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Initial ©-data (F/F, X, (,Cx,V, V> ¢)

~modr» &

Recall the geometry:

lL Y
EZ\L gzl x
X L X 707 X

{il}l {il}i
deg ¢ C

C——>——

Note: M¢, ~ MNx,. We apply AAG to lNx, (called the “©-approach”) so that
Hom(H?(Ax,Z),Z) = Mx = Ae = [Ax, Ax]/[[Ax. Ax], Ax]
~ Mx = (- Ag. (cyclotomic rigidity)
» Viod — V C V(K), a chosen section of V(K) — Vyoq.

> ¢ is a cusp of Cx arising from an element of Q. For v € yPad it is chosen that &

corresponds to the canonical generator “+1" of the quotient I"IE? — 7.



k-coric rational functions

Ck is a K-core ~> a unique model over Fyq:

CFmod °

v

L := Fioa of (Fimod)yv with v € V2O (similarly for archimedean places)

v

Lc: =function field of C; (~ algebraic closures L, L).

Note |C;| ~ Al

For the proper smooth curve determined by some finite extension of L¢, a closed
point is called critical if it maps to (a closed point of |C;|P* coming from) the
2-torsion points of EF. Among them, those not mapping to the cusp of C; is called
strictly critical.

v

v

A rational function f € L¢ is k-coric if

(i) If £ ¢ L, then it has exactly 1 pole and > 2 (distinct) zeros.

(i) The divisor of f is defined over a finite extension of F,,q4 and avoids the critical
points.

(iii) f restricts to roots of unity at any strictly critical point of |C,|Pt.

Every element of L can be realized as a value of a x-coric function
on C; at some non-critical L-valued point.

> f € Lcis sk-coric if f™ is k-coric for some n € Z~yg.

T . - . . =X
» f € Lcis oorX-coric if ¢ - f is o k-coric for some c € F, 4 (resp. (’); .
- mod,v



Frobenioid at a bad place v € V"

> Tempered Frobenoid £ ,~~ £Eirat_

» Base category
D, :=B®(X )° D B(K,)° = D,

v

left adjoint to the inclusion ,D;_

v

L, — Dy

» The reciprocal of ¢-th root of the Frobenioid-theoretic theta function

9, € O (TY™) = ker (Aut(ﬂrbyirat) — Aut( Yv)) ~ K3

v

v

is determined category-theoretically by £ up to /ng(Tk;-,i-rat) X £Z-indeterminacy.
(07 C Aut(Ty ) B

=v

v

> F o~ pl—adiciFrobenioid (base-field-theoretic hull)

C, C E over D,.

9,(y-a) =aq =g €O"(Tx )(= Ok,).

» Constant section of the divisor monoid: N -loge(g ) C P, .

» ®c :=N-loge(q )|pr, ~ py-adic Frobenioid cy — DE.
» g € K, ~ ppe(—)-orbit of characteristic splittings TQ on C'l_.

(7 is a subfunctor of O™ (=) : (C;, )™ — Mon.)



Ob(D)) 3 A A® := Ax Y € Ob(D,)

~ full subcategory DS - Dﬂj :

O*(THa™) >
Ogo A® s O (T o) 0,76
O, = Ogo, O, = Oce

compatible with
gV’TA = QK‘TA7 OX(TA) = OX(TAG)'
Oge ~ py-adic Frobenioid CS over D(j (a subcategory of i&im).
©, ~ poe(—)-orbit of characteristic splittings TS on CS.
Split Frobenioids: (C;,TQ) = F, = }'1@ = (CS,TS).
Note: £~ Cy ~ .7-'; since D, ~~ theta values, but £ ~~ (up to the
{Z-indeterminacy in © ) .7-"8



Frobenioid at a good nonarchimedean place v € V&°°d

v

B(&)O =D, D D; = B(K,)°.
Monoid on D, :

v

®c, : Ob(D,) 3 Spec L — ord(OF )P
~ Cy 1= L,

v

Monoid on D;:
®¢; - Ob(D,) 3 Spec L — ord(Z;, )"

~ Ch.

py ~ characteristic splitting T;.

v

Formal symbol log p, - log ©

che = OCXLXN-Iogp[IogQ

~ OC" = (’)251 X N - log py .

> WC@ G).

ce)
» Split Frobenioids: (C;,TV) .7:'_ — ]_—e (Ce >

Note: F~ Fi FO.
71 L L



Global realified Frobenioid associated to Fyoq

» (I =realification of the Frobenioid associated to (Fyod, trivial Galois extension).
» Prime(Cl 1) =~ Vioa = V.
> O ® ~ 7 PR

CIrZod - Clr:od,v Ord(OFmod ) ® 20

> py ~ loghea(py) € ®er

» Vv €V, have logg(py) € CDEIE given by py.

