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@ At bad places v, evaluate ©-monoids 0 < 6 atthe
evaluation points g(u—) € X, (Ky), g € Gal(X,/Cy).

@ Synchronization of the conjugacy indeterminacies on the
decomposition groups of the different evaluation points.

@ Global compatibility of synchronization:
Need to study profinite conjugates of tempered cuspidal inertia
groups.



Conjugacy indeterminacy

@ We want to pullback §_ < 0, < lim, H'(Ny, 4, 1Ae) along the
inclusion Gy = D, ;— Ty < Mx,, where D, 7t is a

decomposition group of an evaluatlon pointin X,
@ A priori Ny -indeterminacy splits in two:
Outer My /I'I = IZ x ugj-indeterminacy: get partially rid by
chosing specmc preimages of the cusps in Y,.
Inner indeterminacy.
@ Assume we chose a specific D,,_
We get submonoids of limy.g, H'(J,/Ag) up to Gy-conjugacy.
@ When doing this for multiple t's, we get a [ [,(G,): conjugacy
indeterminacy.
@ We need to reduce the | [,(Gy): conjugacy indeterminacy to a
diagonal conjugacy indeterminacy of G, .
o v F/'* ~ Gal(X,/Cy)-symmetries.
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Profinite conjugates

@ Global synchronization of the cusps via the D-©*¢!-bridge:
Btemp(é‘,) ~Dsy— DO* ~ B(X).

We want our evaluation decomposition groups and evaluation
maps to be parametrized by
LabCusp(D®) ~ {cusp. inertia subgps of Nx }/Mx.
@ Need tempered evaluation for profinite conjugacy classes of
cuspidal groups: tempered-profinite conjugacy compatibility issue.
@ Global F,'*-symmetries on LabCusp* (D®*) arise from profinite
conjugacies in ¢.



Subgraphs of Mx,

Ve V-

o Let I';(V be the subgraph of 'y obtained by removing the only
edgeioff Ix, by the unique involution tx of X, extending to X, (can
be recovered group-theoretically from ).

@ If one choses an involution ¢ on Yy, one gets a unique lifting
. — 'y, whose image is invariant by .

@ Let t € LabCusp® (M, ): t determines a vertex of '}. Let '*! be the
subgraph of I x consisting of only this vertex. -



Decomposition group of subgraph (pointed version)

@ Let )N(K :="lim"X}; a pro-universal /-tempered cover of X .

o Letf:=lim T xs,  Aut(Ny)GT.

@ Let T, be a closed connected component of the preimage of ',
(unique up to Mx -action).

@ Let T ,; be aclosed connected component of the preimage of I'y;
(unique up to Mx -action).

@ My, := Stabn, (F,) (defined up to My -conjugacy).

o I'IM; = Stabnx (F,) = ”!. N I'I)-~( .

=v

® My.; = Stabn, (Fuf). ..



Profinite-tempered conjugacy compatibility [cor. 2.4]

Notations: My (= My ) < My (= My,) < M5 = Mg,.
LabCusp® (I‘I )T = {cuspinert sbgp of ﬁx }
LabCusp*(,) = LabCusp*(T,),/MNE —LabCusp (A,)/AF

Proposition

>
\<
I<

o Lety,6e Ay. Letl =Ny be a cusp. inert. gp s.t. | = A,,,. TFAE:
any 'senl, by,  of ().

/e LabCuspi(ﬁK)” — My, () € {v»-temp. decomp. sbgp < ﬁl}
3ny(Ny,) conjofNy st. Ny, is a v»-decomp. sbgp of Ny, (My,).

@ My, — Dy, (MNy.) < Ny, defined up to Ny, -conjugacy
(Gal(N,)/MNys) = ug-outer indet. if considered as a sbgp of MNy;).
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Compatibility with F,'*-symmetries [cor. 2.4]

Proposition

|

@ /r e LabCusp™ (My), — Myet(h) € {vet-temp. decomp. sbgp —
Mx }-

® Myet = Dry_(Myer) < Nya defined up to N3, -conjugacy
(Gal(n V_t) /Myst) = pgi-outer indet. if considered as a sbgp of
”vit)

° LabCuspi(ﬁM)N = {I', I cusp. inert. sbgp of ﬁf} actually only
depends on ;.

@ v g™ acts by conj. on LabCusp™ (M, )~ and LabCusp™ (M ).
® If e NS, Myat(h) = Myarry ().
® Dy, (h)* = Dy, (B up to rlf.k(t)-indeterminacy.



