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An m-dimensional linear representation of a group induces an action on the polyno-
mial ring C|zy, ..., z,] of m variables. This is called a linear action on the polynomial
ring. In 1890, Hilbert[H| showed that the invariant ring was finitely generated for clas-
sical representations of the special linear groups. The following is known as his original
fourteenth problem (see [N2]):

Problem 1 Is the invariant ring C[z1,. .. , 2,]% of a linear action of an algebraic group
G finitely generated?

The answer is affirmative for the additive algebraic group G, (Theorem of Weitzenbock
[Se]). In 1958, Nagata[N1] considered the standard unipotent linear action

Ly = Ty

Yi >y + Gy

Y —_ — )

(t1,... ,tn) €C" ~NClxy, ..., Tn,Y15--- ,Yn) =5, {

of C" on the polynomial ring S of 2n variables and showed that the invariant ring S¢ with
respect to a general linear subspace G C C" of codimension 3 was not finitely generated
for n = 16. Since then the problem has been studied in the following form:

Metaproblem Search a good condition on a linear representation G ~ V for the invariant
ring C[V]% to be (in)finitely generated.

In this article, we shall answer this problem for the Nagata action:

Theorem The invariant ring S¢ of (1) with respect to a general linear subspace G C C"
of codimension r is infinitely generated if and only if

11+1
2 r n-—r

<1 2)

In particular, S¢ is infinitely generated if dimG = s > 3 and if n > s?/(s — 2). So the
answer to Problem 1 is negative for G3. But the following part is still open:

Problem 2 Is the invariant ring Clz1, ... ,2,|% of a linear action of the 2-dimensional
additive group G = G, x G, finitely generated?

*Supported in part by the JSPS Grant-in-Aid for Scientific Research (A) (2) 10304001 and the JSPS
Grant-in-Aid for Exploratory Research 15654006.



For non-linear actions, there is an example of G,-action, due to Roberts [R], whose
invariant ring is infinitely generated.

Our proof of the theorem is based on the fact that the invariant ring S¢ is a certain
Rees algebra (§1). In geometric term, the Rees algebra is isomorphic to the total coordinate
ring, or the Cox ring, 7C(X¢) of the blow-up X of the projective space P™~! at n points
(8§2). More precisely, the projective space is P.(C"/G) and the n points, denoted by
P1,--- ,Dn, are the images of the standard basis of C™. This ring 7C(X¢) is graded by
the Picard group Pic Xg ~ Z™*! and its support is Eff X, the semi-group of effective
classes on X¢. Hence TC(X¢) is not finitely generated if Eff X is not so as semi-group
(Lemma 2).

The simplest case is

=1

G: {(tl, ,tg)

where p(z) is Weierstrass’s p-function of an elliptic curve C = C/(Z+Z7) and ¢4, ... , ¢
are distinct points of C. In this case, X is the blow-up of P? at the nine points (1 : p(c;) :
@ (ci)), 1 <i <9. Assume that the sum Z?:l ¢; € C is zero, for simplicity. Then the
nine points are the intersection of two cubics, X has an elliptic fibration f : Xg — P!
and the nine exceptional curves are sections of f. If the difference ¢; — ¢; ;1 is of infinite
order for some 1 < ¢ < 8, then there are infinitely many exceptional curves of the first
kind (cf. [N3]). So S¢ is not finitely generated. (Cf. Remark 1 at the end of §4.)

The proof of the ‘if” part of the theorem (§4) is similar but we replace the elliptic
fibration by the symmetry of Pic X with respect to the Weyl group of the Dynkin diagram
Ts . n—r with n vertices (§3):

F—0-+ 0 i O+ O—0(—x) (4)

which was introduced in Dolgachev[D]. As is well known the inequality (2) is equivalent
to the infiniteness of the Weyl group of this diagram (Lemma 4). If G C C” is general and
if (2) is satisfied, then there exist infinitely many exceptional divisors on X¢. Therefore,
Eff X and hence T7C(X¢) are not finitely generated (Lemma 3).

The ‘only if’ part is proved case by case. ! There are four infinite series [1]-[4] and
five exceptional cases [5]-[9] for which 1/2 4+ 1/r +1/(n —r) > 1 holds:

L O Y N (O (I I )

Cartan’s symbol BDII DIII | EIII EVII EVI EIX EVIII
r 1 2 3 3 4 3 5
n—r 1 2 3 4 3 5 3
diagram A, A, D, D, | Es E; E;, Eg Ey

'But it is worth to mention that the condition 1/2 + 1/r +1/(n —r) > 1 is equivalent to that X is
isomorphic to a Fano variety in codimension one.



In the cases [1] and [3], the invariant ring is very explicit and the proof is immediate
(Examples 1 and 2 in §1). The case [2] is classical and the invariant ring S¢ is the
homogeneous coordinate ring of the Grassmannian variety G(2,n+ 1). In the case r = 3,
X is a del Pezzo surface and the theorem follows from [BP].

