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, 132�4 *6587:9<;:=?>A@CBED�FHGI* , JHKHL�MONEP8Q B?R�SUT6VW8XZY QH[A\H]�^ B�_8;�`�a0B .

J0K�L�M *b7�9+cZd�GI*6e P / , fhgCi ;�j Siu [27] k `?lmB0_n;po3`IqHB?o ,5H7?9�G0*Ee P / Corlette [3]
XEr k B . s / , J�K3L?MhNEPHQ�[ Sp(n, 1) (n ≥ 2),

F−20
4

*utHvUoZ5n7b9 N j Y _n; NxwUy-z { . Gromov-Schoen [8]
/

, Euclid
.-|

}�~O����� Gn*:��� }+� V���� L:M *u���<; Lipschitz �b� 9 Np�I��z ,
_ @ N6P

Q3[ Corlette
*A�3� N ,

t�vI*A��Dn*6�OqE�no:���H�
1 � *Z��� 4 `�aHB �3��G�;��� z�{ .

_ @��p*A�H  X�¡ qE¢Cq
, Mok-Siu-Yeung [25], Jost-Yau [15]

/
, £ � 2¤ � *�¥�¦�§©¨!V 4 *?tHv X6ª ^ B Margulis

5n7b9
[23]

* J0K0LbMCN6PnQ0{?«
wny�Nu¬U?{ ( {�®mz ,

t�v¯; z [ /U°3° �p±O²<³ g jA* N�´hµb[�Q B ).
¤ � *6¶· XZ¸ Q�[ / , wny X P0Q B J�K3L:M /A¹%° ��±º²<³¼» ª�½�¾8¿ ; Q<À ¨ÁV�Â �xÃÄ0�IÅm�p* LbM `na µb{ . Æ�Ç ,

���H� � *:��� 4 *ut�v X6ª ^ B Margulis
5I7

9 N , È ÄU*�É�Ê X = µ�[?wIyCz = À ; ^ Bn; , Euclid
.%| }H~h����� ; QËÀ ¦��Ì �8Å-��* JHKHLbM (

;:=EÍ�Îhq�jA*
) N6Ïº B�Ð0Ñ0o�a0B .(�)I*6Ò�ÓU/ ¤�Ô *º; ¸ÖÕ `0a3B

. × 2 Ø XZ¸ Q�[ ,
507?9I*AÙ »�Ú `HaHB

Mar-

gulis
587?9<;

, Û * wIy Gn*:Ü�Ý0Þ�.0R�SUT6V W8XZY QH[:ß ÎOB . × 3 Ø ` , à *
Ø ` P�Q �!@CB6É�ÊI*Zá » `na0B Bochner â ²:ãOäu² XZY Q0[:ß ÎOB . × 4 Ø `/

, å�æ ¾n¿ o ª3½H¾I¿ *Z��� X ,
ÜbÝ�Þ0.?587�9 åbçON6wIymz , Margulis

587:9
* Æ�è�é o:ênÅ�@CB0_I; Nuë B .

_?* Ø / Mok-Siu-Yeung
* 'Hì [25]

XAí�î i .

× 5 Ø `�/ , Wang [28, 29]
¸ =pï:ðUñpò0ó�ô

( õ0ö�÷ )
;Áøbù

[9, 10, 11]
X =bB

, å
æ ¾n¿ ob¦�� Ì �I*A�3�U*x¶n· XZY QH[AúH]H^ B .

2. Margulis
587:90GI*:Ü�Ý0ÞH.0R3SUTxV W

kuû , Margulis
587�9U*?ü3� Ú Nuë0[ ¸ _ À .

ý
1. p, r NAþ �Oa�B Q / ∞, n, N N+ÿ�� � (n ≥ 3)

; z ,

G = PGL(n,Qp), H = PGL(N,Qr)

1 ������� , 	�
����������������������! ������#"�$&%('�") +*(, .
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; ¸ i .
_3_6`

Qp =

{
R (p = ∞

*C;Aq
)

p
� �

(p
o þ �+*C;Zq )

`�a�B
. Γ N G

*6t�v
2
; z , ρ : Γ → H N��0È » ` , M ρ(Γ)

o
H
XA¸ Q�[ Zariski��� g jZ*C; ^ B .

_Z*C;Aq��n* Q�û @nÅ3oZÓ ��^ B :

(i) p = r
`

, ρ
/

G
Åm�

H
* � Gn*���¢ g	�IÈ » X �8� ^ B .

(ii) p 6= r
`

, ρ(Γ)
/

H
XZ¸ QH[ ( 
����� }������ X ñ z [ )

� ª ° �p±O²
³ `�a�B

.