Group-theoretic Theta evaluation

Let /; e LabCusp(f,)™~, and let My, := My, (h); Mys := Ny (k).

Let (/Ag)(My:) be the subquotient of M, determined by the

subquotient (/1Ag)(My(My,)) of My (My,).

Let Gy(MNy;) be the quotient of Mys determmed by Ny — Gy(My).

By restricting 0°(My(My.)) < 8 (My(My,)) to Myz < My (My(My.)), one

gets a yup/-orbit and a p-orbit: B
0'(Nys) © 0 (Mys) < lim H'(Mys x5, J, (1.A)Y (M)

= = = LA —>

Jehy
By further restricting 6(Myi) < o8 (Mys) to
Gy(Myz) = Dty (My,) < Ny;, one gets a pg-orbit and a p-orbit:

g"'(l‘lz-) 9‘”( ) ||m H' (Gv< v'»') x Ja, (/'A)(nzi’))
JG



Splitting at zero-labeled evaluation

Isomorph of (’)i in IimJ <Gy (Mys) H'(Jg, (1.A)(Ny3)).
75 ~

Pull back along I'IVOO - Gy: 0" (MNy;) © H1(I'IM; Xq, J, (1.A)(Ny))

0% (Nys) - ' (Nys) = O™ (Mys) - 0 (Mys) = H' (Nys x5, I, (1.8)(My5)

If Iy € LabCusp= (T1,)5, pullback along G, > Dy, (I) = My (k)
induces a retraction: O™ - ,0"(Mys) — O (MNyz) defined up to torsion
(0°(Nyz) = pay).

v canonical splitting O - .0 (Myz)/ 0" (Mys) = O (Myz) x 0 (Nys)
(where 0" = Torsion(O ™) and O™ = O™ / OM).
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M®©-env. Theta evaluation [cor. 2.8]

Let M2 be a pro-M©-env. ~

Let My; be a vs-temp. decomp. sbgp of M, (M2).

Let -

Mg, (12) = s %,y Mo © Mg ()= M) %,y Mo
Mye(Mys) can be enriched naturally in a pro-MQ-env M® (M) st
Mo (n,) = Mue (Mys)-

If (—)(M9) ?s a subquotient of Mye, we will denote by (—)(M3;) the
corresponding subquotient of nME;(”z;) c I_IME;’(I'IK;)'

Apply cyclotomic rigidity isom. /- A@(Me ) — (MQ.) to

0" (Mys) < 08" (Mys) and to 01 (Nyz) < 00 (Myz), o

0. (M) © o8l (M) < lim H' (1, E )0 M (M)

=env —
J

o1 (M) < o6l (M) < lim HY(Gy (M), M (M)

Zenv Zenv
Ja

+ canonical splitting of 0™ - 06" (M%;)/ 0" (M?) by evaluation at 0.
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M®©-env. Theta monoids and constant monoids

Recall:
@ Theta monoids:

L
w env

(MD) = 0" (M?) - ¢, (MD)"

=env

(M?) = 0" (M) - o8, (MD)"

=env

L
o] \Uenv

+ splittings (well defined up to ug; and i indeterminacy)

@ Constant monoid: B
\Ucns(M?) =0 (MS)

192



Conjugate synchronization

@ Forevery te LabCuspi(ﬂé(MS)), D;,, is a copy of G,(M?) up

to inner morphism. The inner indeterminacy on G, (M?) induces a
Gy (M®)-indeterminacy on We(Gy (M?)).
o If we restrict simultaneously ¢ to each D;,,_, one gets

*env H Oletlw M(;)») = HWCHS(M* )t
t

|t|eF

where one has, a priori, on [, Wens(M9); @
[1; Gv(M&)-indeterminacy.

@ conjugating by Ac(M?) on My (M®) permutes cusp. inertia group
of Mx(M®) v~ canonical isom. of (G, (M®); G Wens(M&)1);

(“F**-symmetries”).
o Let Gy(M%) s © [Trers Gv(M,) be the subset of elements
invariant by the “F;'*-symmetries”.
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M®©-env. Gaussian monoid

By functoriality of W, the Ffi—symmetries induce isomorphisms of
the copies W, (M?) in the product: diagonal

Wens (ML) i,y © Ty Wens(M2).

[1; Vens(M2) is well-defined up to Gy (MS,),r,;-indeterminacy.

o (M%) [Tiers Wens(MS) i the set of value-profiles.