In the remaining cases, we make use of the fact that X is the moduli spaces of
certain vector bundles. Note that G C C™ and the standard basis determine the n points
¢i,...,qn, on the projective space P,G ~ P*7! also, where we put s := dimG. We
reduce the finite generation of 7C(X¢) to a geometry of the n-pointed projective space
(P*~1;qq,... ,q,), which is the Gale transform of (P™1;py,... ,ps) ([DO, I1I], [EP]). Let
1 C Op be the ideal sheaf of the set of n points {qi, -+ ,¢,} C P*7'. Then we

q1;---54n
obtain a family of exact sequences of coherent sheaves of Op-modules

E,:0—O0p(1)®1,. 4 — E.— Op —0 (5)

on P*~! parameterized by z € P,H'(Op(1) ® ;... 4,) = P""'. By the exact sequence

0 — H(Op(1)) — H@DCp) = C" — H(Op(1) @ Iy g) — 0,

i=1

H' (P~ 0Op(1) ® I, 4.) is isomorphic to the vector space C"/G including the assign-
ment of bases. The exact sequence E,, splits outside g; for every 1 < i < n, that is, £,
contains a subsheaf ~ [, on which 7 is nonzero.

In the case s = 2, E, is regarded as a quasi-parabolic rank 2 vector bundle on the
n-pointed projective line (P';q,...,¢,). By the correspondence z +— E,, the moduli
space U(a) of parabolic 2-bundles with a certain weight « is isomorphic to P"~! (5). The
moduli space U(c') is isomorphic to the blow up X¢ for another weight o. We apply the
result of Bauer[B] on the variation of the moduli spaces U(«) to determine the movable
cone of them. Then the finite generation follows from the GIT construction of such moduli
spaces by Mehta-Seshadri[MS] and a result of Zariski.

In the case s > 3, the sheaf E, is not locally free at ¢y, ... , g, but determines uniquely
a vector bundle F, on the blow-up S = Bl ,.P*~'. Especially, In the cases [9] and [7],
the correspondence z — E, ® Os(1) gives rise to an isomorphism

Pt 5 Mg (2, —Ks, ¢ = 2) (6)

of the (r—1)-dimensional projective space to the moduli space of 2-bundles with the above
described invariants on a del Pezzo surface S (of degree 1 and 2) which are stable with re-
spect to a certain ample divisor L. The blow-up X¢ is isomorphic to Mg (2, —Kg, c2 = 2)
for another ample divisor L'. The finite generation essentially follows from the ampleness
of —K S (6)

The first half (§§1-4) of this article, except for Remark 2 in §4, is essentially [M]. The
author is grateful to Professor Akihiko Tsuchiya for his interest and useful comments to
[M] and to Professor Tetsuji Shioda for his characteristic two example in Remark 2. In
the preparation of the latter half the author received a preprint ‘Hilbert’s 14-th problem
and Cox ring’ from Professors Ana-Maria Castravat and Jenia Tevelev, to whom he is
also grateful. A stronger theorem than ours is proved there by a different technique.



1 Invariant ring is Rees algebra

Let G C C" be a linear subspace of codimension r and

i=1 =1 =1

a system of defining equations. Since x1,... ,x, are G-invariant, we obtain the induced
action of GG on the localization

Slart, ... 2 = Clatt, ..., fl,yl,...,yn]:C[miﬁl,...,mfl,ﬂ,...,&].

T Tn

Since (t1,...,t,) € G acts by the translation y;/z; — vy;/z; + t;, the invariant ring
Slzyt, ..., 21 is generated by

n n n

Y (2)Yi (nYi
Zai wi7 Zai xi, ey Zai 7 (8)
i=1 i=1 i=1
over the Laurent polynomial ring C[z}?,... ,z*']. Let
T (z,y), JO(@y), ., JO(xy) € 59 (9)

be the products of (8) and the monomial [}, z;. Let V be the subspace and R the subring
of S¢ generated by them. R is a polynomial ring and V is its degree one part. The invari-
ant ring S¢ contains R[zy, ..., x,] and S[z7!, ..., 2, coincides with R[5, ... z*!].
Obviously we have

S¢ =St 219N S = Rz, ... 2N S. (10)

Let V; be the linear subspace of V' consisting of J(z,y) which do not contain the
monomial y; [[_, ;. Then Vi C V is of codimension < 1. A polynomial J(z,y) € V
is divisible by x; if and only if it belongs to V;. Let I; C R be the ideal generated by
Vi. Define V; C V and I; C R for 2 < i < n similarly. If F(z,y) € R belongs to the
bi-th power I”, then F(z,y) is divisible by 2% and the quotient F(x,y)/z% belongs to
S¢. Hence S contains

S et at C Rlat, Lo (11)

n
b1y bn€Z

as its subring. Here we understand that every negative power I°, b < 0, of an ideal is R.
The following was proved in [N1] in the case of codimension 3.

Proposition The invariant ring S of the action (1) with respect to a subspace G C C"
coincides with the extended multi-Rees algebra (11) of (R: I1,... ,1I,).
Proof. 1t suffices to show the following

claim = f(JV(z,y),...,J"(x,y)) € R is divisible by ¥ if and only if f(JM, ... J0)
belongs to I”.



If agl), . ,aZ(T) are all zero, then JW(z,v),...,J"(x,y) are all divisible by ;. The
claim is obvious, since none is divisible by x? and since V; = V. So assume the contrary.
By reordering (9), we may assume that agl) #0. Put

= J(l)/a(l) 29 = J? — az@zl, e 2y = J — agr)zl.

Then

ST = f@W2,a® 2+ a2 2)
and this belongs to the ideal (2, ... ,2.)% if and only if f(J®,...  J®)) belongs to I’
by the lemma below. When regarded as polynomials of x1,... ,z,,y1,... ,yn, the r — 1

polynomials zs, ... , 2. are divisible by x; and only 2; is not. Therefore, f belongs to
(22, ... ,2)% if and only if f(JD(z,y),...,J") (z,y)) is divisible by z%. O

Lemma 1 Let I be the ideal of C[zy,... ,z.] generated by linear forms vanishing at
(a,a®, ... ") ecCn

Assume that at) # 0. Then a polynomial f(z1, ..., z.) belongs to the b-th power I if and
only if
f(a(l)zh CL(2)21 + B2y e 7a(r)zl + ZT‘)

belongs to the b-th power of the homogeneous ideal (za,. .. , z.).

