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Outline

At bad places v , evaluate Θ-monoids θenv Ă 8θenv at the
evaluation points gpµ´q P X v pKv q, g P GalpX v{Cv q.
Synchronization of the conjugacy indeterminacies on the
decomposition groups of the different evaluation points.
Global compatibility of synchronization:
Need to study profinite conjugates of tempered cuspidal inertia
groups.
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Conjugacy indeterminacy

We want to pullback θenv Ă 8θenv Ă limJ H1pΠ:Y
v
|J , l∆Θq along the

inclusion Gv
„
Ñ Dµ´,t ãÑ Π:Y

v
Ă ΠX v

, where Dµ´,t is a

decomposition group of an evaluation point in X v

A priori ΠX v
-indeterminacy splits in two:

Outer ΠX v
{Π:Y

v
“ lZˆ µ2l -indeterminacy: get partially rid by

chosing specific preimages of the cusps in Yv .
Inner indeterminacy.
Assume we chose a specific Dµ´,t :
We get submonoids of limJĂGv H1pJ, l∆Θq up to Gv -conjugacy.
When doing this for multiple t ’s, we get a

ś

tpGv qt conjugacy
indeterminacy.
We need to reduce the

ś

tpGv qt conjugacy indeterminacy to a
diagonal conjugacy indeterminacy of Gv .
ù F¸˘l » GalpX v{Cv q-symmetries.
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Profinite conjugates

Global synchronization of the cusps via the D-Θ˘ell-bridge:

BtemppX v q » Dą,v Ñ De˘ » BpX K q.

We want our evaluation decomposition groups and evaluation
maps to be parametrized by
LabCusppDeq » tcusp. inertia subgps of ΠX

K
u{ΠX .

Need tempered evaluation for profinite conjugacy classes of
cuspidal groups: tempered-profinite conjugacy compatibility issue.
Global F¸˘l -symmetries on LabCusp˘pDe˘q arise from profinite
conjugacies in ΠC .
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Subgraphs of ΓX
v

v P Vbad.
Let Γ§X v

be the subgraph of ΓX v
obtained by removing the only

edge of ΓX v
by the unique involution ιX of X v extending to X v (can

be recovered group-theoretically from Πv ).
If one choses an involution ι on Yv , one gets a unique lifting
Γ§ Ñ ΓYv whose image is invariant by ι.

Let t P LabCusp˘pΠv q: t determines a vertex of Γ§X . Let Γ‚t be the
subgraph of ΓX consisting of only this vertex.
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Decomposition group of subgraph (pointed version)

Let X̃v :“ “lim
ÐÝ

”X8v ,i a pro-universal l-tempered cover of X v .

Let Γ̃ :“ lim
ÐÝi ΓX8v,i

, AutpΠX
v
qü Γ̃.

Let Γ̃§ be a closed connected component of the preimage of Γ§
(unique up to ΠX

v
-action).

Let Γ̃‚t be a closed connected component of the preimage of Γ‚t
(unique up to ΠX

v
-action).

Πv§ :“ StabΠXv
pΓ̃§q (defined up to ΠX

v
-conjugacy).

Πv:§ :“ StabΠ:Xv
pΓ̃§q “ Πv§ X Π:X

v
.

Πv‚t :“ StabΠXv
pΓ̃‚tq. . .
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Profinite-tempered conjugacy compatibility [cor. 2.4]

Notations: Πv p» ΠX
v
q Ă Π˘v p» ΠX v

q Ă Πcor
v :“ ΠCv .

LabCusp˘ppΠv q
„ “ tcusp inert. sbgp of pΠX

K
u

LabCusp˘ppΠv q “ LabCusp˘ppΠv q{pΠ
˘
v “ LabCusp˘ppΠv q{p∆

˘
v

Proposition

Let γ, δ P p∆˘
v . Let I Ă Πv be a cusp. inert. gp s.t. I Ă ∆v ,§. TFAE:

aqγ´1δ P ∆˘
v§ bqIδ Ă Πγ

v§ cqIδ Ă pΠ˘v§q
γ .