Definition

Voo (M) 1= {We (M) = W3 (M) ry €%} o

cns I o
£Ege£1v (M* ;)

O\ . o) . ©
oowgau(M* ) = {OO\Uﬁ(M* ) = \U;ls(M* )<IF/*> ’ gQ}ﬁeii(MS;)

There are restriction isomorphisms:
wenv(M*e) :) wgau(MS)) oowenv(Mg) :) oowgau(MS)-
The Ffi—symmetries also give rise to an isomorphism
wcnS(Mf)O - WCHS(M§)<F71*>
14



Frobenioidal setting

F = tempered Frobenioid isomorphic to (X ).

=V

w E, = Dy(E,) = base(E,); ¥ (F,) € Du(E,).

=V :K =V :K :K

Choose ©, & 0 (T™) (def'd up to pai(TY™) and Autp, (Y, (Z,)

indeterminacies)
v~ @ monoid OCD@(—) = OX(T(_)) : Qlju_) on D(S [lUT1, ex. 32(V)]

A® := a universal pro-object of D,
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Frobenioid-th. Theta monoids [ex. 3.2]

Definition
® Vyoiy(£,) = 059(A@ )- eN| 4o © @xmbm)
@ Wreiy(£,) = (559(AO@O) .gv/ ne < OX(T];\]é?t)
o Ve, (E,) = OE(A?OS ( Cy denotes the base-th. hull of £ )

For o € Autp, (Y (F ,)), by replacing © by ©°,
N \U}_vq oow].‘e c O (Tblrat)

Definition (Frobenioid-theoretic Theta monoids)

wf@( ) {wf@ }a OO\U]—'@( ) {oowf@ }a
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Kummer isomorphism of Theta monoids
Let M2 := MQ(E, ).
Frobenioid-theoretical Kummer map [Fr2, def. 2.1]:

Ve o(E,) € OX(THE)" ® A o~ (THE)N — H' (M (E,): v (AD))-

Projective limit over N & (tautological) isomorphism of cyclotomes
lim, un(A2) =N (M@(F )), one gets a map:

Vre ol E,) = H' (My(E,). Mu(MZ(E,))) 2 Ve, (M2 (E,))

Proposition (Prop. 3.3)

For a natural bijection {«} = {1}, one gets Frob-theoretic Kummer
isomorphisms of monoids:

Vre olE,) S Vi MEE,)  wVrpo(E,) = Wi (ME(E,))

\U L(éi) = wcns(Mg(éz))
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For a value-profile ¢ e QZ:V(M?‘»' (£,)):
V(MO (E,)) € wWeME(E,) < [ | Wens(ME(E,))
It

Kummer

By pulling-back along [Tj; We, = [Ty Vens(MQ(Z,)), One gets
Frobenioid-th. Gaussian monoids: -

Vr(L,) ©oVr(L,) = H Ve,
B 1t

Kummer

~

(£) = VaM2(£))

l l

Kummer

Vr(E,) & VeMR(Z))
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M

x(M®) G Wpy (MO) > Fons (MO) } py-adic Frobenioids
(MO(F . N of type Z

(~ components of an F-prime-strip)

taut. Kummer

Cz(iz) - ‘7:61(;!) - fcns(M?(£ ))

V.
Action of My factors through G, ~~» mono-an. versions:

Kummer

Cy(E,) = Fhs(M2(E))

Gy(M3)) G Wi (M2) v Fgny (M) ) p,-adic Frobenioids
Gy (M$) G Vro o(E,) v Fr Q(JT ) | oftype Z

Gy/(M%) G Ve (MP) o ff(M@) div. monoid ~ N
G/(M2,) G Vr, (£,) > Fr(E) + splittings

(~ components of an F"~-prime strip)
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Good non-archimedean places: ve Vs nV,

@ Group-theoretic:
cns(GV) < ”.rn,J H1 ('J7 Mz(Gv)) wcns(nv) = cns(GK(nl))
cm(Gv) = (Wens(Gu) /W55 (GV))™ =~ Ro(Gy)
log®(p,) € R=0(Gy)
Vi (Gy) = Vi (Gy) x Ro(Gy)
F,'*-symmetries + diagonal \IJCHS(I‘IK)GF;;G> c HltleIF,* Wene(My);
Weny (M) := W (M) x Rxo - log™(py) - log™(©)
Woaa(My) = W (M) ey % {Rz0.7 - 109" (py));} < TT; Wis (M)
@ Frob-theoretic and Kummer |somorph|sms
e unique G, (N .,(J-' ))-equivariant VE, S Wen(My (fv)).