_Z* Ú N j8; X z�[ ,
587:9h* wIy *	���hq XZY QH[?ß Î [ ¸ _ À . K N G

*
� ÷ ° �p±O²Ë³ 4 3

; z , X = G/K
; ¸ i . X

/
, p = ∞

*C;Aqx¹m° �p±O²Ë³ »
ª�½�¾n¿ `8a Õ

, p
o þ �º*C;Aq�/ Euclid

.m| }H~O�3�3� ;:=:>Z@%B6¦3� Ì ��;
g B ( × 5 ØCN������ = ). È Ä X L N H

* � ÷ ° �E±C²Ë³ 4 ; z , Y = H/L
;

¸ i .
_u*m;Zq

, Y
*��� �9 X = Õ

, ρ È	!�LbM f : X → Y
o:�3� ^ B:o ,

j z
f
o å#"nL�M X ;!@mB g � , ρ(Γ)

/
f
* M `8a�B Y

*�$ N�%bå�^ B�_n; X g B ._ @h/
ρ(Γ)

o
L
X'&�( g*)�+34 ( , / Õ H

* � ÷ ° �x±C²Ë³ )-+34 )
X/. k @B�_I; N�021-z , � ß * Ú * (ii)

ouÓ ��^ B43�5 X g B . ÆbÇ ,
Ú *

(i)
*'365U/

,

p = ∞
*C;6q

, f
o'7-8�90. L�M X ;�@CB���� X6ª e z , p

o þ �h*C;6q X j;:6<*I_8;po QU BI;>=@?BA�@CB .

ρ È#!HL�M ; z�[uJ�KHL�M (
��� }O� Vb�H� LbM ) N ;:BH_n;�o�`nqx@h> ,

_?*
L:M o å#"�L�M (

��� }h� V#Ch* L�M )
a0B Q /*768-90. L:MONu¬U BH_8; o'=6?`8q�B

. D�E , × 4 Ø Xu¸ Q0[�ë BH= À X ,
¨!V3Â �6Ã Ä��nÅm�E* J0KHL�MONxPnQ

{ 587�9+* wIy / ,
_u*U= À�g R#F ~ R X6íHî Q0[Hg A�@CB .

3. Bochner â ²?ãCä?²
_p* Ø `�/ ,

¨ V:Â � Ã Ä3��*�°/G�HUT�IxV 4 *�J*K N�L�^ * XNM#O g É'P0`�a�B
Bochner â ²ZãUäE² ;u=A>A@ºB�Q�Ê X6Y Q3[*R ¦ X \�]Öz [ ¸ i . (M, g) N ° �
±²Ö³ g ¨�VbÂ �pÃ Ä���; z , Û * Hodge-de Rham S S S	T R � N ∆ (= dd∗+d∗d),¨ ä WVUXW N Ric

`u� ^ . kuû , Hodge
* åbç X = Õ ,

°'G#HOT#I�V 4 H1(M, R)*�Y�ZU/
, JHK 1 [�\ X = µb[:Æ�0 . X ���BA!@CB . ^Ig@]_^ ,

H1(M, R) ∼= {ω ∈ Ω1(M) | ∆ω = 0}
`0a0B

. ÆbÇ , 1 [�\ ω
XAª z [

〈∆ω, ω〉 =
1

2
∆
(
|ω|2

)
+ |∇ω|2 + 〈Ric ω, ω〉

2G `badcdedf>g � , Γ\G `bhdiNjlk4m��/no`
3K =

{
PO(n) (p = ∞)

PGL(n,Zp) (p jqp � )
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; QËÀ � \ ouÓ Õ �V^ ,
_ @ N���+<z [

∫

M

〈∆ω, ω〉 =

∫

M

(
|∇ω|2 + 〈Ric ω, ω〉

)

N�� B .
_Z*�� \ Åm� , (M, g)

*
Ricci

U�W o �Ig �E> , JHK 1 [�\ / ÿpy�g jZ*
z Å gOi , Ricci

U�W o?¹�� g �E> , J�K 1 [_\ /
	b� X g B0_8;Eo + Å+B .
¤ �

N:k ;��0B [ � N�� B�
���

3.1 (c.f. [30]). (M, g) N ° �6±C² ³ g Riemann
Ã Ä8��; ^ B . (M, g)

*
Ricci

U�W o �ng ��> b1(M) = 0
`0a Õ

,
¹ �ng ��> b1(M) ≤ dim M

oZÓ Õ � Y ._�_A`
, b1(M)

/
M
* × 1 Betti

� N � ^ .