I P LabCusp˘ppΠv q
„ ÞÑ Πv§pIq P tv §-temp. decomp. sbgp Ă pΠvu

N
pΠ˘v
pΠv§q “ Π˘v§ ù

D!Πv pΠv§q conj of Πv st. Πv§ is a v §-decomp. sbgp of Πv pΠv§q.
Πv§ ÞÑ Dt ,µ´pΠv§q Ă Πv§ defined up to Π˘v§-conjugacy
(GalpΠ˘v§q{Πv:§q “ µ2l -outer indet. if considered as a sbgp of Πv:§).
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Compatibility with F¸˘l -symmetries [cor. 2.4]

Proposition

It P LabCusp˘
`

pΠv
˘„

t ÞÑ Πv‚tpItq P tv ‚t-temp. decomp. sbgp Ă

ΠX
K
u.

Πv‚t ÞÑ Dt ,µ´pΠv‚tq Ă Πv‚t defined up to Π˘v‚t -conjugacy
(GalpΠ˘v‚tq{Πv:‚tq “ µ2l -outer indet. if considered as a sbgp of
Πv:‚t ).

LabCusp˘ppΠv q
„ “ tI l , I cusp. inert. sbgp of pΠ˘v u actually only

depends on pΠ˘v .

ù pΠcor
v acts by conj. on LabCusp˘pΠX

K
q„ and LabCusp˘pΠX

K
q.

If λ P pΠcor
v , Πv‚tpItqλ “ Πv‚λptqpIλt q.

Dt ,µ´pItqλ “ Dλptq,µ´pI
λ
t q up to Π˘v‚λptq-indeterminacy.
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Group-theoretic Theta evaluation

Let It P LabCuspppΠv q
„, and let Πv§ :“ Πv§pItq; Πv:§ :“ Πv:§pItq.

Let pl∆ΘqpΠv:§q be the subquotient of Πv:§ determined by the
subquotient pl∆ΘqpΠv pΠv§qq of Πv pΠv§q.
Let Gv pΠv:§q be the quotient of Πv:§ determined by Πv Ñ Gv pΠv q.
By restricting θιpΠv pΠv§qq Ă 8θ

ιpΠv pΠv§qq to Πv:§ Ă Π:Y pΠv pΠv§qq, one
gets a µ2l -orbit and a µ-orbit:

θιpΠv:§q Ă 8θ
ιpΠv:§q Ă lim

ÝÑ
pJĂpΠv

H1pΠv:§ ˆpΠv
pJ, pl .∆qpΠv:§qq

By further restricting θιpΠv:§q Ă 8θ
ιpΠv:§q to

Gv pΠv:§q
„
Ñ Dt ,µ´pΠv§q Ă Πv:§, one gets a µ2l -orbit and a µ-orbit:

θ|t |pΠv:§q Ă 8θ
|t |pΠv:§q Ă lim

ÝÑ
JG

H1pGv pΠv:§q ˆ JG, pl .∆qpΠv:§qq
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Splitting at zero-labeled evaluation

Isomorph of Oˆ
K v

in lim
ÝÑJGĂGv pΠv:§q

H1pJG, pl .∆qpΠv:§qq.

Pull back along Πv8 � Gv : OˆpΠv:§q Ă H1pΠv:§ ˆpΠv
pJ, pl .∆qpΠv:§qq

OˆpΠv:§q ¨ θ
ιpΠv:§q Ă OˆpΠv:§q ¨ 8θ

ιpΠv:§q Ă H1pΠv:§ ˆpΠv
pJ, pl .∆qpΠv:§qq

If I0 P LabCusp˘ppΠv q
„
0 , pullback along Gv

„
Ñ D0,µ´pI0q Ă Πv:§pI0q

induces a retraction: Oˆ ¨8θιpΠv:§q Ñ OˆpΠv:§q defined up to torsion
(θ0pΠv:§q “ µ2l ).
ù canonical splitting Oˆ ¨8θιpΠv:§q{O

µ
pΠv:§q “ OˆµpΠv:§q ˆ 8θ

ιpΠv:§q

(where Oµ
“ TorsionpOˆq and Oˆµ “ Oˆ {Oµ).
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MΘ-env. Theta evaluation [cor. 2.8]

Let MΘ
˚ be a pro-MΘ-env.