For small values of r, the invariant ring is very explicit.

Example 1 (r = 1) Assume that G C C" is defined by Y " ¢; = 0 for 1 < m < n. Then
S¢ is generated by x4, ... ,x, and

A1 Ym i
(x1+ +xm>i11x”

Example 2 (r = 2) Assume that G C C" is defined by > " t; = > ", ¢it; = 0. Then
ciJi(x,y) — Jo(x,y) is divisible by x; and the quotient (¢;Ji(z,y) — Jo(z,y))/z; belongs
to S¢ for every 1 < i < n. S is generated by these invariants over Clzy,... ,x,] if
Ci,...,Cy are distinct.

2 Total coordinate ring

For our purpose, it is more convenient to state the proposition in geometric term. Let
P! = Proj R be the (r—1)-dimensional projective space whose homogeneous coordinates

are (9). In the sequel we assume that
(&) r > 3 and any two of n vectors (a!”, o, ... a{”

cla ) € C",1 < i < n, are linearly
independent.

(The study of S¢ for the action (1) is easily reduced to this case.) Then n points

pi = (al(.l) : al(-Q) U azm) ceP! 1<i<n, (12)



are well-defined and distinct. The ideal I; C R is generated by the linear forms vanishing
at p;. Let
7:X=Xg— P!

be the blow-up at these n points. The isomorphism class of X4 does not depend on the
choice of the defining equation (7). The Picard group is a free abelian group of rank n+1.
The pull-back h of the hyperplane class H and the classes e;, 1 < i < n, of the exceptional
divisors form a basis, which is called the standard basis of Pic X (with respect to m). The
direct sum of the spaces of global sections of all line bundles (up to isomorphism)

P HUX,Ox(ah—bies = —buen)) =~ @ HX, L) (13)

aby,e. bn€Z LEPic X

is a graded ring, which is called the total coordinate ring of X and denoted by 7C(X).
In our case, 7C(X¢) is the Rees algebra (11), or more precisely, it is the Z"-graded ring
(11) plus the extra grading of the polynomial ring R. By the proposition, we have

Corollary Under the condition of (), the invariant ring S¢ of the action (1) with respect
to G C C" is the total coordinate ring TC(Xq) of the blow-up Xg.

Let A = @,., Ax be an integral domain graded by a free abelian group A. The subset
{A| Ay # 0} of A is a semi-group. This is called the support of A and denoted by Supp A.

Lemma 2 [If Supp A is not finitely generated as semi-group, neither is A as a ring over

Ap.

Proof. Assume that A is finitely generated. Then finite nonzero homogeneous elements
a; € Ay,, 1 <i < N, generate A and \y,... ,\y generate Supp A. [

For example, the support of 7C(X) as Z"-graded ring is the semi-group
Eff X := {L € Pic X | H°(X, L) # 0},

of linear equivalence classes of effective divisors on X. If Eff X is not finitely generated
as semi-group, neither is 7C(X). The following is basic for our analysis of Eff X.

Lemma 3 Let m: X — Y be the blowing up of a projective variety Y at a point. Then
the linear equivalence class of the exceptional divisor E of © belongs to any system of
generators of the effective semi-group Eff X .

Proof. Assume that FE is linearly equivalent to the sum Dy + D5 of two effective divisors.
Let H be the pull-back of an ample divisor on Y. Then the intersection number (E.H™™1),
m = dim X, is zero. Hence so are (D;.H™ ') and (Do.H™™'). Therefore, both Supp D
and Supp D, are contained in E and either Dy or D, is zero. [J

If X and X’ are isomorphic in codimension one, then the Picard groups are the same
and Eff X = Eff X’. So we call D C X a (—1)-divisor if there is a birational map
f:X---— X’and a morphism 7 : X’ — Y such that f is an isomorphism in codimension
one, 7 is the blowing up of a projective variety ¥ at a smooth point and D is the strict
transform of the exceptional divisor of 7. By the lemma, the class of a (—1)-divisor is
contained in any system of generators of Eff X. Hence Eff X is not finitely generated if
X has infinitely many classes of (—1)-divisors.

6



3 Root systems and elliptic curves

Let A be the lattice of rank n 4+ 1 with orthogonal basis h,eq,... ,e,. In view of the
standard Cremona transformation (see the next section especially the formula (18)), we
set (h?) =r —2and (ef) = —1for 1 <i<n. For A\ =ah —3Y " be; € A, we denote
its coefficient a in h by deg\. We put k = rh — 3 (r —2) >_" | e;, which corresponds to
the anti-canonial class of the blow-up of P"~! at points. The orthogonal complement of
k together with its basis

T
€1 — €y, €y —€3, ..., €n_1—e, and h—g e; (14)
i=1

becomes a root system. The Dynkin Diagram is (4), that is, 15, ,_, with three-legs of
length 2,7 and n—r. For asubset I C [n] := {1,2,... ,n} of cardinality r, a; = h—)_, ., ¢;
is a root. The reflection R; with respect to a; is as follows:

h = h+t(r—=2)a; = —1)h—(r—2)> 6
e — e +a; fori el (15)
ej € for j &1

Let W be the Weyl group of (14). By definition, W leaves x invariant, that is,
rw(h) — (r—2) > w(e;) = & for every w € W. In particular, we have

rdegw(h) — (T—Z)Zdegw(ei) =r. (16)

Lemma 4 If the inequality (2) holds, then the W-orbit of e, is infinite.

