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Motivation

{x X 1} (1-parameter) family of varieties
pair of vector bundles on

generated by n+1 global sections

1

BL, @ M : x — En morphisms

§¢t=@u, P X — S

Confluence Problem L X f;' M k for general t
L (»] = Mo

What is the reasonable limit of a_Ex as t = 0 ?

Answer  In good cases, such a limit
NI

n"n
X —p
P, X
: : n 2ot . :
exists as a morphism to a degeneration of ﬁ E “ , which is a 2n-dimensional

projective variety with only A.—singularity along a codimension 2 subvariety.

d:En is a lift of @o: x —_— B)“ C—-—:) an' [Pn‘
agon




Example (n =

1)
B'*¢' < §° xt-ye=o
Wb‘ 1*"32_"_' >

Advanced Problem Study the relation with "confluences" in other branches of
mathematics, say, hypergeometric equations and (modular) representations.

")
@ Segre variety [P“ P YS’M - \,-} n*t2n

@ 2nd Veronese \?” C_ B nn3 )/2.
- Hwi2),
@ Grassmannian G L W‘ < \?“) - 2

These are projectivizations of cones of matrices of minimal rank:

*) very important projective
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@ {rank 1 matrix} < M C(C_ Q@

'H el

|V, Qg
lV\Y'kz ( )(%0 "“) = (a Q))osi,ﬁsn

G

nt|
@ rank 1 symmetric < 2" C
matrix M\,, P
rank 2 skew- ‘<l /\ le
@ .[ symmetric matrix
L
we= (155])
t 4 4J 0s1i,)sn

Pﬁ.mahk 3 a natural rational map
IP" < P o= G (F'e¥)
(pq?2 ! > 7 k‘

whose indeterminacy is eliminated by the blow-up with center the diagonal A .

Furthermore,

By, (F=F") [, — G

change

2
isa R -bundle.
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Degeneration of @ is a mixture of @ & @

e @
\
P(s2e™ o AC) > PEC) L PR
@U oV
" G (Fer)

1st Definition

n,n n
P is the incidence join of Veronese E and Grassmannian

G L)]-)\ C ‘T") More precisely, the projectivization of

U <Mpe, M > < SCene”
be L
pe " LeGUr B



E2

“,n
( A ) By definition, W is contained in the weighted projective space:
. 2
Ao, =7y X 4% nitn
") n - * = - - ) W
[? < W(\l ’1/2'/ ' 2) S
—y—
W-/

h+l nl
1~ « 3D

&UPch? s P& 2)

{

degree

Pliucker relations on
& 4
k . Incidence relations among

1”“*‘3’ d

Defining equation of

(B) Fixaline ‘

Then U < M P, r , /\/Q > is a quadric cone.
el

Grass.

m,n
l} has A, -singularity along

&GP w).

Veronese



n n
( C) Minimal resolution is a \? -bundle over w : \? ’

T 2 PO R)ON W)

& - K A = (n+1)H, H:tautological line bundle.

\?h'“ is the image of
3. B — B(FCBAC)
2%
Exmwr (n=2) \??'L ‘<l )?(\ 1l 212->

2
is a cubic hypersuraface z ri,_a . =0

g

n n nn
§2‘ Deqe,w)!l&'\*\m 4‘, \?" 1y Fo \?
. U ~
@ Bundle method
@ Elementary transformation



33 P " Gressmanian

®xnfl —_—S L_ }'% (9.:':?2.__)9 E=L®M
& —» M

pair of line bundles rank 2 bundle
i £ D 4 > & Qnr2,2)
\ @"‘, ‘i"" /. First we describe this map.
R R

n _ When n=1, just a pair
‘39 +| > B i \?n ( J P )

of skew lines in I?a.

CJ—’“?—= V\ ® va.. Aim V\ = Qi Vo =t

\?x ﬁ’“ is'a subvariety of G‘ (W‘ C wh) defined by two Schubert

conditions:

= PWO* FOL)

Thus \S’"X )?v\ C_ G (z) 8 “) is defined by a pair of points

[Vl 1, v.l e G (n~L, An-+z)



A
Our ‘? """ is the limit case where ]:VL] becomes an infinitely near

point, that is, a tangent direction at [ V [ ] .

'Fé‘x . Tangent space of Q('n.—r\) sz«-:.> at 'LV ] <
,“'lom L\/) C&M'VV ) . (linear map from sub to quotient)

Anee
A tangent vector % . \j E— C/V is non-degenerate if T

is an isomorphism.

2.“& Deg:,v;,hgh' ? : non-degenerate tangent vector

ey | I U e €
I’)’"’nzgii\neam y| ™V v

< @,V).

2cases \) dum J.V =1
%: U,V =5 I VU

2) UV (-—--) \?"’"DG;U,V)).

The 2nd agrees with the 1st definition in §1.
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§4 TFunaud PMY)W
@ l._l free line bundle

exact sequence o —> L —_ E -2 L —20
with surjective Ho( BE)—= R L) ‘

—> F_. X —> GLRELD
factors through (\?”'“ )Ma' .

@ More generally L : free line bundle

D «  effective divisor with |“‘°(L) —"i; HQ(L(D))'
exact sequence @O —2 \_KD) — 4 E - \_ —> O with

H(E) = H°(L),

ﬁ S b, n
Ef_ = factors through W ‘

§S- DCQ PCZZD SW\—QQL& &\g A.QX\LD- é

S : RDP del Pezzo surface of degree 6

minimal resolution of S is the blow-up of IP at 3 points p ,p. and p,,
. o (] 3
which may be infinitely near.
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Cor O P pz, p3 are not colinear. L

1/ S \ S —-)‘P"x)?
f* --—» P* S=(W‘"“’L)0H|n"‘a.

2h-pepeps

( graph of quadratic Cremona transformation)

Cosr ,(’ B+ Py p3 are colinear. :
qd D e l-&-f.—r:.—r:‘ 2 F

~A exactsequence O —2 (D) @ k- L—=>0

as in §4‘@ S E",LOH‘nH& .

Proposition S > C ror dR -fibration over a curve

with only central monodromy )(contalned in the first factor G, of C,_x q 2

ﬁ :] @ P -bundle ‘such that
|

C

5 ~ @ A }Ql n}Q 5 andevery fiber of 6) /C is either
l])z* l?L _ \.3)1,1‘

) In the talk this monodromy condition was erroneously omitted.