Let Πv:§ be a v:§-temp. decomp. sbgp of pΠv pMΘ
˚ q.

Let
ΠMΘ

˚:§
pΠv:§q :“ Πv:§ ˆpΠv pMΘ

˚q
zΠMΘ

˚
Ă ΠMΘ

˚
pΠv:§q :“ Πv pΠv:§q ˆpΠv pMΘ

˚q
zΠMΘ

˚

ΠMΘ
˚
pΠv:§q can be enriched naturally in a pro-MΘ

˚ -env MΘ
˚ pΠv:§q st

ΠMΘ
˚pΠv:§q

“ ΠMΘ
˚
pΠv:§q.

If p´qpMΘ
˚ q is a subquotient of ΠMΘ

˚
, we will denote by p´qpMΘ

˚:§
q the

corresponding subquotient of ΠMΘ
˚:§
pΠv:§q

Ă ΠMΘ
˚pΠv:§q

.

Apply cyclotomic rigidity isom. l ¨∆ΘpMΘ
˚:§
q Ñ ΠµpMΘ

˚:§
q to

θιpΠv:§q Ă 8θ
ιpΠv:§q and to θ|t |pΠv:§q Ă 8θ

|t |pΠv:§q, ù

θιenvpM
Θ
˚:§q Ă 8θ

ι
envpM

Θ
˚:§q Ă lim

ÝÑ
pJ

H1pΠv:§pMΘ
˚:§qq|pJ ,ΠµpMΘ

˚:§qq

θ|t|envpM
Θ
˚:§q Ă 8θ

|t|
envpM

Θ
˚:§q Ă lim

ÝÑ
JG

H1pGv pMΘ
˚:§q|J ,ΠµpMΘ

˚:§qq

+ canonical splitting of Oˆ ¨8θιenvpM
Θ
˚:§
q{Oµ

pMΘ
˚ q by evaluation at 0.
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MΘ-env. Theta monoids and constant monoids

Recall:
Theta monoids:

Ψι
envpMΘ

˚ q “ OˆpMΘ
˚ q ¨ θ

ι
envpM

Θ
˚ q

N

8Ψι
envpMΘ

˚ q “ OˆpMΘ
˚ q ¨ 8θ

ι
envpM

Θ
˚ q

N

+ splittings (well defined up to µ2l and µ indeterminacy)
Constant monoid:

ΨcnspMΘ
˚ q “ OŹpMΘ

˚ q
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Conjugate synchronization

For every t P LabCusp˘pΠX pMΘ
˚ qq, Dt ,µ´ is a copy of Gv pMΘ

˚ q up
to inner morphism. The inner indeterminacy on Gv pMΘ

˚ q induces a
Gv pMΘ

˚ q-indeterminacy on ΨcnspGv pMΘ
˚ qq.

If we restrict simultaneously θenv to each Dt ,µ´ , one gets

θF
¸
l

envpM
Θ
˚:§q “

ź

|t |PF¸l

θ|t|envpM
Θ
˚:§q Ă

ź

t

ΨcnspMΘ
˚ qt ,

where one has, a priori, on
ś

t ΨcnspMΘ
˚ qt a

ś

t Gv pMΘ
˚ qt -indeterminacy.

conjugating by ∆CpMΘ
˚ q on ΠX pMΘ

˚ q permutes cusp. inertia group
of ΠX pMΘ

˚ qù canonical isom. of pGv pMΘ
˚ qt ü ΨcnspMΘ

˚ qtqt

(“F¸˘l -symmetries”).
Let Gv pMΘ

˚:§
qx|Fl |y Ă

ś

tPF¸l
Gv pMΘ

˚:§
q be the subset of elements

invariant by the “F¸˘l -symmetries”.
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MΘ-env. Gaussian monoid

By functoriality of Ψcns, the F¸˘l -symmetries induce isomorphisms of
the copies ΨcnspMΘ

˚ q in the product: diagonal
ΨcnspMΘ

˚ qx|Fl |y Ă
ś

t ΨcnspMΘ
˚ q.