Proof. The assumption implies » > 3. Let w be an element of the Weyl group. There
exists a subset I C [n] of cardinality r such that

r n
)< — ).
E degw(e;) < - ;Zl degw(e;)

el
By (16) we have

2

degw(ay) = degw(h) — Zdeg w(e;) > degw(h) — - (degw(h) — 1),

il (r—2)
which is positive by (2). Therefore, deg w(R(h)) — degw(h) = (r — 2)degw(ay) is also
positive. It follows that the degree is increased by a suitable reflection R;. Hence, the
orbit W - h is infinite. So is W - e, by the equality (16). OJ

The Weyl group of T}, ,, is infinite if and only if 1/p+1/¢ + 1/r < 1 ([K] Chap. 4).
The lemma also follows from this.



Let C be an elliptic curve and A the (n + 1)-dimensional variety Pic” C' x C™. This
is canonically isomorphic to Pic” C' x (Pic'! C)™. So the factor permutation of C™ and the
automorphism

(D;cyy...ycn) = (D ey, ... ),
D = (r—=1)D—(r—2)%_,¢
& = D—-c¢—-—¢—--—¢ for1<i<r
c;. = ¢ forr+1<j<n
define the action of the Weyl group W on the variety A¢. For a real root o = ah —

Yoy bie; € A ([K] Chap. 5), the reflection R, interchanges
fo iAo — PicC, (D;cy,...,cn) — aD — sz‘Cz‘.
i=1

with —f,. We denote the fiber f,1(0) by D(«).

Example 3 D(e; — ¢;), i # j, is the diagonal {¢; = ¢;}. D(h — Y., €;) consists of
(D;cy,. .. ,cy) such that >0 ¢; € |D|.

The Weyl group W acts on the complement of all these fibers:

Ao — U D(a). (17)

a€eATe

4 Standard Cremona transformation

The map

P P (g ZQTQI"'ZQTT)F—)(iIiI"'Ii), r >3,
Ty X2 Ly

is a birational transformation of the projective space P"~!. It contracts the r coordinate
hyperplanes to the r coordinate points and its square is the identity. A birational map
which is projectively equivalent to U is called a standard Cremona transformation. Let
P={py,...,p.} and Q = {qu,... ,q-} be a pair of sets of r points of P"~!. If both P
and ) span P!, then there exists the unique standard Cremona transformation which
contracts the hyperplane H; passing through the r — 1 points pi,... ,p;, ... ,p. to the
point ¢; for every 1 <17 <r. We denote this by ¥pg. P and @ are called its center and
cocenter, respectively. Up is the rational map associated with |(r—1)H —(r—2) > ", pil,
the linear system of hypersurfaces of degree (r — 1) passing through P with multiplicity
> r —2. (The sum of r — 1 of Hy,...,H, form a basis of the linear system.) The
indeterminacy locus of ¥p is the union Ip := Ui<;<;<,H; N H; of the intersection of all
pairs of the hyperplanes H;’s.

Let Xp and X be the blow-up of P"~! with center P and @Q, respectively. Wpg
induces the birational map ¥pq from Xp to Xq. The diagram

Ypo
Xp - —  Xo
! !
PT—l ...... — P’I’—l
\IJP’Q



is commutative and ¥ p,o induces an isomorphism between the complement of the strict
transform of Ip and that of I. Hence U pq is an isomorphism in codimension one. (More
precisely, U pq: Xp--- — Xg is the composite of certain flops.) In particular it induces
an isomorphism Pic Xp —— Pic X between the Picard groups and that between the
semi-groups of effective classes. Let {h,eq,...e.} be the standard basis of Pic Xp. Then
the standard basis of Pic X consists of

(r—l)h—(r—Z)Zei, and h—e —- - —¢€—---—p,, 1<i<r (18)

=1

Proof of ‘if 'part of Theorem. Let C be an elliptic curve and take an (n + 1)-tuple
(D;cy,...,c,) from the W-invariant open subset (17) of A¢. The complete linear system
|D| embeds C' into the (r — 1)-dimensional projective space Pp := P*H°(C, Oc(D)). Let
p1,--- ,Pn € Pp be the image of ¢y, ..., ¢, by the embedding ®p. Since (D;cq,... ,¢,)
does not belong to the divisor D(e; — e;) C A¢ for any 1 < i < j < n, the n points

P1,- -, Py are distinct. Moreover, since it does not belongs to D(«y) for any I C [n] with
|I| = r, any r of p,...,p, spans the projective space Pp (Example 3). Hence we can
perform the standard Cremona transformation of Pp with any r of p1,... ,p, as center.