» The restriction functor C,, : C\. ; — (C,)™ induces isomorphism of top. monoids

loge (pv)
[KK: Frnod,v]

py:Por = ¢2§, logioa(pv) =

mod,v

» Formal symbol log © ~ CDCLFM = q>clr)r—10d -log©,
~ C‘tﬁm Prime(C'ﬁlt) = Vinod-

> loglea(Pv) ~ 108h0a(py) - log © € ‘Dc‘ghw C b

tht

» The restriction functor C,, : Cj;, — (C!,)™ induces isomorphism of top. monoids

. ~ rlf
pes ey, = O

loge (py) - log ©
[KK: Fmod,v] ’

loge(py) - log©,
[Ky : Finod,v] |0g¢(gv)’

logla(py) < log © at v € yeood,

loghoa(py) - log © at v € ybad,



©-Hodge theaters and ©-links between them

Data:
» F ~F acategory, forany veV. ({E ~ 1D, 1Dy 17 TF2)

> TCmOd ~ C'F oq @ category (~-category-theoretically constructible Frobebioid
strucuture)
» Prime(TC" ;) = V a bijection of sets.

» Vv €V, an isomorphism of top. monoids

. ~ rlf
Tpl . ¢Tc‘n'_10d,v — (DTCE

» Require:
Tsrlrtlod = (Tc‘ntlodv Prime(TCi‘;od) = y? {T]:\t}) {TPV})
= gmod : ( mod’Prlme(Cmod) {"T_.F} {pV}) :
THT@ = ({T]: }VGVvT%’mod)
> T‘Sjmod
Tgtht (=~ 3tht = (C‘thmP“me(ctht) v, {}f}’ {Pg}))
> The ©-link

is defined to be the full poly-isomorphism

Tg‘tk = igmod .

is NOT a conventional evaluation map!



Cusp labels at local places

» D, ~ D, a category (v € V"°") or an Aut-holomorphic orbispace (v € V).
» DY ~ D a category (v € V*") or an object of TM" (v € V&),
» D-prime-strip
D= {TDZ}!EY‘
» D" -prime-strip
19" .= (1D} }ev.
(D ~ 12")
» Morphisms between prime-strips := collection of morphisms between the
constituent objects of prime-strips, indexed by V.

D, ~ 1D, (+C,)

> Recall that {cusps of D, }, {cusps of TD,} are group-theoretic via
Wl(TDK)a 771021)'

A label class of cusps of TDK := the set of cusps of TDK over a nonzero cusp of TQK

(arising from a nonzero element of Q).

(LabCusp("D,) + Autk, (X, /C, )-orbits of nonzero cusps of X , for v bad.)

LabCusp('D,) ~F§ as an Fj-torsor. (F) ~ Q)

> D, ~~ a canonical element 1) € LabCusp('D,) determined by e, .



Global cusp labels

v

D = B(Ck)°.
D@ ~ D® 3 category,

v

-~ V('D°) (= V(F)),
V(D) := V(D) /m (1D®) (= V(K)).
Recall that {cusps of "D} is group-theoretic via 71 (FD®).

v

A label class of cusps of "D® = a nonzero cusp of TD®.

LabCusp("D®) ~ F} as an F}-torsor.

v

For 1D = {sz}gey a D-prime-strip, a poly-morphism 7 — D® is a collection

{ID, — "D} ey of poly-morphisms D, — TD®.

Vv, w € V, 3! isomorphism of [F;-torsors

v

LabCusp('D,) = LabCusp(1D,,), s.t. Tﬂv > TQW.

identify them, ~ LabCusp('®) = F}.

10



Model base-NF-bridges

» Aut(AY ® Fy) ~ GLo(Fy) with chosen basis adapted to Ay @ Fy ~ E£[(] - Q
(Note MN¢, ~ AY)

> Aut(Ck)(~ Out(Mc, )) — GLa(F¢)/{£1}. (Inn(Mc¢, ) acts by - +1.)

» The model Cg_ , ~

Ga|(K/Fm0d) — GL2 Fg) {:l:].}

(Aut(D®) ~) Aut(Cx) =

12

(Aut(D®) ~) Aut(Ck)
Aut(D?)/ Aut (D) ~ Aut(Cx)/ Aut(Cx) = F}.

For v € V™" (Look at the covers X,—C, = Cx and él—>£1—>£,<.)