ś

t ΨcnspMΘ
˚ q is well-defined up to Gv pMΘ

˚:§
qx|Fl |y-indeterminacy.

θF
¸
l

envpM
Θ
˚:§
q Ă

ś

tPF¸l
ΨcnspMΘ

˚ q is the set of value-profiles.

Definition

ΨgaupMΘ
˚ q :“ tΨξpMΘ

˚ q :“ ΨˆcnspMΘ
˚ qxF¸l y

¨ ξNu
ξPθ

F¸l
env
pMΘ
˚:§
q

8ΨgaupMΘ
˚ q :“ t8ΨξpMΘ

˚ q :“ ΨˆcnspMΘ
˚ qxF¸l y

¨ ξQu
ξPθ

F¸l
env
pMΘ
˚:§
q

There are restriction isomorphisms:

ΨenvpMΘ
˚ q

„
Ñ ΨgaupMΘ

˚ q 8ΨenvpMΘ
˚ q

„
Ñ 8ΨgaupMΘ

˚ q.

The F¸˘l -symmetries also give rise to an isomorphism
ΨcnspMΘ

˚ q0
„
Ñ ΨcnspMΘ

˚ qxF¸l y
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Frobenioidal setting

Fv := tempered Frobenioid isomorphic to FpX v q.

ù Fv Ñ Dv pFv q :“ basepFv q;
:Y v pFv q P Dv pFv q.

Choose Θv P O
ˆpTbirat

:Y
v

q (def’d up to µ2lpTbirat
:Y

v

q and AutDv p
:Y v pFv qq

indeterminacies)
ù a monoid OŹCΘ

v
p´q :“ OˆpTp´qq ¨ΘN

v |p´q on DΘ
v [IUT1, ex. 3.2.(v)].

AΘ
8:= a universal pro-object of Dv
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Frobenioid-th. Theta monoids [ex. 3.2]

Definition
ΨFΘ

v ,id
pFv q :“ OˆCΘ

v
pAΘ
8q ¨ΘN

v |AΘ
8
Ă OˆpTbirat

AΘ
8
q

8ΨFΘ
v ,id
pFv q :“ OˆCΘ

v
pAΘ
8q ¨ΘQě0

v |AΘ
8
Ă OˆpTbirat

AΘ
8
q

ΨCv pFv q “ OŹCv
pAΘ
8q ( Cv denotes the base-th. hull of Fv )

For α P AutDv p
:Y v pFv qq, by replacing Θv by Θα

v ,

ù ΨFΘ
v ,α

Ă 8ΨFΘ
v ,α

Ă OˆpTbirat
AΘ
8
q.

Definition (Frobenioid-theoretic Theta monoids)
ΨFΘ

v
pFv q :“ tΨFΘ

v ,α
uα 8ΨFΘ

v
pFv q :“ t8ΨFΘ

v ,α
uα
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Kummer isomorphism of Theta monoids

Let MΘ
˚ :“MΘ

˚ pFv q.
Frobenioid-theoretical Kummer map [Fr2, def. 2.1]:

ΨFΘ
v ,α
pFv q Ă OˆpTbirat

AΘ
8
q
Πp:Y q

XOˆpTbirat
AΘ
8
qN Ñ H1pΠ:Y pFv q, µNpAΘ

8qq.