Put (D';¢),...,d,) = Ri(D;ci,...,c,) and p, = ®pi(c;) for 1 < i < n. Then we have

r n
the commutative diagram:

C = (C
¢p | I Op
P, - -— Pp
vy

where Uy is the standard Cremona transformation whose center is {p; |i € I} and cocenter
is {p|i € I'}. Any point of C other than {p; |7 € I} does not lie in the indeterminacy locus
of ;. Let m : X — Pp be the blowing up at the n points p;,... ,p, and 7’ : X — Pp

at pl,...,p,. Then ¥; induces U, between X and X’ and we have the commutative
diagram:

C = C

| . |

! 2 |

X — X’

Tl 1
P, - —  Pp
12
By our choice of (D;cy,... ,¢,), the images p),... ,p) of ¢1,... ¢, are distinct and

any subset of cardinality r spans Pp,. Hence we can perform the standard Cremona
transformation with any r of pj,... ,p, as center. We can continue this as many times as

we like. Hence we have the following by (15) and (18):

Lemma 5 If an (n+1)-tuple (D;cq,... ,c,) belongs to the open subset (17) of Ac and if
« is in the orbit W - e, then there ezists a (—1)-divisor D whose linear equivalence class
8 o



It is obvious that the same holds for the blow-up X at fy, . .. , pn if the n-tuple (j1, . .. ,Dn) €
P71 x ... x P! belongs to a neighborhood of (pi,...,p,) in the classical topology.
Hence, by virtue of Lemma 4, X contains infinitely many classes of (—1)-divisors if (2)
holds. Therefore, S¢ for a general G C C” is not finitely generated by Corollary and two
lemmas in §2. [

Remark 1 Following [N1], Steinberg [St] and independently the author [M2] consider
the diagonal subring

S +Z Ib m]b [x:izl]7 x:ﬁxi7
1=1

b>0

of (11), which is isomorphic to
P H(Xe, Ox(ah —bler + -+ +e))), (19)

a,beZ

in the case where n = 9 and G C C? is of codimension 3. They show that this is not
finitely generated if 3D — ZZ L ¢ € C is of infinite order. The infinite generatlon of S¢
follows from this easily. Note that S7T°¢ becomes finitely generated if 3D — Zl LG s
torsion but still S¢ is not finitely generated if the differences ¢; — ¢; are general. Note
also that k = 3h — ZZ , €i € A corresponding to 3D — Zl | Ci s an imaginary root of the
affine root system st of type Th 3.

Remark 2 Let X — P! is an elliptic fibration (with a section) and assume that the
Mordell-Weil lattice is isomorphic to Eg. Then there exists a set of nine mutually disjoint
sections and the total space X becomes P? by blowing down these nine sections. By
Shioda [Sh], there exists such an elliptic fibration over a finite field in every positive
characteristic p . (In the case p =2, y? +y = 23 +¢>, t € P!, is such an elliptic fibration.)
Hence the original fourteenth problem has a counterexample over a finite field in every
positive characteristic.

5 Moduli of parabolic 2-bundles on P!

Let C be a complete algebraic curve. A pair (E' C E) of an (algebraic) vector bundle
E of rank 2 on C and its subsheaf E’ of rank 2 is called a quasi-parabolic 2-bundle. The
inclusion det E' C det E' determines an effective divisor on C', which we denote by A. £’
coincides with E outside the support of D. Let ¢q,... ,q, be a set of distinct n points on
C. (E' C E) with A =¢; +---+ g, is called a quasi-parabolic 2-bundle on the n-pointed
curve (C;qq, ... ,qn). A pair (E' C E;a) of a quasi-parabolic 2-bundle and an n-tuple
a = (aq,...,a,) of real numbers in the closed interval [0, 1] is called a parabolic 2-bundle.

Definition 1 A parabolic 2-bundle (E' C E;a) is semi-stable if

—_

deg L — Z aglength, L/(LNE') < §(deg E— Z a;)
i=1 =

holds for every line subbundle L C E. It is stable if the strict inequality holds for every
line subbundle L C F.

10



We only need the case C = P!. Let ¢1,...,q, € P! and py,... ,p, € P" 3 be as in
the introduction. We denote by U(«) the moduli space of semi-stable parabolic 2-bundles
(E' C E;a) on the n-pointed projective line (P! : q1,... ,q,) with det E ~ Op(1). Since
the 2-bundle E, in (5) is a subsheaf of the direct sum Op(1) @ Op, we obtain a quasi-
parabolic 2-bundle (E, C Op(1) ® Op) for each z € P"3. First we consider the case
where the weight « is diagonal, that is, o« = (a, ... ,a), for a € [0, 1]. By [B], we have the
following:

Proposition 1 (1) If1/n <a < 1/(n —2), then (E, C Op(1) ® Op) is stable for every
x € P73 and the classification morphism

P.H' (Op(1) @1, . 4) =P —Ua,...,a), x~ (E,COp(l)®Op)

is an isomorphism. (The moduli space is empty if 0 < a < 1/n and consists of one point
ifa=1/n.)

(2) U(a, ... ,a) is isomorphic to the blow-up Xg = Bly, ., P" 2 ifn>5 and 1/(n—
2) <a<l1l/(n—4).

In order to describe the moduli space U () for a general weight a, we need the family

of hyperplanes
H],k . ZO&j +Z(1 - Oéz') =k
IT7, iel

in the hypercube [0, 1], where I is a subset of {1, ... ,n} and k is an integer with |I| = k+
1mod 2. A connected component of the complement of the union of all these hyperplanes is
called a chamber. The hyperplane H;pj, coincides with Hye ,,_j, where 1€ is the complement
of I. Hence we assume k& < n/2 in the sequel. We recall some results of [B, §2] for our
proof.

Proposition 2 (1) Let C be a chamber. Then the moduli space U(3) with B € C is smooth
of dimension n— 3. Moreover, their isomorphism classes do not depend on 3. We denote
the wsomorphism class by Ue.

(2) For each o € C, there exists a (contraction) morphism fe. : Ue — U(ar).