NF
Pov

v

acAut(Dy) T
ﬁod)%{ioa

v

oy ={Bogiy cal,
{0} _
= B B o e
=1 NF}JeFj 1 Dx = {Dj}jepr = D, F-equivariant.
(analogue for v € V#¢)

11



Model base-©-bridges

ve ybad:

> |Fo| =Fo/{£1} =F; U {0} <> {cusps of C,}.
» € X,(Ky) =image of —1 under Tate uniformization.
» Evaluation points of X, =p_-translations of the cusps with labels in |Fy|.
g v
© (a point over an evaluation point with label j € [F|)
€ poe-orbit of {qf} .

=v) j=j, jez

| 2

By definition of év — X, the points of év over the evaluation points of X, are
all defined over K,. We call them the evaluation points of X,

~» evaluation sections G, — M, := Ty , (group-theoretic via M,).

v

D. ={D>,} a copy of the D-prime-strip © = {D, }. For any j € F/,

arbitrary iso. arbitrary iso.

49 Dy, BR(M,)° BP(N,)° Doy
natural sur.l / .
ev. sec. with label j
B(G,)°
v e ygood:

> qﬁ(z_ Dy, = D, is defined to be the full poly-isomorphism.

Finally,
o7 = {00 Jvev : ©; = {Dy=(v)} = D> = {D> v }vev,

12



Transport of label classes of cusps via model base-bridges

» For v € V" look at My < My < Mc, and niﬁv — MNx, —MNc,.

» The arrow (;SZF : Dy, — D®
s 7T1(D!j) — m1(D?),
~~ isomorphism of F;-torsors on cusp labels
LabCusp(D®) = LabCusp(Dy,).

(Consider the cuspidal inertias | C 71(D®) whose unique index ¢ subgroup
C Im(Mx ) (resp. Im(”&))-
» Similarly for archimedean places.

In summary, for any v € V and j € F;, have isomorphisms of [F;-torsors:

NF
LabCusp(D®) & LabCusp(Dy,)
40 LabCusp(9;)
J
(ﬂ
LabCusp(D-)

LC

®; ~ s
LabCusp(D®) —— LabCusp(Ds) = Ff, [e] — J.

13



Base-NF-bridges

» A D-NF-bridge is a poly-morphism T : 1D = {TDJ'}J'EJ — D@ from a capsule
of D-prime-strips to a category equivalent to D, which fits into the following
commutative diagram:

T gNF

D, * pe

THN THN

b

Dy : D®

» A morphism of D-NF-bridges is a pair of poly-morphisms fitting into the following
diagram:

T¢NF

D, - fpe

capsule-full poly—iso.l J{Aute(TD@)—orbit of iso.

tpNF

D, ip®

Tsom(T 3, *¢X") forms an F-torsor.

14



Base-O-bridges

» A D-O-bridge is a poly-morphism Tqbg D, = {TDJ'}J‘GJ — '®< from a capsule of
D-prime-strips to a D-prime-strip, which fits into the following commutative

diagram:
T¢2
D, ; oN
TH: TH:
g
Dx : D>
» A morphism of D-©-bridges is a pair of poly-morphisms fitting into the following
diagram:
T¢2
D, : a8
capsule-full poly—iso.i lfull poly-iso.
i¢2
i33_// - i®>

Tsom(162, 162) = [}

15



Base-ONF-Hodge theaters

A D-ONF-Hodge theater is a collection of data

10

toNF 5
fpTPONE = (Ip® & 1p, % 1D.)
fitting into the following commutative diagram

T¢§F Td)g

D@ T@J g T@>
TH: TH: TH:
o5F o9
De . Dy - D

A morphism of D-ONF-Hodge theaters is a pair of morphisms between the respective
associated D-bridges fitting into the following diagram:

T(bgF T¢2

Tp@ T@J * T;g>
l 1¢§F l’ i¢2 \L
iD@ - i@J, - ¢©>

» Ix:mo(1D,) = J = FF.
» VjeJ=F, T(ﬁjLC : LabCusp("D®) = LabCusp("D-.).
» J1[T¢] € LabCusp("D?) s.t. under LabCusp('®s) = Ff,

fop([e) = Tt ("x () - ['e)) = Tx()-

~» synchronized indeterminacy:

LabCusp('D®) = J.