Projective limit over N & (tautological) isomorphism of cyclotomes
lim
ÐÝN µNpAΘ

8q
„
Ñ ΠµpMΘ

˚ pFv qq, one gets a map:

ΨFΘ
v ,α
pFv q Ñ H1pΠ:Y pFv q,ΠµpMΘ

˚ pFv qqq Ą Ψι
envpMΘ

˚ pFv qq

Proposition (Prop. 3.3)

For a natural bijection tαu „Ñ tιu, one gets Frob-theoretic Kummer
isomorphisms of monoids:

ΨFΘ
v ,α
pFv q

„
Ñ Ψι

envpMΘ
˚ pFv qq 8ΨFΘ

v ,α
pFv q

„
Ñ 8Ψι

envpMΘ
˚ pFv qq

ΨCv pFv q
„
Ñ ΨcnspMΘ

˚ pFv qq
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For a value-profile ξ P θF
¸
l

envpM
Θ
˚:§
pFv qq,

ΨξpMΘ
˚ pFv qq Ă 8ΨξpMΘ

˚ pFv qq Ă
ź

|t |
ΨcnspMΘ

˚ pFv qq

By pulling-back along
ś

|t | ΨCv

Kummer
„
Ñ

ś

|t | ΨcnspMΘ
˚ pFv qq, one gets

Frobenioid-th. Gaussian monoids:

ΨFξpFv q Ă 8ΨFξpFv q Ă
ź

|t |
ΨCv

ΨFΘ
v ,α
pFv q

Kummer
„
Ñ Ψι

envpMΘ
˚ pFv qq

Ó Ó

ΨFξpFv q
Kummer
„
Ñ ΨξpMΘ

˚ pFv qq
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ΠX pMΘ
˚ qü ΨcnspMΘ

˚ q ù FcnspMΘ
˚ q

ΠX pMΘ
˚ pFv qqü ΨCv pFv q ù FCvpFv q

+ pv -adic Frobenioids
of type Z
div. monoid » Qě0

(» components of an F-prime-strip)

Cv pFv q
taut.
„
Ñ FCvpFv q

Kummer
„
Ñ FcnspMΘ

˚ pFv qq

Action of ΠX factors through Gv ù mono-an. versions:

C$v pFv q
Kummer
„
Ñ F$cnspMΘ

˚ pFv qq

Gv pMΘ
˚:§
qü Ψι

envpMΘ
˚ q ù F ι

envpMΘ
˚ q

Gv pMΘ
˚:§
qü ΨFΘ

v ,α
pFv q ù FF ˆ

v,α
pFv q

Gv pMΘ
˚:§
qü ΨξpMΘ

˚ q ù FξpMΘ
˚ q

Gv pMΘ
˚:§
qü ΨFξpFv q ù FFξpFv q

,

/

/

/

.

/

/

/

-

pv -adic Frobenioids
of type Z
div. monoid » N
` splittings

(» components of an F$-prime strip)
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Good non-archimedean places: v P Vgood X Vnon

Group-theoretic:
ΨcnspGv q Ă lim

ÝÑJ
H1pJ, µ

pZpGv qq; ΨcnspΠv q :“ ΨcnspGv pΠv qq

ΨR
cnspGv q “ pΨcnspGv q{Ψ

ˆ
cnspGv qq

rlf » Rě0pGv q

logGv ppv q P Rě0pGv q

Ψss
cnspGv q “ ΨˆcnspGv q ˆ Rě0pGv q

F¸˘l -symmetries + diagonal ΨcnspΠv qxF¸

l y
Ă

ś

|t|PF¸

l
ΨcnspΠv q;

ΨenvpΠv q :“ ΨˆcnspΠv q ˆ Rě0 ¨ logΠv ppv q ¨ logΠv pΘq

ΨgaupΠv q “ ΨˆcnspΠv qxF¸

l y
ˆ tRě0.pj2 ¨ logΠv ppv qqju Ă

ś

j Ψss
cnspΠv q.