o 7*-orbit of V= VE(Gy); well- defined \Il]R SR (GY)

wo o W S V(G
° Vro :=Ven(u(£))  Vr.(L£,) = VeaullW(Z,))
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Archimedean places: ve 'V,

Uy := X — Uy :=X, > Uy := Cy (aut-hol. spaces)

—v
o \Uc ( ):: AEV
@ 1og”" (py) € R=o(D})
° Wi%s( ) \Us"i(ns(,DF) X R>0(DF)
° Fxtsymmetrles + diagonal WCHS(UM)<F;¢*> c H\t\elF,* Wens(Uy)¢;
o wenv([U ) = \Ué(ns(Uz) X R>0 . |OgU1(pv) . |ogU1(@)

® Wau(Uy) = Wi (Uy) gy x {Rz0.(7 - 10g™(py));} < TT; W& (Uy)
o ...
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D-0*¢ setting [cor. 4.5]

= {D,} a D-prime-strip; D" := {D}, } associated D" -prime-strip

° \Ums(@) V= Wens(Dy) (= {My G Vens(My)}) if v € Vi)
O VR (DN) v WE(DY) (= {Gy G VE(GY)} ifve V)
+ splitting WS, (D7), = wgnS(DF) x R=o(DY)
+ distinguished element log™> (pv) e Rxo(DY)

@ D7 ww DI st. dpy = Dy Roo(DF)y;

Bpr = {a = (az- |OgDLF (p!)) ¢%p“_ Z[Kz : Fmodv]aMmQ(pz) = 0}

v

Let HTP O™ = (D, « D1 — DOF) be a D-0*°!-Hodge theater.

@ Recall (. : LabCusp®(D.) > T [IUT1, prop. 6.5]

o Global F/'*-symmetries of (Wens(D ) teLabcusp* (o)
compatible with the F,**-symmetry on the ©°!-bridge © 7 — DO*
+ diagonal wcns(©>)<w> c H\t\ Vens(Ds).
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D-0*¢l-th, global rif'd ©- & Gau-monoids [cor. 4.5]

o wenv(©>) env(D> Z) wwenv(©>) Ve oowenv(D>,g)
o wgau(©>) Ve wgau(D> V) oowgalu(:D ) Ve oowgau(D>,v)
7-)‘etw (/Dt) st. (DDLEV o) @veV Weny (D F)R

(wenv(gg)ﬁ = (‘Uenv( )v/wenv( ) )rlf Only depends on @F)
B

Dby —
{a = <av . |Og IOg Q >v ! Fmodv]azlog(pl) = O}
(or v & Vg, oG (1) - og® (©) = (292 . (image of 8,)

7V

© Dy (D) = [[; D7(DL) st.

¢DJ§u oL) = Dyev gdu(@'_) (jz)jeIE‘/* ~@pr < [[;pr
© Global evaluation isomorphism: Dk, (95) = Dj, (9L by

(0106 () 109 (@), = ((Pa-loa™ (p1)) )

v jeFf¢
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§ = {Fv}vev: F-prime-strip (~~ §, ' [IUT1, rmk 5.2.1])
® Wens(S) : v = {Gu(Fy) G Vr, (Fu)}) it v e Vi
o wss

cns

(F):ve— W, + splitting + distinguished element

Kummer

0 Vi(F) = Vas(D(F))
WS (F) > WS (D7 (3)) (Fy -th. for v e V,, but not for v e V,.)

@ Unique isom. C""(F) = D" (D" (F")) compatible with V and
WS (F) > WS (DT (FM)). Itis F-theoretic.