(3) Let C and C' be two adjacent chambers separated by the hyperplane Hyy Assume
that 3 qp o+ (1 — ;) — k mon-positive on C and non-negative on C'. Then the two
moduli spaces Uz and Uer are related in the following way.

i) If k =2, then Uer is the blow-up of Ue at a point.

i) If 3 < k(< n/2), then Uer is a flop of Ue. Let ayg be a general point of CNC'. The
morphism fea, : Ue — U(ag) contracts a subvariety isomorphic to P*=2 to a singular
point and fer o, contracts a subvariety ~ P" %72 to the same point. Both fc., and fera,
are isomorphisms outside the subvarieties.

We also need the behavior of U(«) in the neighborhood of the facets of [0, 1], which
is described by the neglect of the parabolic structure at a (parabolic) point. Let (E' C F)
be a parabolic 2-bundle on (P! : ¢y,... ,q,) and E; the subsheaf of E which is E’ outside
¢; and F itself in the neighborhood of ¢;. Then (E; C E) is a parabolic 2-bundle on the
(n — 1)-pointed projective line (P! : qy,... G, ... ,q,). Similarly, let E* be the subsheaf
of E which is F outside ¢; and E’ in the neighborhood of ¢;. Then (E' C E?) is also a
parabolic 2-bundle.
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Proposition 3 Let C be a chamber with o; = 0 as its supporting hyperplane. Then the
neglect (E' C E) — (E; C E) defines a morphism Uo — U’ onto a moduli spaces
of parabolic 2-bundles on (P! : qi,... ,Giy... ,qn). A general fiber is isomorphic to P?.
Similarly if C has o; = 1 as its supporting hyperplane, then (E' C E) — (E' C EY)
defines a morphism Us — U" whose general fiber is also P!.

This is a moduli theoretic interpretation of the following birational geometry in the
case s = 2:

Example 4 The projection P"'... — P72 with center p, induces a rational map
X¢ = BI,P™'... — Bl, 1P"2 to the blow-up of P"~2 at the image of (n — 1) points
Py .- s Pn_1. Thisimage is the Gale transform of ¢, ... , ¢,—1 € P*~!. The indeterminacy

of this rational map is resolved by the flop with center the strict transforms of the n — 1
lines joining p,, and p;, 1 < i < n — 1. The resulting morphism is a P!-bundle.

Let II be the polytope in [0, 1]* defined by the system of 2"~! inequalities > P
> icr(l —a;) > 2 for the subsets I C {1,... ,n} with |I| odd. Let II be its interior. By
virtue of (3) of Proposition 2, U(3)’s with § € II are isomorphic to each other in codi-
mension one. So they have the common Picard group and the common total coordinate
ring.

The polytope I is empty if n = 3 and consists of one point (1/2,---,1/2) if n = 4.
So we assume n > 5. The diagonal weight (a,...,a) with 1/(n —2) <a < 1/(n —4) is
contained in II. Hence, by Proposition 1, U(3) is isomorphic to X in codimension one
for every interior point 3 of II.

For our proof we need a fact from the construction in [MS] also. The moduli space
Ucc:qr,.. g0 (@) s a GIT quotient of the product of a suitable Quot scheme and Grassman-
nians by suitable linearization. Since U(«) is the projective spectrum Proj R of a graded
ring R, it carries a natural ample (Cartier) divisor, which we regard as a divisor on X
by Proposition 2 and denote by D,. The choice of linearization in [MS] is linear with
respect to the weight «. Hence we have

Lemma 6 If weights o, o/, a” € II are colinear, then the divisors Dy, Dy, Do € Pic Xg
are linearly dependent.

Proof of ‘only if 'part of Theorem. Let II be the cone generated by D, with o € II in
Pic X¢ ® R. For a chamber C, we denote the subcone generated by D, with a € C by
C. Then D, is semi-ample on the moduli space Us by (2) of Proposition 2. Since C
is finitely generated, so is C' N Pic X¢ by Lemma 6. Therefore, by a lemma of Zariski
([HK, Lemma 2.8)), the C-part D Lecrpic x, H°(L) of the total coordinate ring 7C(X¢)

is finitely generated (over C). Since II is the union of finitely many C, the [-part of
TC(X¢) is also finitely generated.

The supporting hyperplanes of the polytope IT are H;yo’s and a; = 0,1 for 1 <i < n.
Let C' C II be a chamber with Hj 5 as its supporting hyperplane. Let 37 be a general point
of the intersection C'N Hjo. Then Uc — U(Br) is a one-point blow-up by Proposition 2.
Let ey be the exceptional divisor and Z; the line in it. Then (D,.Z ) is positive for every
a € C and zero for « € C'N Hyy by (3) of Proposition 2. Therefore, by Lemma 6,
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the intersection number (D.Z;) is non-negative for every D € 11 and (D.Z 1) =01is a
supporting hyperplane of II.

Let C C II be as in Proposition 3 and let F; be a general fiber of the morphism
Uc — U'. The intersection number (D,.F') is positive for every o« € C and zero for
a € Cn{a; = 0}. Therefore, by Lemma 6, the intersection number (D.F}) is non-
negative for every D € II and (D4.F;) = 0 is a supporting hyperplane of I1.