ÆbÇ ,
�n* å�ç /�����*#J#K å�ç ;:=Z>A@ , £ � 2

¤ � *u¹%° �p±º²<³ » *����
ª�½H¾I¿0X6ª z [ , Û * × 1 Betti

�Uo*CI`�a�BH_8; N�� � ^ B .

�
�
3.2 ([24, 17, 18]). (M, g) N���� ` £ �no 2

¤ � *A¹C° � ±h²�³ » ª�½3¾�¿ ;
^ B . Γ N (M, g)

*���� !��34 G = Isom(M, g)
* 1�2-)-+34 ` , M

X ÿ�� Å Y°�° �E±O²Ë³ X� P�^ BHjZ*C; ^ B .
_Z*C;Aq

, Γ\M
* × 1 Betti

�º/XCU`0a0B
.

å�ç * (M, g)
/ �! S V UXW o��+* Einstein

Ã ÄH�8`8aHBuÅm�
, Û * Ricci

U
W /
" å�" `�a�B .

_u* å�ç j , åbç 3.1
; È Ä X a8B �_+ � \ (

����*�� \ ;�=>6@CB
)
Å%��ê�Åu@OB

.
�8* Ø XZ¸ Q�[ ,

_A*�� \ *Z¹$# » éON �Uq Ô z , Û @ NEP
Q�[ Ü�ÝHÞH.?5�7:9<;?=?>Z@OB å�çºNxwUyZ^ B .

�%��*#J�K+/
,
ÜbÝ0Þ�.?5�7:9h*

& «hg �3��; ë8gu^ _8;�o3`8q0B .

4. åbæ ¾n¿ o ª�½0¾n¿ *Z�3�
( Ø `0/ , [25]

X z { o µb[ ,
�I* ' ÜbÝ0Þ0.u587:9 å�ç)(UNEwIyu^ B .

���
4.1. (M, g) N��*� ` £ �ho 2

¤ � *:¹m° �x±O² ³ » ª�½�¾n¿ ; ^ B . Γ N
(M, g)

*���� !��34 G = Isom(M, g)
* 132-)6+�4 ` , M

X ÿ�� Å Y °3° �p±O²³ X� Pb^ B3j6*º; ^ B . (N, h) N Hadamard
Ã Ä3�

( +�, ¦	��� g ¹ � U W ¨ VÂ �ZÃ Ä0�
)
; z , ρ : Γ → Isom(N, h) N��IÈ » ; ^ B .

_Z*%;Zq
, -�0 * ρ È'!

J3KHL:M f : M → N
/ å#"�L:M Å*7-869H. g ����./��0 ë ( 1*243:å
5�687:9�;<

) =?>?@ .

A�B
1. [25] C�D , M E�F*G�=IH$;
JIK*L , M
5%E 1 ( N�O�54PRQ�SUT , Cayley P

Q�V�W ) 3�J�KX3�Y�Z\[
>4@�E , ]�^X=ID`_ba�c8@ . d�e�3�J�KX3�Y�Z%D , Corlette

[3] 3�Y*ZR7:f:g4hji < ;%@ .

k$l
4.1 3
mbn*3�oqp�H)@
34D , rb3 sut�v�w4x�y*3�z4{ 4 | =)>?@ . }:3�z){

D , M ~bC��?�*3��$�R7��I�:c (0, 4) w?���4��� Q E$�X�X���)��J�K�C��X�
�:c
}?p�E*=)�I@ .

4[25] ��� “Bochner type formula” ����������� .
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(i) Q D G
��� HIQ��$wU���?��� 5 =?>4@ . p���C , Q D
V��X=)>4@ .

(ii) 〈Q, RM〉 = 0. }�}�= , RM D (M, g) 3)Q��I�%�?���X=?>4@ .

(iii) c	� < 3�
��h����U3���� (0, 2) w*�U��� � (ξij) 6= 0 C�� i < Qijklξ
ilξjk >

0 =?>?@ .

(iv) c�� < 3�t���Q���7)[�� 6 Q��$w)���?��� T C�� i < 〈Q, T 〉 ≤ 0 =4>4@ .

���
4.2 ( t$v�w�xby�3`zI{ ). (M, g), (N, h), Γ, ρ 7 k:l 4.1 3Rp����:p�i , Q 7

~I3��$�87��I��c (0, 4) w?�%�4� � p�cR@ . }�3Rp�� ,  "!U3 ρ # � C∞ $&% ( '( p`D�) ��H ; ) f : M → N C�� i < , rU3�*"+�z?{)E-,.�0/1� 2
(1)

∫

Γ\M

〈(Q ◦ σ24)⊗ f−1h∗,∇df ⊗∇df〉 =
1

2

∫

Γ\M

〈Q, f−1RN 〉.