16



[I1<2<...<j<...<(I* -

D, = /*
T 62
(1
/F2
/%
% -1
D, /¥

Figure: D-©ONF-Hodge theater (Fig. 4.4 of [IUT-I])

17



Some symmetries surrounding base-©ONF-Hodge theaters

» For the forgetful functor

{D-ONF-Hodge theaters} — {D-NF-bridges}

D-ONF fox” To§ foxr
fyTPONF _ (ipe X ip, K )  (ip° 55 1))

the output data has F}-symmetry. (J = F})
» For the forgetful functor
{D-ONF-Hodge theaters} — {E*—capsules of D-(resp. DF—)prime—strips}
fHTPONE (s 19, (resp. TD)
the output data has &=-symmetry. (forgetting J = F})

» Reduce (¢*)* -indeterminacy to £*l-indeterminacy:
(162 = 10) ~ (162 = Proc('D,)),  (T¢2 — Proc('D))).

(A procession in a category is a diagram Py < P, < --- < P, with P; a j-capsule of
objects and < the collection of all capsule-full poly-morphisms. A morphism of processions
is an order-preserving injection ¢ : {1,---,n} < {1,--- , m} plus the capsule-full
poly-morphisms P; — Q,().)

18



The D-NF-link
THTD-GNF 2) ifHTD-eNF
between two D-©NF-Hodge theaters is the (induced) full poly-isomorphism

90 = 90, (mono-analytic core)

J¥ oo [EF o L

J*¥ o [ L J* o [EF

[¥ o [EF o L

Figure: Etale-picture of D-©NF-Hodge theaters (Fig. 4.7 of [IUT-I])

10



Global Frobenioids

Let "D® ~ D® be a category. The ©-approach to 71(FD®) ~
| 2
M?(IP®) ~ F*, M"('D°) ~F.
» 11 ("D?) = m(1D?) (& Cx — Cr,.,), D = D := B(m (1D?))°.

» m1(1D®)-invariants ~

M®

mod

(D)= (F

mod

r®
)a Mlmod(T’D@)(2 Fmod)'

> Belyi cuspidalization ~ (G, it (D) = 711 (FD®) (well-defined up to
mod
inner action of kernel), pseudo-monoids

(D) A ML('D?), MP(DO)(= ML, (D) PY), ME (D).
> MY(1D°) ~ V(D) (= V(F)) ~
»®(TD®) : Ob("D®) 3 A — monoid of arithmetic divisors on M®(TD@)A
~~ model Frobenioid F*("D®) over 'D?.

Let TF® ~ F®(1D®) be a category (~ Frobenioid structure on it). Suppose we are
given "D® — base(T F®) isomorphic to "D® — D®. Then identify (by F-cority of Cr)

base(TF®) = 'D®.
> Define
[Fe =TF%ipo,

T]:n®10d = T]:®|terminal objects of TD®>
(" ="Frobenioid of arithmetic line bundles on [Spec O/ Gal(K/Fod)])-

20



v

A € Ob(TF®) ~ O*(APTat) (= mult. group of the finite extension of Foq
corresponding to A).

v

Thus varying Frobenius-trivial objects A € Ob(TF®) over Galois objects of ID®, ~

m("D®) ~ TM®.

v

Wp € Prime(®: o (A)) v OF 1= (OX (A1) 5 & 20 (A)E) " (p U {0}).

For Ag lying over a terminal object of TD® and pg € Prime(®; r(Ao)): Consider
the elements of Autt ze (A) fixing Oy for a system of plpo, ~ the closed subgroup
(well-defined up to conjugation) M, C 71(1D®).

v

v

Look at a pair

ﬂ_iat(TD(@) ~ TM®

oo kX

isomorphic to i ("D%) ~ M® . ("D?) :

(QuoNZ* = {1} ~) 3 p2(m(D) = uy(M2,,) sit.
Mo@onx(TD@)c—> ”-m>Hc7r{at(TD®) open Hl(H7 Mg(ﬂl(TD@))))
TMi”X( li—m>HC7r§at(TD®) open Hl(H’ MQ(TME:HX))

» Similarly have canonical isomorphism
M?® (TD®) = TM*

ook cok?

and canonical isomorphism compatible with the integral submonoids OPD

M®(TD®) = TM®,

21



» So, TF® carries natural structures

D) A M, M, TV = (M) P,

cohk?

> n (D) A TS - 7(1D°) T,
(Consider the subset of elements for which the Kummer class restricted to some
subgroup of w{at(TD®) corresponding to an open subgroup of the decomposition
group of some strictly critical point of Cg__, is a root of unity.)

mod
» T (D®) A TM®, ~ TM® plus the field structure on TM® U {0}.
(Consider Kummer classes arising from TM® restricted to subgroups of 7*(TD®)
corresponding to decomposition groups of non-critical F-valued points of Cg,_,.)

