On arithmetic and geometry
around
the adelic Eisenstein function

June 29, 2021
Hiroaki Nakamura (Osaka U)

[1] Introduction
[2] Focus on My 4, M, ,
[3] Profinite Rademacher function

[4] Examples (Lissajous 3-braids)



\ \ \ LV\J\V‘O JAA LT& Ure r SKETCH I.::l'::{':t':l_-fﬁ._‘.]'_'-ltl

C/\ v O H,‘ endk . JZL_— _I_-(/t c/ﬂ\ paiilfe. 4 he ouy b Ml Gatbndiic

ES’ZV«(SH i~ K’R,o*}/\.ﬁvnwc 98¢

Sy
[rofac

M 3 4" E \(V\ 6 A\I“\-Qﬁ- S\oau_ (S‘fa(};_) (.1 -th ‘ A gume of “Lego TeielandJor™ aud the Galeis sonp @ over @,

3. Number felds associated to a cild's dawing,
Swo e A\ \’)roj. Cwwte v Gena J_

vhedra over fingte fields

wiation of s called “peveral” topolopy, sl Lensstie refloctons
with o ot ot \’W‘Mﬁf. ot S M ol
6. “Differentiuble theories™ (3 la Nash' and “tame theories™,
7. Pusuing the Stacks

9 23-w<o (hypoble codeion) Dl i

] .fl;.]-;]nenl of a teacling activity

10, Elogu

L

gwa\awvﬂd object

N

— 1, = W‘(w;%/@‘9 Ga= (D) — |

?vo’g;w&' :Lwredﬂ'\f"‘ ?"':’“;"Wﬁ" U("Q'
A T,M.L\,\m‘;\\k v dudlw o Tumdt oy
(\(‘\““V‘Mé (l"’“ ‘r"’"'l')

T ere 001 oo N

Smc.w"-
,De)dw—f/\w&wo‘ C“'1°°\‘1‘+fcd(m o Mzr,»
0 tau e gt Quows (gnes'en) othon Lo (o i)
Gorcell Voci. €% hypn )

§C[““‘I"’-ﬁumgm, Colles -
[E"F Q&O;S’T&CLW‘;//&\ -{-(rw\z/\,)

\rﬂor?\vx'\SvM ’6"'1’\""%"‘{ Mi"‘ v aMﬁ""




[Igfff G&QDRS’T&&LW&U@\ -I—wae/\,]

The co\lecToon
ﬂ\(Mj,h)

Mu: “J“\'hl J'J:nel
ML’L: nivess S

‘g‘owns G SySfem 0’{ \f’v-o nate ‘}rw-rf
UgpnKows Gg= Corethl  Conpe et o

Swdeble Systenm of

-\- (Té‘h;.bd\bg €-w. ]01'

eLipre Claves

Cambridge Books Online

hitp://ebooks.cambridge.org/

Geometric Galois Actions

Edited by Leila Schneps, Pierre Lochak

I considered some conerete cases (for coverings of low degree) by varions
methods, g1, Ki:!]gﬂir:- considered some others T donubt that there is a uni-
form method solving the problem by computer. My reflection quickly took a
more conceptual path, attempting to apprehend the nature of this action of
. One sees immediately that ronghly speaking. this action is expressed hy a
certain “outer” action of I on the profinite compaectification of the oriented
eartographie group ('3' cand this action in its turn i dedneed by passage to
the quotient of the canonical onter action of T on the profinite fundamen-
tal group w3 of q,__-; ):; where U7y 4 denotes the typical enrve of genus ()
over the prime fiel d @ with three points remnoved, This is how 1y atten-
tion was drawn to what I have since ealled “anabelian_algebraic geometry”™ .