}�}�= , σ24 D-3 2
� 5 p43 4

� 5R765�7*cR@ $�% =4>8� , RN D N 3?Q9�I�%�)�
�U=?>?@ .

k
l
4.2 3�mUn47��b��@�:XC ,

k
l 3�;�<1�>=�? mUnIC�@��R@BADC436!FE)7�G)n
i < ��}>H . I�J , ∇df D�r)3�{4= k&KML �/@ Sym2T ∗M ⊗f−1TN 39NFO*=I>�@P2

(∇df)(X, Y ) = ∇X(df(Y ))− df(∇XY ).

}�}�= , Q"R"S���T 3 ∇ D N 3 Levi-Civita U�VXW �ZY\[ L �R@ f−1TN ~F]6U
Vb=?>^� , _1��TB] ∇ D M ] Levi-Civita U�V%=?>4@ . `1a1b�c 7�d?; <-e�f c
@Up
∇df = (∇if

α
j )dxi ⊗ dxj ⊗ ∂

∂yα
, ∇if

α
j =

∂2fα

∂xi∂xj
+ (ΓN)α

βγf
β
i f γ

j − (ΓM)k
ijf

α
k

=4>8� , }*}�= ΓM , ΓN D�g �Dh � M , N ] Christoffel AFCb7 e c . h∗ D^i h�j
�lk"m h ]�P���k�mI=4>I@ . h∗ D Sym2TN ]�N\O*=4>n� , �b�4���1* Q⊗ f−1h∗

D (T ∗M)⊗4 ⊗ (f−1TN)⊗2 ]-NoO?=b>U@ . S�p , ∇df ⊗ ∇df [�II� (T ∗M)⊗4 ⊗
(f−1T ∗N)⊗2 ]�N\O�=*>*@�W8� , ql* 〈(Q◦σ24)⊗f−1h∗,∇df⊗∇df〉 E6!DE47I[B� .

`1a1b"c 79d4; < �r�*p , ~F]�z4{XD
∫

Γ\M

Qijkl∇if
α
l ∇kf

β
j hαβ =

1

2

∫

Γ\M

Qijklfα
i fβ

j f γ
k f δ

l RN
αβγδ

p�H)@ . }�}�= , h = hαβdyα ⊗ dyβ, RN = RN
αβγδdyα ⊗ dyβ ⊗ dyγ ⊗ dyδ =?>4@ .

Proof. M ~s] (0, 4) wX�8�U��� ϕ = ϕijkldxi ⊗ dxj ⊗ dxk ⊗ dxl p4UFt8u.
 �
X = X i(∂/∂xi) C�� i < , q�v�* ι(X)ϕ 7 ι(X)ϕ = ϕijklX

ldxi⊗dxj⊗dxk CF=�w< k�K cR@ . I�� , q�v	* ι(df)ϕ 7 ι(df)ϕ = glmϕijklf
α
mdxi ⊗ dxj ⊗ dxk ⊗ (∂/∂yα)

CF=&w < k�K c8@ .

5(0, 4) x&y	z6{}| T ~&�4�lx&y1z6{�|:�6��� � � , T (X, Y, Z, W ) = −T (Y, X, Z, W ),

T (X, Y, Z, W ) = T (Z, W, X, Y ), T (X, Y, Z, W ) + T (X, Z, W, Y ) + T (X, W, Y, Z) = 0 �����0�
���� ��� .

6 ����xly9zB{�| T ~Z���9�}�9�����$� � , T (X, Y, X, Y ) ≤ 0 �����Z���}�� ��� .
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θ 7
θ(X, Y ) =

1

2
(〈ι(X)Q, ι(Y )R〉+ 〈ι(Y )Q, ι(X)R〉)

CF=&w < k�K�L � @ M ~F] (0, 2) wU���?��� p�c @ . `1a1b�c 79d?;X@bp
θ = θlmdxl ⊗ dxm, θlm =

1

2
(glsQ

ijksRijkm + gmsQ
ijksRijkl)

=4>4@ .
���

. θ D$;*�b@bp
}����X=4>4@ .
���

, θ D
V��XW	�	����H (0, 2) w)���)���b=?> � , M D�F*GX=)>?@-W � , θ D
k�m��/�?��� g ] k 5 c 6%=IH	����
�H8��H$; . p
}��:E , ��� (ii) C\= � , θ ]

���hF�ID��X=?>?@6W � , c = 0 =IH	���
�HR�0J , =&w < θ = 0 =?>?@ .

t$v�w�xXy	]�z4{\]�mUn�D , v�+�*"+�7�S	���); , ~D]�;�<b7���d�c���
����)@ .