> In particular, TF® ~~
Prime(TF2 ;) = Vinoa = V(ID®)/mi(1D®).

> ~ p|po (assumed nonarchimedean) determines a valuation on O* (AP*a%) U {0}, ~
OFD (= mult. monoid of nonzero integral elements of the completion at p of the

number field corresponding to A).

» Varying A ~~ (considered up to conjugation by Ily,)
Mpy 5:]% (ind-topological monoid)

("MLF-Galois TM-pair of strictly Belyi type")

29



Frobenioid-prime-strips

F-prime-strip:
3= {i}—z}ze%
st.atve Vo iF, =ic, 5 ¢y at v e VI, L
~~ associated D-prime-strip D = {iD,}.
At v € V2" 11 (*D,) ~
> Dy =Dy (¢ X, Xy = Cu, v € Vinoa)-
» i (+D,) - m(*Dy).

>

m(*Dy) ~ M, (*D,)(= O% ),

Wiat(iDV)mMm(ipz)a MOOHV(:EDL)7 MMHXV(¢D1)~

» For an isomorph fM = in,ime,iMmmv of I\\/JIV(iDK), anv(iDK),
M_xxv(¥Dy) respectively:

3 p2(m (DY) T uz(M), st IM(D,) 7 M.

v

Thus, F, carries natural structures:
rat (i
7r1(¢,Z>v) &% ina 71—iﬂ_at(I,Z)v) &% iMoonw iMoonxw ian = iM:olnv( DV)-
iMoonxv —~ iMoonv s M., ~o iM%p, (1M§p)m(iDv)’

plus the field structures on IMEP U {0}, (IMEP)™ (Do) U {0},
(Analogue at v € V¥€))

23



(*F ~)
» F'-prime-strip:
157 = {!F, }vev, with
*F, & F, (splitting Frobenioid), v € V™, 1F, = .. v e V¥

» A morphism of F-prime-strips is a collection of isomorphisms indexed by V.
Similarly for F"-prime-strips.

» Globally realified mono-analytic Frobenioid-prime-strip:

iS\F _ (ic\%v Prime(IC'F) 1) y’ 18‘*7 {ipl : ¢1C‘F,v l) ¢§1ch }!Ey)

I+

:= collection of data ~ §, .4

Isom(l]:®’ 2]:®) = Isom(base(l]-@))base(2]:®))’

tsom(1F, 27%) = Isom(base('F*), base(*F°)),
ISOrn(lg7 23) SN Isom(lfD, 2,)3)7
Isom(1§,%3") — Isom(1D",2D").

24



©-bridges, NF-bridges

Recall
t f ok t9/TD-ONF _ ctpo P tgy 7%
HT@ = ({ il}XGY7 gmod)’ HT = ( D® DJ — ©>)

Assume the D-prime-strip associated to HTO s equal to D-.
Thus the F-prime-strip 1§~ of THT® has T as its associated D-prime-strip.

> Vj € J, F-prime-strip 1§, = {‘L}"Kj}!jeyj with associated D-prime-strip D},
T¢J-@ : TCDJ- — D ~ (unique)

P 18— 185, T 15, — 155,
(The associated D-prime-strip of (T¢®)*(1F>) is equal to 1D, ~ 1§; ~ (1¢P)*(13>).)

For any ¢ € LabCusp(TD?), 3! Aut ("D®)-orbit of isomorphisms "D® = D® mapping
J to [¢].

> A j-valuation of V(D®) is an element mapping to an element of
VEU = Aut (Ck) - V via this Aut (TD®)-orbit of isomorphisms.
» At a d-valuation v € V(TD?),

>
npo v Oﬂ)|open subgps. of My, N wgtp)(TD®) corresponding to é, é, determined by §

~+ py-adic Frobenioids.

(Analogue at v € V#©))
> ~» F-prime-strip

TF9s  (~m(TD9)).

(only well-defined up to isomorphism, because VX" — Vo4 is not injective.)

25



v

v

v

>

For an F-prime-strip g, a poly-morphism
' — TF®:=a full poly-iso. ¥§ = TF®|; for some § € LabCusp("D®).