T = (3. — §r — DO*): ©*-Hodge theater.
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©*°lINF-th ©, Gau. and global rlf’"d monoids [cor. 4.6]

HTO™'NF: @*elINF-Hodge theater.
@ o v Vs (HTO ™), =V e 3,
v (TSN v (F) e

b \U}—env <H7-eiel]NF) :) WCHV<©>) :) \Ugau<©>) :) \U]:gau <H7’@ie”NF)
@ oo-versions
e +ell
© o CL(HT ™) st &y romm) = Dyey Vir, (HTO )
+ell .
e Clg:u(HTe ) st. ¢C‘§u(HTeiellNF) = Dyev VF., (HTO N
+ell ~ - N e
© Clo(HT®™™) = DL,(95) = Dy (D5) = Clh (TS )
wo o Fhy = (Chy Fa)s Bk = (Chaws )
+ evaluation isom. Shy — glg:u

<= I<=B
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D-©*INF-th. F;*-sym. and non-rlf'd glob. str. [cor. 4.7]

DO

D®;, m(D®) G M2 ,(D®) =« M®(DO)
m*(D®) G M2(D®) = M, (D°)

fields m(D®) G Moy (D®) = M®(D®)
Frond(D®), FE(DO), FO(D®)

Vj € LabCusp(D®), a F-prime-strip FO(DO)|;
labeled M®_,(D9);, M®, (D®);, F&_,(D®);

mod oof'i(

FF7*-poly-action on D® v~ F}*-symmetrizing isom. of

(FE(DO)p);, (M

mod

(D9)))j, (M®,(D®)));, (F2,4(D®););.

> diagonal objects (7)<F7;<>.

If DO lies in a D-©*¢INF-Hodge theater, these F;*-symm.
isomorphisms are compatible with the F}*-symmetry of the

D-NF-bridge.

FO(DO)j vo D), DF + DF(DF) 5 (Fpy(DO)E.
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©*°lINF-th. global Kummer isom. [cor. 4.8]

Let HTO"'NF pe a ©*¢INF-Hodge theater.
7@(D®)-equivariant Kummer isomorphisms M®, = M®, (D®)
(defined up to conjugacy; functorial in F©)

NN %: = %(D@);%M, = Mgod(i)@);

o MT S M (D©); Mimog - Mmod(D@)

o FO 5 FO(DO), FO S FO(DO); FE | 5 FE

+ labeled (by j € J) Kummer isomorphisms; + Kummer isomorphisms

of diagonal submonoids;
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Functorially in a NF-bridge 5y — F© --» F®:
@ Loc. morphisms (F& ,); — §j, (M®,); — (M®,),(3))
o Cf :=C"(F) > (F)f

mod)j
o C'gzum’r@ie“NF) =Tl S TIFSF
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Let 3~ = (F} ), be an F-prime-strip; D}, = base(F} )
Focusonv eV, .
A,: universal pro-object of D,. G, = Aut(A,).
OL(AK) c O™ (A,) generated by 12/(A,) and the image of the can.
splittings of O>(A7)
O (Ay) = (Az)/MZ/(Az)-
O™ H(Ay) == O*(Ay) x O*F(Ay).
There exists a unique Z*-orbit of i |som O*(Gy) = O*(Ay).
o [sm-orbit of isom. O*#(G,) = O*#(Ay) (x u-Kummer structure on

F).
Definition (4.9)

e F, " : model frobenioid corresponding to O**#(A,) endowed
with its can. splitting + its x u-Kummer str.
Froxe = (]—“F'X”)vew F>*k-prime-strip. (morphisms of
F*t-prime-strip are collections of morphisms of frobenioids
compatible with canonical splitting and x u-Kummer str. )

e F=r*k-prime-strip: (C', Prime(C) ~ V, F~>*~, (py)).
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©** and Ogy-links [cor. 4.10]

Let HT©'NF pe a ©*°INF-Hodge theater.
For every t € LabCusp* (D..), (Weps(Ds)t) o F-prime strip
Identify Wens(F>)o and Ve (T ) FFy by Ffi-symmetry.

v F-prime strip >  FF-prime strip § = (CK,3%)
canonically isom. to g ..

Let T 7O "NF and 3 7°9"'NF pe two ©*¢INF-Hodge theaters.
o The ©*#-link THTO*NF €5 13/ 76*“NF i5 the full poly-morphism:

Tgll—»xu it igg’xﬂ

env

@ The ©;/-link THTO"NF L 19/ TO*NF is the full poly-morphism:

FrXxp ~ frlErXp
ngau # - 'SA
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Coricity of §. "

We have natural isomorphisms of 7~ >*#-prime strips (i.e. compatible
with x u-Kummer structure):

R T o
TSA — Tgenéu - T&’gaju

By composing with either the ©*#-link or the ©g-link, one gets a
(which turn to be full) poly-morphism:

Tszxﬂ = igzxﬂ
- full poly-morphism @, = D (D-©*¢!INF-link)

T]:XW S iFkxp

N

Fr(y) —= Fr(9))
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