`�a1b"c8C��8i < k���c8@bp , r ]o= H�=?>4@ 2
∫

Γ\M

Qijkl∇if
α
l ∇jf

β
k hαβ

= −
∫

Γ\M

Qijklfα
l ∇i∇jf

β
k hαβ = −1

2

∫

Γ\M

Qijklfα
l [∇i,∇j]f

β
k hαβ

= −1

2

∫

Γ\M

Qijklfα
l Rijk

mfβ
mhαβ −

1

2

∫

Γ\M

Qijklfα
l RN

γδαεf
γ
i f δ

j f ε
k

= −1

4

∫

Γ\M

(gmsQijklRijks + glsQijkmRijks)f
α
l fβ

mhαβ

+
1

2

∫

Γ\M

QijklRN
αβγδf

α
i fβ

j f γ
k f δ

l

=
1

2

∫

Γ\M

QijklRN
αβγδf

α
i fβ

j f γ
k f δ

l .

��~F]�k��/7Bb�c CF=U��H ;��X= �^�*p r ]o= H�C$H)@ 2
∫

Γ\M

〈(Q ◦ σ24)⊗ f ∗h∗,∇df ⊗∇df〉

= −
∫

Γ\M

〈Q⊗ f ∗h∗,∇∇df ⊗ df〉 = −1

2

∫

Γ\M

〈Q⊗ f ∗h∗, ([∇,∇]df)⊗ df〉

= −1

2

∫

Γ\M

〈ι(df)Q, ι(df)R〉+
1

2

∫

Γ\M

〈Q, f ∗RN〉

= −1

2

∫

Γ\M

〈θ, f ∗h〉+
1

2

∫

Γ\M

〈Q, f ∗RN〉 =
1

2

∫

Γ\M

〈Q, f ∗RN 〉.

�

k$l
4.2 ]:mXn?C&�I; < D , Q C�� i��:��� ]�H�� , (i), (ii) ���*79dU;4�%}bp

C �	! i < �^� .

5



��� (i)–(iv) 7��?�:cRQ��$w)�R�?��� Q 7 � ,Ic @$C���Dw < ,
k
l

4.2 W �k
l
4.1 E&[\W��8@*}Up�7�� < �/} H .

���
,
k
l

4.2 ]�z4{ (1) ]�Q�R%D (iv) C
=o� t��)=?>4@ .

L ��C , f ]6' (�� p (iv) C = � , ∇df = 0 E�Y�� L �8@ . }6]
}?plW � k l 4.1 ]�Y��XE i���E�H .� w < ;%@&]*D , ��� (i)–(iv) 7��4�:c/Q���w)���?��� Q ] � ,b=?>4@ . M ~
]
V1��H4Q��$wU���?��� ]*H�c�t u�
 �ISbT�] R ~F]:r�O�7 d(M) = e c . }��
D o = K ∈ M = k1KPL �b� K

�"� H?Q���wU�/�)��� ]*H�c�t u�
 �4SUT"] R

~F] r*O/C
	 i�; . �4� , M
5 ≥ 2 W1� d(M) = 2 p�;�H���XH�JIKRC , Q 7 �
,�cR@*}?p�C�cR@ . }�]�J�KXD ,

����� ��jb�������\]�t��$���>uP
 P���7�9�; < ,

c�� < ]:t��$����h 
�� , t�N�O�� �DW��4M!� ≥ 2 ]�J*K87#" $ (c.f. [25], p. 64

– p. 65). % ]�J�K/C6�4; < D [25] 7'&�( L �U��; .

O:W?QB��E')!	*�IC 1 C+	 i ;4QB��w*�)��� �b7 I = e c . c(M) = −〈R, R〉/〈R, I〉
p��^�Ip 〈c(M)I + R, R〉 = 0 =?>4@ . 〈R, I〉 D	��f � h%Q�� ] 2 68C'	 i�;"W � ,

c(M) > 0 =?>I@ .

,.-
4.3. Q9�$wU���?��� Q = c(M)I + R D���� (i)–(iv) 7��I�:c .

Proof. ��� (iii) 7#/oW104@
�10�C , 2�� - 3�4 [17, 18] ]&k ��Y�ZR7�d);%@ . gD]
��0IC ,

k � c(M) 7 i�h65RC�� i < k���c @ . G ]
7189���#� u 
�v�+�: K ]
i h*5R7 k = e i , k = z⊕ (⊕sks) 7 k ]1;=< z p>�?�v"+�5 ks @ ]-+?Aqp�c8@ .

k D Λ2ToM (o = K) ]�v�+*SXT8p �UH L � @ . k ]&+?A8D K ]!B�db= ��� =U>
@�W � , #DC1� K

��� HIQ9�I�%�4� � RM D −a0idz −
∑

s asidks
(a0, as D6�\] k

� ) C
	 i�; .

