
Anabelioid Teichmüller

§1. p

Grothendieck

inter-universal
inter-universal

inter-universal
[Mzk7]

Ét(X) def= {X }

X G B(G)
G Ét(X)
B(π1(X)) π1(X) X

B(G) anabelioid
B(G) anabelioid

anabelioid [Mzk8] anabelioid
Ét(X)

anabelioid
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‘native’
anabelioid

B(H) → B(G)

G H

anabelioid X = B(G) X anabelioid

Et(X )

Et(X ) 1-category 2-category
2-category D object object

morphism 2-category morphism 1-category
|D| D |D|

D ‘id’
D |D|

G slim G H G

Et(X ) 1-category Ét(X ) def= |Et(X )|

§2. Quasi-core IE

X , Q slim anabelioid

X → Q

relatively slim ‘slim’ relative [Mzk8]
X 2-category

Loc(X )

object Y → X anabelioid
Y morphism Y1 → Y2 X

2-category Et(X )
1-category Loc(X ) def= |Loc(X )|

Loc(X ), Loc(X ) object Y
slim anabelioid

Loc(X ), Loc(X )

Q relative morphism
Q
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LocQ(X ), LocQ(X ), LocQ(X ), LocQ(X )

core (respectively, Q-core) Loc(X ) (re-
spectively, LocQ(X )) terminal object X → Q quasi-core

LocQ(X ) → Loc(X )

X → Q faithful
π1(X ) → π1(Q)

core

core basepoint

basepoint anabelioid

anabelioid
inter-universality quasi-core

inter-universal
[Mzk8]

anabelioid X quasi-core X → Q

G G wk IE weakly
intrinsically exhaustive H ⊆ G ι : H ↪→ G

[G : H] = [G : ι(H)] G
‘intrinsically exhaustive’ ‘IE’ ‘IE’

[Mzk8]
G

exhaustive filtration

. . . ⊆ Gn ⊆ . . . ⊆ G1 ⊆ G

H ⊆ Gn ι : H ↪→ G ι(H) ⊆ Gn

anabelioid wk IE IE
anabelioid wk IE IE quasi-core

∃ core =⇒ ∃ faithful quasi-core =⇒ IE =⇒ wk IE

IE anabelioid
inter-universal anabelioid

wk IE IE
[Mzk8]
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(i) Zp�Zp
× p·Zp�Zp

× wk IE

(ii) PGL2(Zp) wk IE

(
pn 0

0 1

)
pn

1 IE

(iii) F̂n (n ≥ 2) wk IE (ii)
IE

(iv) anabelioid Ét(A1
Fp

) wk IE

(v) Qp K anabelioid Ét(K) Jarden Ritter
wk IE Jarden-Ritter IE

0 F XF

anabelioid Loc(XF ) object XF

morphism XF

Loc(XF )
[Mzk8]

1: XF geometric core Loc(XF ) terminal object
X def= Ét(XF )

(a) [F : Q] < ∞ X core

(b) [F : Qp] < ∞ X quasi-core XF

X faithful quasi-core

(a) (respectively, (b)) (respectively, p
— [Mzk5] —

2: 1 X wk IE XF

(i) XF geometric core

(ii) X faithful quasi-core

(iii) X IE

[Mzk5]
(v) p anabelioid IE

2 (iii)
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§3. p Grothendieck

K Qp XK K XK → Spec(K)

ΠXK
→ GK

[Mzk5] GK GK

ΠXK
XK

p Grothendieck

GK ΠXK
⇐⇒ Ét(XK)

XK

ΠXK
— Ét(XK) —

XK

(i) XK semi-stable reduction XK logarithmic special fiber
log structure semi-stable model special fiber

[Tama] [Mzk4]
[Mzk6]

(ii) Loc(XK) [Mzk9]
[Mzk5] XK ‘arithmetic’

ΠXK

(ii)

arith- meticity arithmeticity
canonicality p

k((t))

canonical k((t))
k (i) (ii)

ΠXK
GK k((t))

Spec(k((t))) k((t))
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t

p Grothendieck
canonical

[Mzk1] [Mzk2]
‘p Teichmüller ’ Serre-

Tate canonical lifting Teichmüller Bers
p [Mzk2], Introduction

Serre-Tate canonical lifting canonical lifting
p Teichmüller canonical lifting

p Grothendieck

3: p ≥ 5 i = 1, 2 Qp Ki Ki

Xi Ét(X1), Ét(X2)

(i) X1 canonical lifting ⇐⇒ X2 canonical lifting

(ii) canonical lifting X1
∼= X2

[Mzk6] logarithmic special fiber
[Mzk1], Chapters III, IV, [Mzk9]

Jacobian Serre-Tate canonical lifting
3

[DO], [OS] p Teichmüller canonical
lifting Zariski dense

3

: g, r, p 2g−2+r > 0, p ≥ 5 (g, r)
Qp Mg,r(Qp) p Grothendieck

Mg,r Zariski
dense

[Mzk1] [Mzk2] ‘canon-
ical lifting’ [Mzk1] [Mzk2]
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