(Such ¥§ — TF® is fixed by composition with elements in Aut(*§) or Aut.(TF®).)
Over a given Tgbl;jF 1D, — D@, 31 poly-morphism

TpNF 1E, — TFe.

dlag @
=V, =11V, "7 = {1 Foas Yoy = Prime(" 7 )},
TFy = {* Fooa ¥y = ane(*fg D}
Any poly-morphism T3<J> — 179 induces an isomorphism class of functors

(179 2) TFag = TFg) ==

Oy T TF L Vv €V,

(independent of choice of T3’<J> — TF® among its [ -conjugates) hence
isomorphism classes of restriction functors

t® T O
Foooa = 175 = 130
Similarly, have collections of isomorphism classes of restriction functors

e T

26



> An NF-bridge:=
(55 25 170 0 1)

1%, a capsule of F-prime-strips. (*D:= associated capsule of D-prime-strips.)

IFO ~ 17O 179 ~ T F9 categories. (FD®, D®=bases.)

ii/}QF the poly-morphism lifting a D-NF-bridge iqﬁiF 1D, - DO,

1F® -5 1 F® a morphism ¥D® — ¥D® (abstractly) equivalent to TD® — D® plus
an isomorphism *F® = 1 F® |, 6.

vV vy vy

» A morphism of NF-bridges
(ISJ1 SN 1]:@ N 1;@) N (23-/2 N 2]:@ N 2;@)
consists of (capsule-full poly-)isomorphisms
1%’J1 l> 23:]2’ 1FO 2;@ 1}'@ 2}'@

compatible with the (D-)NF-bridges.

> A O-bridge:=
iwg
(15— 13> - THT®):

1%, as above.
14T® a ©-Hodge theater.

1% the F-prime-strip associated to H7®. (¥D. =associated D-prime-strip.)
iqu a poly-morphism lifting a D-O-bridge iqbg D, =D,

vV vy vy

> A morphism of ©-bridges is defined similarly.

27



ONF-Hodge theaters

Constructions above ~~

ONF on e ©
PHTON = ((IF" - 3F° & 13, =15, — TO)

Vv e VP4 Aut(E ) 5 Aut(D,).

=v
(Consider the rational function and divisor monoids of £ .)

> A

Isom(©-Hodge theaters) — Isom(associated D-prime-strips)

(The global data T§!" . admits no nontrivial automorphisms.)

Isom(NF-bridges) = Isom(associated D-NF-bridges),
Isom(©-bridges) — Isom(associated D-O-bridges),
Isom(©ONF-Hodge theaters) — Isom(associated D-ONF-Hodge theaters).
> Given an NF-bridge #)XF and a ©-bridge 2,

{capsule—full poly-isomorphisms Iy, g, gluing them into iHT@NF} ~ F;.

28



+-label classes of cusps

> F;* =Ty x {£1}. ({1} = F))
» FF-group:=set E plus {+1}-orbits of bijections £ ~ F,.
» Ff-torsor:=set T plus F,*-orbits of bijections T =~ F,.
(F;% ATy z> £z + )
For 1D = {TDK}Key, TDK s TQf (¢ X, for v € V™", for v € V*)

v

~ Tgi = {Tzf}zey-

v

A +-label class of cusps of D, =

{cusps of "D, lying over a single cusp of TQi} (<> elements of Q).

{LabCuspi(TDl)\Tﬂe}/{:tl} = LabCusp('D,)(=> Ff)
iy = T,
LabCusp® ("D,) = Fy as an F£-group, ~
1— Auty('D,) — Aut('D,) — {1} — 1.
» For a € {£1}¥ have Aut, (D) C Aut(T®) of a-signed automorphisms.
Given another D-prime-strip 1D = {iD, }:
> A +-full poly-isomorphism D, = ¥D,:= an Aut ("D, )-orbit of an isomorphism
D, 5 iD,.

» A +-full poly-isomorphism 7D = D:= an Aut, ("D)-orbit of an isomorphism
D 51D, (If 7D =D, these poly-isomorphism <« {+1}¥.)
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D = B(Xk)°-
» Quter homomorphism
Aut(D°F) =5 Aut(Xy) — GLo(F,) — GLa(Fy)/{£1}
(adapted to AY ® Fy — Q) has image containing a Borel of SLy(F)/{£1} ~
1 — Auty(D°F) — Aut(D°F) — Ff — 1.

(~ crucial F;-rigidity for the Hodge-Arakelov-theoretic evaluation of étale theta
function.)

(Autk (X k) C)Auty(DOF) Atransitively fesps of X ).

Autesp(D®F) := automorphisms which fix the cusps of X.

Aut; (D®F) C Auty(D®F) := unique index 2 subgroup D Autcsp (D).
Choice of the cusp € of Cy ~~

v

v

v

v

(Autk (X /Xk) x {21} ~) Autp(X ) = Aute(DF)/ Autegy(DOF) = FF=,
thus
(Auti (X /Xk) =) Aut (DF)/ Autes, (DOF) =5 Fy,  as an Fif-group;

{cusps of D°*} =: LabCusp®(D°*) = Fy, as an F;-torsor.