Frob-theoretic and Kummer isomorphisms:
unique Gv pΠv pFv

qq-equivariant ψF
v

„
Ñ ΨcnspΠv pFv

qq.
pZˆ-orbit of Ψˆ

F$v
„
Ñ ΨˆcnspGv q; well-defined ΨR

F$v
„
Ñ ΨR

cnspGv q

ù Ψss
F$v

„
Ñ Ψss

cnspGv q

ΨFΘ
v

:“ ΨenvpΠv pFv
qq ΨFgaupFv

q :“ ΨgaupΠv pFv
qq
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Archimedean places: v P Varc

Uv :“ X
ÝÑv

Ñ U˘v :“ Xv Ñ Ucor
v :“ Cv (aut-hol. spaces)

ΨcnspUv q :“ AŹUv

logD$v ppv q P Rě0pD$v q
Ψss

cnspD$v q “ ΨˆcnspD$v q ˆ Rě0pD$v q
F¸˘l -symmetries + diagonal ΨcnspUv qxF¸l y

Ă
ś

|t |PF¸l
ΨcnspUv qt ;

ΨenvpUv q :“ ΨˆcnspUv q ˆ Rě0 ¨ logUv ppv q ¨ logUv pΘq

ΨgaupUv q “ ΨˆcnspUv qxF¸l y
ˆ tRě0.pj2 ¨ logUv ppv qqju Ă

ś

j Ψss
cnspUv q

. . .
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D-Θ˘ell setting [cor. 4.5]

D :“ tDvu a D-prime-strip; D$ :“ tD$v u associated D$-prime-strip

ΨcnspDq : v ÞÑ ΨcnspDv q p:“ tΠv ü ΨcnspΠv quq if v P Vnon);
Ψss

cnspD
$q : v ÞÑ Ψss

cnspD$v q p:“ tGv ü Ψss
cnspGv qu if v P Vnon);

+ splitting Ψss
cnspD

$qv “ ΨˆcnspD$v q ˆ Rě0pD$v q
+ distinguished element logD$v ppv q P Rě0pD$v q
D$ ù D, st. ΦD, “

À

vPVRě0pD
$qv ;

BD, “

#

a “
´

av ¨ logD$v ppv q
¯

v
P Φ

gp
D, ;

ÿ

v
rKv : Fmodv sav logppv q “ 0

+

Let HT D-Θ˘ell
“ pDą Ð DT Ñ De˘q be a D-Θ˘ell-Hodge theater.

Recall ζą : LabCusp˘pDąq
„
Ñ T [IUT1, prop. 6.5]

Global F¸˘l -symmetries of pΨcnspDąqtqtPLabCusp˘pDąq

compatible with the F¸˘l -symmetry on the Θell-bridge DT Ñ De˘
+ diagonal ΨcnspDąqxF¸l y

Ă
ś

|t | ΨcnspDąq.
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D-Θ˘ell-th. global rlf’d Θ- & Gau-monoids [cor. 4.5]

ΨenvpDąq : v ÞÑ ΨenvpDą,v q 8ΨenvpDąq : v ÞÑ 8ΨenvpDą,v q

ΨgaupDąq : v ÞÑ ΨgaupDą,v q 8ΨgaupDąq : v ÞÑ 8ΨgaupDą,v q

D,envpD
$
ąq st. ΦD,envpD

$
ąq
“

À

vPV ΨenvpD
$
ąq

R
v

(ΨenvpD
$
ąq

R
v :“ pΨenvpDąqv{Ψ

ˆ
envpDąqv q

rlf only depends on D$ą)
BD,env

“
"

a “
´

av ¨ logD$ąppv q ¨ logD$ąpΘq
¯

v
;
ř

v rKv : Fmodv sav logppv q “ 0
*

(for v P Vbad, logD$ąppv q ¨ logD$ąpΘq :“
logppv q

logpq
v
q
¨ pimage of θenv))

