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Abstract: The orthogonal group of the lattice II_{1,17}2{+6})
has a fundamental domain with 896+64 facets by
Borcherds(2000). This is the Picard lattice (w.r.t. Beauville form)
of the holomorphic symplectic 6-fold Jac Ihl of a very general
Kummer quartic surface (S, h). | will explain the following

Theorem: The birational automorphism group Bir(Jac Ihl) is
generated by 864Yfeflections among the 896 above and a 2-
group whose centgr is Rapagnetta(2007)’s involution.

modified Corrected on 2/22/25(S).

Motivation 2.3
General  Aut(K3) ' 3 Bir(IHS)
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Peculiar Kondo[K] *~—— Main Thm (§3)

(today) Aut(Km C)
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§1 Reflective lattices

(L, <>) lattice, i.e., free Z-module L with <>:IXL=>Z
sgn (1,%), {<x"2>>0}=CM U CAN &€ L®R positive cone C N+

Reflection by m with <m”2><0 € OM+(L ) CMN

Frm:X = X-2<X,m>m/<m”2>

is a reflectionof L if r_m(L)c L. C/\-<




L is reflective & Subgroup <all reflections r_m of L> is of finite
index in OM+(L).

Exists only up to rk L = 22 (Esselmannl[E]).
Conway-Vinberg[CS] chain U+D_20  maximal

b=ty

U+D_18
U+D 17
are reflective.

Notation A_n, D_n, E_{6,7, 8} negative root lattices,
U=(Z2"2,(3})), Disc(L) = Coke[L = Hom(L, Z)] (with Q/2Z-
valued quadratic form), II_{1,*}(**): even lattice of signature (1, *)
with discriminant type **.

§2 Known geometric realization

Picard #
p=22 U+D_20 = Il_{1,21}2N+2})
p=20 U+D_18 = II_{1,19}(2N+2})

U+D_1F not 2-elementary

p=18 U+E_8+E_8| U+D_1p U+D 8+D 7 U+ ...

o 4 / \\
_{1,17} 1_{1,17}2N+2}) |_{1,17H2+4}) Il_{1,19}2/{+6})

today

C-V chaln

_{1,17}2N+2a}) is realized as Pic(S), S:K3, and gives explicit
description of Aut(S) for a=0,1,2.

0) 1I_{1,17} S = P/ elliptic K3 with 2 singular fibers of type
E_8, Aut(S) is finite

1) 11{1,17}(2N+2}) S = PM x PM with branch




Aut(S) ~ Z (Horikawa, Dolgachev, Brth-Peters, Namikawa-M.

etc.). Here “~” means “the same up to finite groups”.

2) 11_{1,17}(2N+4}) S =Km(E_1 x E_2) Kummer of product type
double cover \j

PM xPM  branch =

OM(II{1,1742X+4}))y / 24 (-2)-reflections
24 (-4) reflections X2’\4.64_ .

nef cone > (Conway-Borcherds domain[B1])
bounded by (24+24) walls
(-2)-walls & basic (-2)P*M’s on S

8 strict transformsof —— 8 HH
24{

16 exceptional divisors of 16 nodes
at the intersection of ‘ ‘ ‘ ‘

(-4)-walls < Each (-4)-reflection is realized by an involution of S
coming from a Cremona transformation of PA x P, after
multiplying a suitable g& G 4.

Thm(Keum-Kondo[KK]) Aut(Km(E_1 x E_2)) for general E_1
and E_2 is generated by the above 24 involutions.

3) The next lattice Il_{1,17}(2+6}) is no more Pic (K3), but ... S

§3 Main theorem
_{1,17}(2+6}) = Pic(Jac”2 Ihl) with Beauville form
(S, h): min. res. of Kummer quartic Km(C) € PA3
embedded by 120
JacAdd lhl = | | JacAdD
Delhl
i hs

200 S [D] g(D)=3



Jac/d Ihl = M_S(0, h, d-2) hol. symplectic 6-fold of K3/[2]-
deformation type

d: odd Dbirationally equivalent to (Km C)/[2]

d: even not

X :=dJac”2 Ihl = M_S(0, h, 0)
Pic X = (h"in U + Pic S) = U + Kum, where Kum denotes the
(negative definite) Kummer lattice

Thm(Borcherds[B2]):

OA+(Il_{1,17}2N+6))) = /896 (-4)-ref|ections>
64 (-2)-reflections X(Z-group).v[a

Main Thm: Birational automorphism group Bir(X) is the semi-
direct product

<864T(-4)-ref|ections>>d (2-group),
(Ute- modified)
where the 2-group is an extended extraspecial group 2/{1+8}.2
with center Mongardi-Rapagnetta-Sacca[MRS] involution.

§4 Sketch of proof

Similar to §2 (case of Km(E_1xE_2)), that is, find a geometric
meaning for each reflection r_m: either
{the mirror m is represented by an effective divisor, or

r_m is represented by an invoultion.

One difference is that not only (-2) classes but some of (-4)-
classes are also represented by effective divisors.

In our case,

64 (-2)-classes come from Kummer’s (16_6-16_6) configuration
and their complements. These divisors appear in (16+16)
reducible fibers of two Lagrangian fibrations in pairs:



X = Jac"?2 Ihl X = Jacr2 i
| and its Fourier-M. l
transform
PA(4,%} PAd.

896 (-4)-reflection (This part is subtle.)
Claim: 32 (-4)-mirrors are represented by effective divisors
others are not

By general theory of MMP for M_S(v) for v=(r, *, s) (Bayer-
Macri[BM], Hassett-Tschinkel[HT]), there are 3 types of divisorial
contractions:
+ Brill-Noether induced from rigid objects like (-2)PM’son S
+ Hilbert-Chow SA[n] = SA(n) is typical.
* Li-Gieseker-Uhlenbeck Original one is the contraction

(moduli of Gieseker-semi-stable rank 2 sheaves)

— (Uhlenbeck-Yau compactification of p-stable moduli).

(HC)-type does not happen in our case since M. vector
v=(0,h,0) has divisibility 2.

(LGU)-type happens for 32 (-4)-mirrors in our case in the
following manner:

D -De<€JacM D « Jac”0 IhI> | I D-D =:‘8,

Delhl N
] ] SxS
from divisor (p)-(q) on a curve D,
forget D

D] & Ihi

The divisor o is contracted to S xS @by the extremal
contraction X =Jac”0 Ihl = X of (LGU)-type.



Let t be one of 16 tropes of SePA3.
Tensoring the line bundle O_S(-t) we obtain an isomorphism

Jac”2 Ihl = Jac”0 Ihl.

Hence we have 16 divisorial contractions and another 16’s by
replacing Jac”O Ihl by Jac™O .
@utomorphisms after multiplying suitable g € U(g )
The remaining 864 (-4)-reflections are realized by%rvetdtions
by virtue of Torelli-type theorem. (Explicit constructions are
desirable.)
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