(Fix this from now on.)
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Base-©*-bridges

» Copies of D-prime-strips:

Dy ={Dyv}vev, D= {th}zeya t € Fy (as th—group).

v

Positive +-full poly-isomorphisms (tautological):

~

+ ~ +
¢o Dy, = Dry, ¢ Dr D
+ + ~
Cﬁ = {Cb? }tEF[ D4 = {Qt}tem — Dy
(¢>§i A =1, 1 D¢ = Dy, D, = D, +-full poly-iso. with —1-sign at all v)
(Vo € {£1}Y, gbii A D, = D¢, Dy — Dy a-signed +-full poly-iso.)

Let T be an Fét—group. |T|:=T/{x1}, T* :=|T|\{0} ~
D7, D

v

» A D-OF-bridge Tqﬁi is a poly-morphism fitting into the following diagram:
t40*
D + o,
3 ~ inducing F, — TT Ta~
69"
@j: :D>.
» A morphism of D-©%-bridges is a pair of poly-morphisms fitting into:
tget
D, % D,
capsule-+-full poly-iso. inducing T ~ T’l \L—i——full poly-iso.
140F
D1 - N
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Base-©-bridges

For v € V"": (Look at the cover X, =X, = Xy or élﬁil—)KK.)

ecll
, Pov Do+
aeAuu(Dv)T i BEAUtesp (DOF)
ﬁoqﬁ?in oo D©Z|:

v

(analogue for v € V#©)

>
ell ell
00" = {8002y oatag,
eell {d)gen} ©+ .t o+ +
O 1 De= {th:(g,t)} — D" —= D**, VteFyasF,-torsor,
ell ell
g = {¢? }tE]Fg . Q:I: = {gf}tEFz — ,D@i,
(qbien Ay E F;i : D¢ = D) +-full poly-iso. with sign sign(y) at all v)

> Let T be an Fét—torsor. A D-0°Lpridge Tqbgeu is a poly-morphism s.t.

TQS@CH
9 T + fpoex
3 ~ inducing F;, — TT Ta:
¢eell
+
@i D@ﬂ:

» A morphism of D-©°"-bridges is a pair of poly-morphisms s.t.

t oell
oy ipet

capsule-+-full poly-iso. inducing T ~ T’\L lAutcsp(iD@i)-orbit of iso.

1D

+ eell
i ifD©i

9



Transport of +-cusp labels via base-bridges

> Bijection compatible with F;t—torsor structures:

+ oell

LabCuspi(TDZt) ¢i> LabCusp® ("D%%).
» ~~ identification of Ith-groups:
LabCusp™(19D,) := LabCuspi(TDlt) = LabCuSpi(TDﬂt).
Thus natural bijection compatible with th—torsor structures:

T(?en - LabCusp®(1D;) = LabCusp® ("D°%).

~» synchronized indeterminacy:

T = LabCuspt('D%%)
ell
t o= 1¢27(0)

» Bijection of Fét—groups:

t$o*
LabCuspi(TDKt) — LabCusp®('D, ).

» ~~ identification of th-groups:
LabCusp® (1D, ) := LabCusp® ("D, ,) = LabCusp® (1D, ).
Thus natural bijection of F;t—groups:

LabCusp™ (1D,) & LabCusp®(1D,).
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Base-©*°_Hodge theaters

A D-©*!_Hodge theater is a collection of data

ell
¢®

e 199
THTD-@i 1 — (TD©:E T@T i T@>)

fitting into the following commutative diagram

T¢Oe“ .‘.(be:t
tpe + D + D,
THN I THN N THN
69 ¢
RS E Dy D,

(A morphism of D-©ONF-Hodge theaters is defined in the obvious way as before.)