Now let D be a divisor of X¢g. If @ = (aq,... , ) € R™ does not belong to I, then
either > .ra; + > ;c;(1 — ;) < 2 holds for a subset I of {1,... ,n} or a; <0 or a; > 1
holds for 1 < 4 < n. By Lemma 6, if D does not belong to II, then either (D.Z;) < 0
holds for some I or (D.F;) < 0 or (D.F!) < 0 holds for 1 <1i < n, where F/ is a general
fiber of the morphism Uy — U"” in Proposition 3. Assume that D is effective. Then the
latter is impossible. Hence an effective divisor D ¢ IT contains the exceptional divisor
er as irreducible component for some I. Therefore, TC(Xs) is generated as ring by its
II-part and the canonical global sections 1 € H%(Ox (e;)) of the 2"~ exceptional divisors
er’s.

6 Moduli of certain 2-bundles on a del Pezzo surface

Let p1,...,pp € P and q1,... ,q, € P*7%, r 4+ s = n, be as in the introduction. They
are the Gale transform of each other. Let X = X and S = Sg be their blow-ups. We
need a certain linear isomorphism between Pic X ® Q and Pic S ® Q for our proof.

Generally the correspondence e; —€;41 — €11 — €, for 1 <i<nand h—3 e —
h—Zi e; gives an isomorphism from the Dynkyn diagram 75 ,.,,_, of X to Ty 5 ,,—s of S, and
hence an isometry ¢y between two lattices (—Kx)* C Pic X and (—Kg)* C PicS with
respect to the inner product defined in §3. We identify the two Weyl groups W (755 ,,—s)
and W(Ty,,,—) by this correspondence. The following is easily verified:

Proposition 4 Let ¥ be the standard Cremona transformation of P*~1 with center the
s points qu, ... ,qs and W' that of P! with center the v points pei1,... ,pn. Then

qi,---, (s, qI(QSJrl)a s 7‘1’(%) € Ps*l

and
\Ij,(pl)a s qul(ps)aps—i-b .. yPn € PT_I

are the Gale transform of each other.

Now we assume that s = 3 and extend the isometry ¢g to a linear isomorphism
¢ : Pic X ® Q — Pic S ® Q by setting p(Kx) = 2Kg. The following is easily calculated:

ple;) =h—e;, @h)=(n—-2)h—e (20)

Remark 3 Though ¢ is not an isometry, (¢(D)?) = (D?) — (Ks.D)?/4 holds for every
D € Pic§S.
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The main tool of our proof is vector bundle as in previous section. More precisely we
consider torsion free sheaves F on S with

r(E)=2,¢1(F) = —Kg and c(F)=2. (21)

For an ample divisor L on S, we denote by Mg the moduli space of such torsion free
sheaves E which are semi-stable with respect to L in the sense of Gieseker [G]. It contains
the moduli space Mg, of stable bundles as an open set. Mg is smooth of dimension
n — 4 by the general theory. We study the variation of Mg as L moves. See [EG], [FQ]
and [MW] for the general theory.

We further assume that n = (6,)7,8. Then S is a del Pezzo surface, that is, a surface
with ample —Kg. The degree (K?2) is equal to 9 — n.

Lemma 7 Every member of E € Mg, has a nonzero global section.

Proof. By the Riemann-Roch formula, we have x(E) = 9 —n > 1. Since H*(E) =~
Hom (F, O5(Ks))Y = 0, we have H°(E) # 0. O

Let [ be a line, i.e., a smooth rational curve [ C S with (I. — Kg) = 1. When L crosses
crosses the hyperplane H;; : (21 + Kg.L) = 0 from the positive side to the negative, the
non-trivial extensions

0— Og(—Kg—1) — E — Og(l) — 0,
which are parameterized by P"~%, are replaced by the opposite non-trivial extensions
0— Os<l) — E/ — OS(_KS — l) I O,

which are parameterized by P!, in the moduli spaces. We denote this P! by Z;. In the
case n = 8, —Kg belongs to the positive side and the moduli space is flipped when L
crosses the hyperplane H; ;.

Similarly, let C' be a conic, i.e., a smooth rational curve C' with (C. — Kg) = 2. When
L crosses the hyperplane Hey @ (2C + Kg.L) = 0 from the positive side, the family of
non-trivial extensions F of Og(C) by Og(—Kg — C') parameterized by P"° is replaced
by the unique non-trivial opposite extension F¢. In fact, the moduli space is blow down
to the point [E¢]. We denote the exceptional divisor ~ P"~® parameterizing E’s in the
moduli space by ec.

Let IT C Pic S®R be the cone of ample divisor classes L on S such that (L.2C+ Kg) >
0 for every conic C' C S.

Lemma 8 If E € Mg, is strictly u-semi-stable with respect to an ample divisor L € 11,
then we have either (2l + Kg.L) = 0 for a line l or (2C' + Kg.L) =0 for a conic C.

Proof. FE is an extension of a line bundle by another line bundle of the same degree
outside a finite set of points. By Lemma 7, one of these two line bundles has a nonzero
global section and is isomorphic to Og(D) for an effective divisor D. By the strict p-semi-
stability, we have (2D+ Kg.L) = 0. Assume that h%(Og(D)) = 1. Then D is supported by
a disjoint union of lines Iy, ... ,l,. Since 2 = (l;. — Ks—1;) < (D.— Ks—D) < co(F) = 2,
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we have D = [;. Assume that h°(Og(D)) > 2. Then either |D+ Kg| # 0 or |D—C| # () for
a conic C. But the former contradicts to (2D + Kg.L) = 0. The latter implies D — C = 0
since L € II. O

Let C be a chamber of II, that is, a connected component of the complement of
U, tine Hi1 in II. For every L € C, every member E € Mg is stable. Hence all Mg, (=
M& L), L € C, are isomorphic to each other. We denote this isomorphism class by Mgc.
In particular, Mg ’s, L € II, are isomorphic to each other in codimension one.

