following isomorphism as Hecke modules:

]\[;’]T(8), if k+ =L ds even,
T3

~ 2

J r+1 =
k+5=,D; {7724_3TMk+§—24;°”(1)’ if k+ % 18 odd.

4. PROOF OF MAIN THEOREM (THM. 3.1) AND CUSP FORMS (THM. 4.2)

4.1. proof of the main Theorem. Remark that if k + £ is odd, then Mg} (1) = {0}. By
combining Theorems 3.3, 3.4 and 3.5, we obtain

(4.1) Jpprst p, = My (2) © My, (1)

as Hecke modules for any r € {1,3,5,7} and k € Z>(. Hence, Conjecture 1 is true.
Moreover, due to Proposition 2.3, this isomorphism (4.1) is valid for any odd r € Z,.

4.2. Isomorphisms between cusp forms. The space of Jacobi forms has the following
decomposition.

Lemma 4.1. [f k € Z, then Jy v - has the decomposition

_ Tnew old
Jk+%17Dr = Jpprnp, @ Jk+L§1 Dy
old old ~ N/[€1
where we defined the subspace Jk+r;17DT C Jyyrg1 p, such that Jk+"2”,Dr = M, (1), and where
new ; > © jold ; ;
ki p, 8 defined as the orthogonal complement of Jk+”2'17Dr n Jk+r;1,Dr with respect to

the Petersson inner product. The map My (1) — J]:fm b
7

of three maps: the Ikeda lift, Fourier-Jacobi expansion and the isomorphism between Jacobi
forms of lattice index and of matriz indez.

18 obtained by the composition

. > new — Cusp,new - CusSp new
Moreover, if k > 2, then we have kL D, Jk+%,pr Jk+%7DT N Jk+%7DT , where
Jip is the space of Jacobi cusp forms in Jyp, .

7
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We set Si*(N) := {cusp form in M*(N)}, where M*(N) is M;ivi’Jr’_T(S) or My (2).

2

Remark that M;ivi’+’_r(8) is isomorphic to My, (2) by Theorem 3.3.
2

Theorem 4.2. We have the following isomorphisms as Hecke modules.
If kK > 2 is even, then

TR S SN S) 2 S (2) 2 P My 0(1) = SRR
and

TR = ST (8) = SI(2) = M (1) = JEE
If k > 3 is odd, then

TR = S 8) 2 S (2) 2 My (1) = ST
and

cusp,new ~ Qnew,+,—5 ~ Qnew,+ ~ .3 ~  JCcusp,new
Jk+3,D5 = 5k+% (8) = Sy, " (2) =P My (1) = Jk+47D7 :

5. THE CASE k =1
5.1. Isomorphisms. Conj. 1 is also true for the case k = 1. We have the following.
Theorem 5.1. We obtain
dim J{'%, = dim M3757°(8) = dim My “"*(2) = dim n*Mo(1) = dim Je50 " = 1
and the following one dimensional spaces are isomorphic as Hecke modules:
CEyp, = C(6°|Uy(4)) 2 CEY® = Cys p, = Cn.

new cusp,new

where Ey p; € JIP. and s p, € J5 . are Jacobi forms, and where we put

B = 20,(27) — By(1) = 1+ 24 _o1(n)q" — 48> o1(n)g™ € My *(2),

and where 03|U1(4) is defined by
PIEA)(r) = Y ()" € M5 ),

TLEZZO
n=0,3 (mod 4)

and r3(n) == #{(r1, 72, 73) € Z® : 23 + 13 + 2% = n} = r3(4n).

Remark that Fy p,, 6°|U;(4) and E§2) are not (Jacobi) cusp forms, but these forms are
isomorphic to (Jacobi) cusp forms by Theorem 5.1.
It is well-known that the function 5 has the Fourier expansion

—4 2
o= 3 () e
It is straightforward to calculate that 7?|T(p?) = (14 p)n® for any odd prime p (see (3.1) for
the definition of T'(p®)). Since Ej p, has the non-zero constant term and since dim J; p, = 1
(see [9, P.76]), it is not difficult to check the identity Eyp,|T7(p*) = (1+ p)E4p, for any odd
prime p.
8
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5.2. Zagier—Eisenstein series of weight 3/2. The Zagier—Eisenstein series (cf. [15]) of
weight 3/2 is defined by

1 b\ 2
oy o™

F(1) = (1) +

where v = Im(7) and a(t) := [~ e ™4 ~%2 du, and where

JA(T) = —1—12 + Z H(n)q",

n€Z>0

and H(n) denotes the Hurwitz class number (H(0) = —1/12, H(3) = 1/3, H(4) = 1/2,
H(7) = 1 and so on). Note that H(n) = 0 for n = 1,2 (mod 4). The function .# is not

3
holomorphic on $), but .# satisfies the transformation formula .# (A7) = <%) F (1) for
any A € I'y(4).

We put (J4|U1(4))(7) == Z H(4n)q". The identity
nz(f??(zni?d 4)
(5.1) r3(n) = 12(H(4n) — 2H(n))

holds for any n € Zs( (cf. [5, P. 3084]). This identity was essentially obtained by Gauss and
Hermite (see [4, P.274]).
Due to the identity (5.1), we obtain the following lemma.

Lemma 5.2. We have
12(4| U (4) — 24) = 6°|Us(4) € M35 7(8).