D,gaupD
$
ąq Ă

ś

j D,pD$ąq st.
ΦD,gaupD

$
ąq
“

À

vPV ΨgaupD
$
ąq

R
v “ pj2qjPF¸l ¨ ΦD, Ă

ś

j ΦD,

Global evaluation isomorphism: D,envpD
$
ąq

„
Ñ D,gaupD

$
ąq by

´

av ¨ logD$ąppv q ¨ logD$ąpΘq
¯

v
ÞÑ

ˆ

´

j2av ¨ logD$ąppv q
¯

v

˙

jPF¸l
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F “ tFvuvPV: F-prime-strip (ù F$,F, [IUT1, rmk 5.2.1])
ΨcnspFq : v ÞÑ tGv pFv qü ΨFCv

pFv quq if v P Vnon;

Ψss
cnspF

$q : v ÞÑ Ψss
F$v

+ splitting + distinguished element

ΨcnspFq
Kummer
„
Ñ ΨcnspDpFqq

Ψss
cnspF

$q
„
Ñ Ψss

cnspD
$pF$qq (F$v -th. for v P Vnon but not for v P Varc)

Unique isom. C,pFq „Ñ D,pD$pF$qq compatible with V and
Ψss

cnspF
$q

„
Ñ Ψss

cnspD
$pF$qq. It is F,-theoretic.

HT Θ˘ell
“ pFą Ð FT Ñ De˘q: Θ˘ell-Hodge theater.
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Θ˘ellNF-th Θ, Gau. and global rlf’d monoids [cor. 4.6]

HT Θ˘ellNF: Θ˘ellNF-Hodge theater.

v ÞÑ ΨFenvpHT Θ˘ellNF
qv :“ ΨFΘ

v
ù F$env

v ÞÑ ΨFgaupHT Θ˘ellNF
qv :“ ΨFgaupFv

q ù F$gau

ΨFenvpHT Θ˘ellNF
q
„
Ñ ΨenvpDąq

„
Ñ ΨgaupDąq

„
Ñ ΨFgaupHT Θ˘ellNF

q

8-versions
C,envpHT Θ˘ellNF

q st. ΦC,envpHT Θ˘ellNFq
“

À

vPV ΨFenvpHT Θ˘ellNF
qRv

C,gaupHT Θ˘ellNF
q st. ΦC,gaupHT Θ˘ellNFq

“
À

vPV ΨFgaupHT Θ˘ellNF
qRv

C,envpHT Θ˘ellNF
q
„
Ñ D,envpD

$
ąq

„
Ñ D,gaupD

$
ąq

„
Ñ C,envpHT Θ˘ellNF

q

ù F,env “ pC,env,F
$
envq, F,gau “ pC,gau,F

$
gauq

+ evaluation isom. F,env
„
Ñ F,gau
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D-Θ˘ellNF-th. F¸
l -sym. and non-rlf’d glob. str. [cor. 4.7]

De ù Df; π1pDfqü Mf
modpD

eq ĂMfpDeq
ù πrat

1 pD
fqü Mf

κ pDeq ĂMf
8κpD

eq

ù fields π1pDfqü Mf

modpDeq ĂMf
pDeq

ù FfmodpD
eq,FfpDeq,FepDeq

ù @j P LabCusppDeq, a F-prime-strip FepDeq|j
labeledMf

modpD
eqj ,Mf

8κpD
eqj ,FfmodpD

eqj

F¸
l -poly-action on De ù F¸

l -symmetrizing isom. of
pFepDeq|jqj , pMf

modpD
eqjqj , pMf

8κpD
eqjqj , pFfmodpD

eqjqj .
ù diagonal objects p q

xF¸l y
.