We relate Mg; with the blow-up Xs. By the Riemann-Roch formula, we have
x(Hom (E,Og(h))) = 1. Since H?(S,Hom (E,Os(h))) ~ Hom (Os(h), E(Ks))" = 0,
we have dim Hom (E,Og(h)) > 1 for every semi-stable bundle E € Mgy. In partic-
ular, if (L. — Kg)/2 > (L.h), then the moduli space Mgy is empty. For example,
this applies if L = ah — Kg and if a > n — 3. In the range n — 5 < a < n — 3,
a nonzero homomorphism f : E — Og(h) is surjective and unique up to constant
multiplication. Hence Mg is isomorphic to the (n — 4)-dimensional projective space
P.Ext'(Os(h), Os(2h —e)) ~ P, H (P2, 1,, . ,.(1)), where we put e = > " ¢;. This iden-
tification is nothing but (6) in the introduction.

Among these extensions E of Og(h) by Og(2h—e), there is a unique E; which contains
Os(h — ¢;) as its subsheaf for each 1 < i < n. Ej is nothing but E, ® Og(h) in the
introduction. Hence Mg, is the blow-up Xg of the P"* at the n points py,... ,p,
between a = n — 5 and the next critical value (= n — 7). Since ah — Kg belongs to II
forn —7 < a <n—>5, Mgc is isomorphic to X¢ in codimension one for every chamber
C C II. When a = n — 7, we have (2 + Kg.ah — Kg) = 0 for every | = h —e; — ¢j,
1 <i<j<n. Infact, at @ = n — 7 the moduli space Mg ,,_k, is flopped with center
the strict transforms of lines joining p; and p;.

A line [ yields another 1-cycle other than Z;. Let w : S — S’ be the blow-down
of | C S to a point ¢ on a smooth surface S’ and assume that an ample divisor L is
sufficiently near to the pull-back of an ample divisor L' on S’. The direct image 7, F of
a member F of Mg, is not locally free at ¢ € S”. But its double dual belongs to Mg 1/
and we get a morphism

M&L — MS’,L’; FE— (W*E)vv. (22)

This morphism is a P!-bundle ove the open set Mg 1, and interprets Example 4 moduli
theoretically in the case s = 3. We denote by F; a general fiber of this morphism.
The following is a substitute for Lemma 6 in the cases [7] and [9].

Lemma 9 Let [ be a line. Then
2(Z;.D) = — (2l + Ks.o(D)) and (F;.D) = (l.p(D))
hold for every divisor D on X.

Proof. We prove the case n = 8. Other cases are similar and easier. The isomorphism ¢ is
W (Eg)-equivariant and the Weyl group W (Eg) acts transitively on the set of 240 classes of
all lines. Hence, by Proposition 4, it suffices to verify the assertion for one line [. For the
first formula, we take h—e; —eq as . As we saw above, Z; is the strict transform of the line
passing through p; and ps. Hence we have (Z;.e;) = (Zj.ea) =1, (Z1.¢;) =0 for 3 <i <8
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and (Z;.— Kx) = —1. On the other hand we have (I.h—e;) = (l.Lh—e3) =0, (l.Lh—e¢;) =1
for 3 <i < 8and (I. —2Kg) = 1. Hence, we have the equality (Z;.D) = —(5Ks+1.¢(D))
for D = ey,...,es,—Kx by (20). Since eq,...,es and —Ky generate Pic X ® Q, the
equality holds for every D.

For the second formula, we take eg as [. By Example 4, F; is the strict transform of a
general line passing through ps. Hence we have (Fj.e;) =0 for 1 <i <7, (Fj.es) = 1 and
(F).— Kx) = 2. These intersection numbers on X are equal to (eg.h —e;) and (eg. —2K),
respectively. [J

By the lemma, the hyperplanes H;; and H; are mapped to those in Pic X ® R defined
by the 1-cycles Z; and F; by ¢! respectively. A similar computation shows that Hc is
mapped to the hyperplane defined by Zo for every conic C.

Proof of ‘only if 'part of Theorem. We prove the theorem by the induction on n = (6,)7
and 8. First we show the finite generation of 7C(Xg) over ¢ 'II C Pic X @ R. This is
equivalent to the following:

Claim. The ¢~ 'C-part of TC(X) is finitely generated for every chamber C in II.

Every facet II corresponds to either the blow-down of ec ~ P"° or a generic P!-
bundle over MS/’ 1, where S’ is the blow-down of a line from S. The blow-down of ec is
isomorphic in codimension one to Bl,_1P" *. Hence, by induction and by the result of
§1, p~tF-part of TC(X¢) is finitely generated for every facet F of Il. Let Ry,... , R, be
the edges of C contained in II. We choose an ample divisor L; on S from each R;. By the
GIT construction, Mg, carries a natural ample (Cartier) divisor, which we denote by
D;. Then D; is semi-ample on ngc. By the first formula of Lemma 9, D; belongs to the
ray ¢ 'R;. Therefore, by a lemma of Zariski ([HK, Lemma 2.8]), ¢~ 'C-part of 7C(X¢)
is finitely generated. Thus the claim is proved.

The cone ¢~ I is defined by two kinds of supporting hyperplanes, ¢~*He ;s of divi-
sorial (contraction) type and ¢~ 'Hjg's of fiber type. By the same argument as the case
[4] in 5, TC(X¢) is generated by its ¢ 'II-part and @ . e H(Ox(ec)). O
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