>

Isom(D-©F-bridges) forms a ({£1} x {£1}Y)-torsor.
Isom(D-0%-bridges) forms an F-torsor.
Isom(D-O%Hodge theaters) forms a {£1}-torsor.
» Given a D-O*-bridge and a D-0°bridge,

{capsule——i—-full poly-isomorphisms "D+ = 7D+ gluing them into THTD'eiEH}

forms a ({£1}¥ x F;'*)-torsor.
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[—1* < ... <2< -1<0<1<2<...<I¥]

D, = /*
¢
(£} ~ (¥ <. <-2<-1<0<1<2<...<I[¥)
(/% JEE L E E o E /%)
Dr
boe”

/ N
+ FY* +
T DO* = +
+ B(Xk)° +
N v
+ ... £

Figure: D-©*¢!_.Hodge theater (Fig. 6.1 of [IUT-I])
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Some symmetries surrounding base-©*-Hodge theaters

For the forgetful functor

v

{D—@ie“—Hodge theaters} — {D—@eu—bridges}

T¢S):i Td)@ell Td)gell
=(o, «— o =5 D) — (fo; = TpoF)

ej:cll

7P

the output data has Fg‘i—symmetry.
» For the forgetful functor

{D—@ien—Hodge theaters} — {Ei—capsules of D-(resp. DF—)prime—strips}
THTPO™" o 1D (resp. 1D7))

the output data has G, +-symmetry.

» Reduce (Ei)éi—indeterminacy to /*l-indeterminacy:
+ + +
("6 = 107) ~ (162" = Proc('D7)), (62 — Proc('D7)).

» Compatibility:
Forje{1,--- ,¢*} and t = j + 1, the inclusion

{1,--,j} ={0,1,--- ,t —1}
determines natural transformations

T¢$i — (Proc(TQT%) — Proc(TQT)) ,

T(ﬁgi — (Proc(T’D'_T;e) — Proc(TQ;)) .
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» D-O*-bridge ~» D-O-bridge:

(162" 1D 5 19,) ~ (162191 — D)

D7l — D7,
Dy, — TD..

» The D-©*°l|ink

THTD_eiell i> iHTfD_e:tell

is the full poly-isomorphism

o =197 (mono-analytic core)

JE o JE/E L

JE e JEE

>h= {Oa >}'_

JE o JE/E o L

JE o JE/E o L

Figure: Etale-picture of D-ONF-Hodge theaters (Fig. 6.3 of [IUT-I])
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O*-bridges, ©°-bridges and ©*°-"Hodge theaters

» A ©*-bridge is a poly-morphism

fyp0*
r —— 13-

between a capsule of F-prime-strips indexed by an F;t—group T and a
F-prime-strip, which lifts a D-©*-bridge 1¢9* : 1D — 1D, .
A ©°_bridge is a poly-morphism

v

ereell
between a capsule of F-prime-strips indexed by an Ith-torsor T and a category

equivalent to D°%, which lifts a D-0%-bridge T¢p@" : 1D — TP,

A morphism of bridges is defined to be a pair of poly-isomorphisms on the domains
and codomains, which lifts a morphism of the associated base-bridges.

v

>
7O = (fpot pasl 57 e, %.).
>
Isom(©*-bridges) = Isom(D-O%-bridges),
Isom(©°bridges) = Isom(D-©°!-bridges),
Isom(©*!Hodge theaters) = Isom(D-0©%°!""Hodge theaters).
» Given a ©*-bridge and a ©°!-bridge,

{capsule——i——full poly-isomorphisms gluing them into T?—[T@ien}
forms a ({1} x F;*)-torsor.
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Gluing ©NF-Hodge theater and ©*“Hodge theater

Recall
>
+ell w@e“ TQ
fHTO™ = (D% & 151 — g 15,),
ell +
trros _ (ipes ' 1o, A i)
>

TN — (1o iFe Uiy, Mg iy,

fo¥ o
THTD ONF (TD@ P T@J M T©>)
» D-O+*-bridge ~» D-O-bridge:

(Td)gi : T@T — T©>) ~ (Tgbg : TQT% — 1-33>)

142
Assuming D-O-bridge TD 1= &) D is associated to the @-bridge
TapQ
%, &) T$> - THT®, we glue the ©-bridge to the ©%-bridges
ei
TST Ve T&.). Such a gluing is unique because

Isom(TgZ)S, I¢S) = {*}’

Isom(©-bridges) — Isom(associated D-O-bridges).

~» OFINF-Hodge-theater T7{70""'NF.
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¥ < ... < -1 <0 { £, toevon 1< ...
<1<...<I* < I*
Dy = /i D> = /*
t 9" {0} => ¥ ¢
@y [~ < ... <-1<0 1< ...
my
<1< ... < I* < I*
/:I:__'/:I:/:I:/:I:”_/:I: /-)3&/-)}
@T 9J
Voe?” b oF
F2oa
+ — + e * = *
T ]lei l N ]Ff l’
% %
F® - FO©
+ — + s x
DO* = B(Xg)° D® = B(Ck)°

Figure: ©T°INF-Hodge-theater (Fig. 6.5 of [IUT-])
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