;E< z E
tGF�n?C�H)@�]4D , ���?SbT�E*���G� h 
H�)H�J*KRC1)X@ . }-]:J*K ,

dim z = 1 = K ]1;E<?D�IKJ�: S1 =?>4@ . g\i < S1 ]�L.� 4 ]:O?E M ]'M�NO ��P
J 7 k 0I@ . R(X, Y ) (X, Y D� "! ]�U�t uP
 � ) D�UIS)T�]�Q\#�w p�i <

J p>R17b=?>4@6W � , a0 = 1 =?>?@ . =&w <

c(M) =

(
dim z +

∑

s

(as)
2 dim ks

)/
2

(
dim z +

∑

s

as dim ks

)

=4>4@ .

x�y [24] CRi���E"w < , M E
t�������h 
S�?H�J*K/C b(M) = mins as/2 pB�
� . c @Xp , ~\] { W �`n ��W)C c(M) ≥ b(M) =)>)@ . 2�� - 3�4 [17, 18] C =
@ b(M) p 2 r��?{ (ξij) 7→ Rijklξ

ilξjk (ξij D-���XW�� 
B� h\�6� ) ]=T�U�V=W�X
]6k��%CF=o� , N�O6��P�Q�S)T Sp(n, 1)/Sp(1)× Sp(n) (n ≥ 2) ]�J�K/7�9�; < , �
� (iii) E Q = b(M)I + R C�� i < ,.��/	�R})p�EEY4�\p��8@ . p	��C , ��� (iii)

E Q = c(M)I + R C6� i < , �/�� . N:O*�*P Q�SbT"]�JIK/C�D , ��� (iii) D
Q = b(M)I + R C�� i < D�,.��/I�*H ;4E , Q = c(M)I + R C�� i < D�,.��/��
}?p�E=/oW10/��� @ .
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_	�\]�� ��� 5�c8@BU�t u�
 � X, Y C�� i < , S(X, Y ) = (X ∧ Y )⊗ (X ∧ Y )

p��X� , M ]ri�h�j���kDm g C\=&w <�� ����7
��� <	� ���8@ (0, 4) w?���?���
[�#DC�ADCI= e c . S(X, Y ) D�Q9� w?�%�4� �U=4>I@ . �I� , � � (iv) 7�/XW�0I@ .

M ]�ME� ≥ 2 =?>4@6W � , _��F]&� ��� 5�cR@�U�t u�
 � X, Y ∈ ToM = , M ]
O�WXQ��)E X ∧ Y C-�*; < �RC�H)@*[6]�E p��8@ . o C-�*; < , S(X, Y ) 7 K ]
ToM @ ]�B�d�C =&w < V�
 i <	� � �8@�Q��$w)���4���87 Q̃ p�c @ . cXH���� ,

Q̃ =

∫

k∈K

S(k ·X, k · Y )

(k ·X D k ]-t u 
 � X @ ]EB�d�7 e c ) =?>?@ . G B�d�7�d4; < Q̃ 7 M ���
C�\<$c8@ . � o C-�*; <

〈Q̃, R〉 =

∫

k∈K

〈R, S(k ·X, k · Y )〉

=

∫

k∈K

R(k ·X, k · Y, k ·X, k · Y )

=

∫

k∈K

R(X, Y, X, Y ) = 0

E6,.�4/	� .

d(M) = 2 =�>*@�W8� , Q���w4�X�I� � Q̃ D I p R ]�v�w�Y�K?=I>�@ . 〈Q̃, R〉 =

〈c(M)I + R, R〉 = 0 =?>4@-W � , >?@ k � η E���� i < c(M)I + R = ηQ̃ p�� �
@ . η ]��\CX7�� k c8@:�10�C , c(M)I + R = ηQ̃ ]��-R p I p�]"q9*��%p�@bp ,

〈c(M)I + R, I〉 =
1

c(M)
〈c(M)I + R, c(M)I + R〉

D��?=4>I@ . S�p , Q̃ ] k�K CF=o� 〈Q̃, I〉 D I(k ·X, k ·Y, k ·X, k · Y ) ] k ∈ K C
�*; < ]$V�
�C'	 i	� , }�]
X%D 1 =)>I@ . =�w < η D-�?=4>4@ . c�� < ]�O�WbQ
�?E:t"� ]?Q��$wU�%�?��� T C�� i <

〈c(M)I + R, T 〉 = η〈Q̃, T 〉 = η

∫

k∈K

〈T, S(k ·X, k · Y )〉

= η

∫

k∈K

T (k ·X, k · Y, k ·X, k · Y ) ≤ 0

=4>4@&W � , �$� (iv) E$�I� L �8@ . �

k l
4.1 E Margulis ��� � ��[�� })p����/@��10�C�D , r�� f�� 
���� =9g! 