If De lies in a D-Θ˘ellNF-Hodge theater, these F¸
l -symm.

isomorphisms are compatible with the F¸
l -symmetry of the

D-NF-bridge.
FepDeq|j ù Dj ,D

$
j ` D,pD$j q

„
Ñ pFfmodpD

eqjq
R.
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Θ˘ellNF-th. global Kummer isom. [cor. 4.8]

Let HT Θ˘ellNF be a Θ˘ellNF-Hodge theater.
πrat

1 pD
fq-equivariant Kummer isomorphisms Mf

8κ
„
ÑMf

8κpD
eq

(defined up to conjugacy; functorial in Fe)
ù Mf „

ÑMfpDeq;Mf
mod

„
ÑMf

modpD
eq;

ù Mf „
ÑMf

pDeq;Mf

mod
„
ÑMf

modpDeq
ù Fe „

Ñ FepDeq;Ff „
Ñ FfpDeq;Ffmod

„
Ñ Ffmod

+ labeled (by j P J) Kummer isomorphisms; + Kummer isomorphisms
of diagonal submonoids;
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Functorially in a NF -bridge FJ Ñ Fe 99K Ff:
Loc. morphisms pFfmodqj Ñ Fj , pMf

8κqj Ñ pMf
8κqv pFjq

C,j :“ C,pFjq
„
Ñ pFfmodq

R
j

ù C,gaupHT Θ˘ellNFq ãÑ
ś

j C
,
j
„
Ñ

ś

pFfmodq
R
j
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Let F$ “ pF$v qv be an F$-prime-strip; D$v “ basepF$v q
Focus on v P Vbad.
Av : universal pro-object of D$v . Gv “ AutpAv q.
OKpAv q Ă OŹpAv q generated by µ2lpAv q and the image of the can.
splittings of OŹpAv q

O§pAv q :“ OKpAv q{µ2lpAv q.
O§ˆµpAv q :“ O§pAv q ˆOˆµpAv q.
There exists a unique Zˆ-orbit of isom. OˆpGv q

„
Ñ OˆpAv q.

ù Ism-orbit of isom. OˆµpGv q
„
Ñ OˆµpAv q (ˆµ-Kummer structure on

F$v ).

Definition (4.9)

F$§ˆµv : model frobenioid corresponding to O§ˆµpAv q endowed
with its can. splitting + its ˆµ-Kummer str.
F$§ˆµ :“ pF$§ˆµv qvPV: F$§ˆµ-prime-strip. (morphisms of
F$§ˆµ-prime-strip are collections of morphisms of frobenioids
compatible with canonical splitting and ˆµ-Kummer str. )
F,§ˆµ-prime-strip: pC,,PrimepCq » V,F$§ˆµ, pρv qq.
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Θˆµ and Θˆµgau-links [cor. 4.10]

Let HT Θ˘ellNF be a Θ˘ellNF-Hodge theater.
For every t P LabCusp˘pDąq, pΨcnspDąqtqù F-prime strip
Identify ΨcnspFąq0 and ΨcnspFąqxF¸l y

by F¸˘l -symmetry.

ù F-prime strip ù F,-prime strip F,4 “ pC
,
4,F

$
4q

canonically isom. to F,mod.

Definition

Let :HT Θ˘ellNF and ;HT Θ˘ellNF be two Θ˘ellNF-Hodge theaters.

The Θˆµ-link :HT Θ˘ellNF Θˆµ
Ñ ;HT Θ˘ellNF is the full poly-morphism:

:F,§ˆµenv
„
Ñ ;F,§ˆµ4

The Θˆµgau-link :HT Θ˘ellNF Θˆµ
Ñ ;HT Θ˘ellNF is the full poly-morphism:

:F,§ˆµgau
„
Ñ ;F,§ˆµ4
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Coricity of F$ˆµ4

We have natural isomorphisms of F$ˆµ-prime strips (i.e. compatible
with ˆµ-Kummer structure):

:F$ˆµ4
„
Ñ :F$ˆµenv

„
Ñ :F$ˆµgau

By composing with either the Θˆµ-link or the Θˆµgau-link, one gets a
(which turn to be full) poly-morphism:

:F$ˆµ4
„
Ñ ;F$ˆµ4

ù full poly-morphism :D$4
„
Ñ ;D$4 (D-Θ˘ellNF-link)

:F,ˆµ4
//

��
öRą0

;F,ˆµ

��
F,p:D$4q // F,p;D$4q
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