whose starting point was exactly a study (linited for the moment to char-
acteristic zero) of the action of “absolute” Galois groups (partienlarly the
groups Gal(Tv /K). where K is an extension of finite type of the prime field)
on (profinite) geometrie fundamental groups of algebraie vareties (defined
over I\ ), and more particularly (breaking with a well-established tradition )
fundamental groups which are very far from abelian gronps (and which for
this reason T call "anabelian™ ). Amond these groups. and very close to
the eronp Ty 3. there is the profinite compactification of the modular group
(512, 7_‘]) whose quotient by the centre +1 contains the former as congruence
subgronp mod 2, and ean also be interpreted as an oriented “cartographic”
group, namely the one classifyving triangulated oriented maps (e those

whose faces arve all il'i&-lllglt".-t OF HIONOEC 111:\!-:)_




It was ounly close to three years later, seeing that decidedly the vast hori-
zons opening here canused nothing to tremble in any of iy students, nor even
in any of the three or four high-fiving colleagues to whomn 1 had oceasion
to tallt about it in a detailed way, that I made a first reconnoitering vovage
into this “new world”. from January to June 1981, This first try materi-
alized into a packet of some 1300 handwritten pages, bhaptized “The Long
March through Galois theory™. It is first and foremost an attempt at un-

derstanding the relations hetween “aritlunetic” Galois groups and profinite
“geometric” fundamental groups. Quite quickly it became oriented towards

a work of computational formulation of the action of Gal{@Q /@) on 74 4. and

in a later stage. on the s=omewhat larger group SH2. 7. which gives rise to
a more elegant and efficient formalism. Also during the course of this worle

15 {(but developed in a different set of notes) appeared the central theme of

anabelian algebraic geometry, which is to reconstitute certain so-called “an-
abelian” varieties X over an absolute field /v from their mixed fundamental
croup. the extension of Gal{ /K by i { XNg=); this iz when 1 discovered
the “fundamental conjecture of anabelian algebraic geometry™ . close to the
conjectures of Mordell and Tate recently proved by Faltings (%), This is
alzo where I hegan a first reflection on the Teichmiiller groups. and the first
intuitions on the multiple structure of the “Teicluntller tower™ the open
modular nmltiplicities M, . also appearing as the first important examples

in dimension = 1. of varieties {or rather. multiplicities) seceming to deserve
the appellation of “anabelian™ . Towards the end of this period of reflection.
it appearcd to me to he a fundamental reflection on a theory still completely
up in the air. for which the name “Galois-Teichiniiller theory™ seems to me
more appropriate than the nane “Galois Theory™ which 1 had at first given
To 1My notes.
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T wonld like to conclude this vapid outline with a few words of com-

mentary on the truly unimaginable richness of a typical anabelian gronp

Cambridge BOOkS Online such as SI(2.2)  doubtless the most remarkable diserete infinite group

ever (‘II[‘()ll'Illl_'I‘i'd. “‘llil'll appears i'.ll il llllillilllil'il_\' (}‘f avatars 1(){' “'}:Ii[‘]l cer-

i . tain have heen hriefly touched on in the present report). and which from
http_Hebooks_cambrldge_org! the point of view of Galois-Teichmiiller theory can be considered as the
fundamental “building block™ of the “Teichmiiller rower”. The element

of the structure of 51(2.7) which fascinates me above all is of conrse the

onter action of I on it profinite compactifieation. By Bielsi's thearem. tak-
ing the profinire compactifications of subgroups of finite index of SI(2, 7).
and the induced outer action (up o also passing to an open subgroup of
M), we essentially find the fundamental groups of all algebraic curves {not

necessarily compact ) defined over number fields K. and the outer action of

Gal(K/K) on them  at least it is true that every such fundamental group
appears as a quotient of one of the first groups (*). Taking the “anabelian

voga' (which remains conjectural} into account. which says that an an-
ahelian algehraic curve over a number field K (finite extension of Q) is
Geometric Galois Actions known np to isomorphisin when we know its mixed fundamental group (or
what comes to the same thing. the outer action of Gali v/ ) on its profinite

Edited by Leila SChnepS, Pierre Lochak geometric fundamental group). we can thus say that all algebraie curves

defined over nmmber fields are “contained” in the profivite compactification
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