+)=?>?@ .

�	�
4.4. (M, g) ��F*G�=�M���E 2 �I~F]
t ����� u�
 wD���?SUT p�c @ . Γ �

(M, g) ]E	�3 � 7�: G = Isom(M, g) ]	"�#�v�+�:b= , M C F�$�W��������#� u

 C'B	d�cR@�[�]�p�cR@ . (N, h) � Hadamard ����� p�i , ρ : Γ → Isom(N, h) �
V
W 7 HEQ #�w p�c @ . }6]8p�� , ρ # � ' ( $�% f : M → N E%���Ic8@ .

7 &(' �*) 5 +��-,�.0/�� � .

7



Proof. N E?R � =?>4@&W � , ρ # � $�% f0 : M → N E%���4c8@ . f0 ������X p
c8@ Eells-Sampson p��){ ]
A � ft (0 ≤ t ≤ ∞) p c @bp , ft D ρ # � =?>^� ,

dft ]����	��D t C\=U�0J"S?�RC'W�
U=)>4@ . x0 ∈ M �?V k c8@ . t →∞ p*i��
p�� , ft(x0) E N ]EW�
��IKRC�p��Ib@
H8��
 , ft D ρ # � ' ( $�% f∞ C����
c/@I}?p�E�mUn L �R@ ( �R��
 [12] ���>= ). =6w < , ρ # � ' ( $�% E	�!� i�H
;
p�c8@Xp , ∞ C�� #�c8@��?T�� {tn} E%�!� i < , ftn(x0) D N ]��\)���� y C��
��c @I})p�C�Hb@ . }6]8p�� , ft D&S6� Lipschitz =?>4@&W � ,  D!X] γ ∈ Γ C��
i <

d(ρ(γ)(ftn(x)), ftn(x)) = d(ftn(γx), ftn(x))

D-S6�8C'W�
U=?>?@ . =&w < , c�� < ] γ ∈ Γ C�� i < ρ(γ)y = y p�H)@�E , } �
D ρ E�V=W)=?>4@I}Up�C����Ic8@ . �

5.
k1K SUT�E?�*�*N��\]�J�K

}6] �%=ID , �*�?N�� W ��t���Q��*S)T @ ]�# � $�% ]!�"!��$#:h � k�K i , �
!$�	#�h �#T�U&%*cR@6# � $&% ]��!�F� =�?�g�] �(' C���; <�) �/@ 8. I�� , "�#
:X]	� � � @ ] *Dd pIi < , S��\]�V k � k l �����I@ . gF]�m%n*D , ��!��$#
h
T�UX# � $�% C�t�v�w Garland ]�zI{�� ��d�c @I})p�C\=&w < H L �R@ .

I-J , Hadamard SUT"] k�K , +�](,�-F� =�?"�/C6�?; <�.�/ i < �8} H . 0�"
S?T (Y, d) E214365&7�8 (geodesic space) =4>4@Up�D , Y ]9 "!s] 2 � p, q C9� i<

p W � q @ ]�9�: v , cXH�����Q�v c : [a, b] → Y =
d(c(t), c(t′)) = |t− t′|, ∀t, t′ ∈ [a, b]

p�; H �;' ��<F�8[6]�E%���Ic8@bp�� ��; H . ∆ � Y q�]�9�:;=�>�� p c8@ . c
H���� , ∆ D Y ] 3 � p, q, r p�g � ����Y;? 3 �\]�9�:�v"+ ��@ k i��%[6]�=4>
@ . ∆ C��&* i < , V�W R2 ~F]&=&>�� ∆ = pqr �

d(p, q) = |p− q|, d(q, r) = |q − r|, d(r, p) = |r − p|

���)�:c^= H C�p
@ . }&] p�� , ∆ ]=J)~F]6 D!X] 2 � x, y p���*?c8@ ∆ ~ ] 2

� x, y C�� i <
d(x, y) ≤ |x− y|

E�,P��/&�Rp�� , ∆ D CAT(0) ��� ���$��c p�; H . 9�:?��SIT (Y, d) E Hadamard

7�8 (Hadamard space) =)>?@Xp�D , (Y, d) E&0�"4SUT p*i <BA&C =?>^� , Y q�]
 �! ]�9�:�=&>��UE CAT(0) �$� ���I��c p�����;PH . Hadamard S)T�q	]9 "! ]
2 � �`Y;?49�:$v%D&S	! �I=?>4@ . I�� , Hadamard SUT*D�R � =)>4@ .