5.3. Application to arithmetic functions. We have (0°|U;(4))0 € M(8). In particular,
we obtain

1 1
(6°|U2(4))6 = 557 (1) = 5 B57 (2r) + B ().

By compering the Fourier coefficients of both sides, we obtain the following.

Corollary 5.3. For any natural number N, we have

1 ) N N N
(52) 5 SEZZ T'3<N—S ) :O'1<N)—30'1(§> +140’1(Z> —240'1(§> .
N—-52=0,3 mod 4

Here o1(m) denotes 0, if m is not a natural number.

For example, we obtain o1(1) = 73(0), 01(3) = 373(3), 01(5) = r3(4), o1(7) = r3(3),
01(9) = r3(8) +r3(0), 01(11) = rs(11), 01 (13) = r3(12) + r5(4) and so on.

Remark that the fact 6* € My(4) induces the well-known formula

(5.3) %ZT;;(N —5*) =40,(N) - 16 01<%> :

9
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Through the identity (5.1), the identities (5.2) and (5.3) also follow from Kronecker-Hurwitz
type class number relations. The Kronecker-Hurwitz class number relation is

1 .
S HEAN — %)+ min(d, N/d) = 12 ity =0,
SEZ dn 20'1(N) if N > 0.

The Kronecker-Hurwitz class number relation was generalized by several authors. Recently,
higher moments of Hurwitz class numbers in arithmetic progressions were obtained by Kane-
Pujahari-Yang (see [7, Thm. 1.7]). The identity (5.2) is also related to classical formulas
obtained by Liouville (see [13]).

6. COHEN TYPE EISENSTEIN SERIES OF LEVEL 8

6.1. Level 4. Let k > 2. The Cohen Eisenstein series of weight %k + % of level 4 is defined by
(7)== (1= 2k) + > H(k,N)q",

N>0
where we put

D
H(k,N) := H(k,|D|) Z,u(d) (E) d" o1 (f/d),
df
and where D is a fundamental discriminant and f € A, such that (—1)¥N = Df? and we
define H(k, |D|) := L(1 — k, (£)). Here yu denotes the Mébius function.

Then, it is known that 7 belongs to M’ , (4) (ct. [4]).

6.2. Level 8. For k > 2 such that (—1)¥ = —r mod 4, we introduce a Cohen-type Eisenstein
series of level 8 by
N>0

where we put
H(k,N)— H(k,4N)

() +2)
Lemma 6.1. For k > 2 and for v € {1,3,5,7} such that (—1)* = —r mod 4, we have
M (8) =Coth @ S (8).

k+3i k+3

H*(k,N) := H(k,N) +

The Cohen type Eisenstein series J7,% of level 8 corresponds to Jacobi-Eisenstein series of
weight & + =+ and index D, by Thm. 3.5.

6.3. Fourier coefficients of Jacobi—Eisenstein series of index D,.

Definition 6.2. For k > 2 and odd integer r > 0 such that k + %1 is even, we define the
Jacobi-Eisenstein series of weight k + =&

21 and index D, by
Ek+%1,DT(T7 Z) = Z Z 1|(>‘70)|A7

A€ESL(2,Z) /T oo AED;

where U'oo :={£(§ 1) : n € Z}.
10
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The convergence of Ej, -1 p s known in [1, Prop. 3.3.6] and [9, Thm. 2.6]. An explicit
formula of the Fourier coefficients for Jacobi-Eisenstein series of lattice index was obtained
in [8, Thm. 5.1]. By virtue of Thm. 3.5, we obtain another expression of the Fourier
coefficients for the case of lattice D, as follows.

Proposition 6.3. Let r > 0 be an odd integer and k + T;rl € 27~y with k > 2. The

Jacobi-Eisenstein series Ek+%’DT € Jk+%,Dr has the Fourier expansion:

Ek+%1,DT(T,Z) = Z Z erx(n',re(n'T + B(r, 2)),

n’EZT.IGDg
where N = 8(n’ — 3(r")) and
1, if N =0,
Hi(k,N)
err(n/ ') = m7 if N >0 and N € 4Z,
Hy(k,N)
20(1 — 2k)’ if N>0and N €—r+8

7. MAPS FROM JACOBI FORMS TO ELLIPTIC MODULAR FORMS

Let k € Z+o, and let k + % be an even integer. For ¢ € J":"f& L, We set
5 T
A(N) = co(n', 1), i N=0,4 modS8,
2¢s(n/,1"), if N=—r mod S8,

where N = 8(n' — B(r')) and cy(n,7’) denotes the (n',r’)-th Fourier coefficient of ¢ for
(n',r") € Z x D},
Due to Thm. 3.5, we have

Z A(N)¢N € S];:_%’"(S).

N€Z>0
N=0,4,—r (mod 8)

Moreover, by virtue of Thm. 3.3, we obtain the following.

Proposition 7.1. For any fundamental discriminant (—1)*dy such that dy > 0 and dy = 0
mod 4, the map Sy, defined by

o = S (S () a(5))

n=1 dln

. qusp

k+2+ D,

with the action of Hecke operators.

gives a linear map Sy, — Sor"?(2) ® S5i(1). Moreover, this map is compatible

Note that we have similar maps for the case of odd integral weight k 4+ 31 (see [6] for the
detail). We also note that such maps for the case of lattice index D, with r = 1 (mod 8)

follows from [3] in the framework of Jacobi forms of matrix index.
11
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