�?� , (Y, d) � Hadamard SbT p c @ . p ∈ Y C�� i < , p C&� �4@ Y ]6U6D
TCpY pBgD]
~F] s q�*�E ��F��>=9?"0�"�G�H�IKJML�N . O(PRQ�S�T [2] U�V;WYXZR[R\�]�^�_ ` X Z ,

^�^ J;Q�aKbRU�c(d Z�egf . h2i , p ∈ Y U�j;k _ml N�npo
8 qmrts�uwvyxmz|{|u~}����"��� ���m�t��� , ������������� �������|���m�y��� , Jost [13, 14],

Lebeau [22], ��� - ��  [20] ¡|¢ � .
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���������
c, c′ 	�
�	��� ∠p(c, c

′) U����� ���	��� U���� Z HBI l N ^6_ G
J6L6N . p U�j;k _�l N�n o ������������ 	���� ` , ��� G 0 	 _ L `�! _�l
N �! #"�$ U�H�% ,

�& �' ��� 	!��� U SpY J)( l . SpY Q p
`�e+* N-,/.10�2

(space of direction)
_13�4�5 N .

����
c 	76 l N �- �' U [c] J)( l . ∠p(·, ·) Q

SpY
`!8�9 U;:/< l N . SpY = 	&>

TCpY = SpY × [0,∞)/SpY × {0}

U p
`�e?* N Y 	)@BA (tangent cone)

_73;C
. TCpY = ` Q DFE�G�H$L&I 〈·, ·〉 e3KJ8�9

dTCpY LM 5�N�5

〈([c], t), ([c′], t′)〉 = tt′ cos ∠p([c], [c
′]),

dTCpY (([c], t), ([c′], t′))2 = t2 + t′2 − 2〈([c], t), ([c′], t′)〉
`O3 � Z H�IQP 5 N . R�S ` , T�U πp : Y → TCpY U πp(q) = ([cp,q], dY (p, q))

`
3 � Z H�I l N .

^4^ J , cp,q Q p
_

q U�V C ���B� J�W6N . πp Q 8�9 UKX�YZP\[
N-T�URJOW;N .

Hadamard ] 
�	&^�_?` �&a U7b fdcOe W�f Z�e f .

g
2. (i) h�i�j�klOm�n � ( op eBc�qBr V � Riemann mBn � J , s�t�u!v L nw JOW6N [ 	 ).

(ii) x�y (tree) Y U7z{O|�} � x�y _ X , ~O�6kRQ)Y � f;_�[ 3
c 	)�#	)� k` � � Z b N _\�+��l N . ~ ��	�� PBU a�� 4 1

_ X Z8�9 U � %�N _ , Y Q
Hadamard ] 
 JOW;N . ��	 EBk `�e+* N���� Q1� � `!� �?` JOW6N . �B� , p L
��k 	 _ L , TCpY Q1b f�c�e 	�� � � 	)�1��� `�e b Z�l d Z 	!� kKU � �1� X� [ 	 `!� �/` J/W�� , v, w ∈ TCpY

	�
�	)��� Q

∠p(v, w) =

{
0 (v, w L ��� � � � ` 6 l N _ L )

π ( M ] J � b _ L )

`O3 � ZB� � \�5 N .

Hadamard ] 
�	 �7G Q)� J Hadamard ] 
 JOWMN 	 J ,
_4f�` z{�|�} � x

y 	 �1G$Q Hadamard ] 
 JOW(N .

(iii) Euclid `�� l��+���� � l��+���� _ Q , W(Nd �¡	U [¢cB£�¤B¥ � ( h�¦�k§©¨ � § _3�415 N ) 	1ª LB« � P 5 � q � ¥ � J , ~�h1¦�k §�¨ � § Q+¬�)®¯ k ¥ � ( ¬B!® ¯ kB° `-±/² X ZB� h�N q � ¥ � )
`� _ JOW;N ^M_ L�³B´ P 5

N . ¬��® ¯ k ¥ � L Euclid ] 
 U&� �� ¤Bµ X � [ 	 J�W�N _ L , � l�������
Q Euclid `�� l�������� _73)4�5 N .

^ 	 _ L , ~�h7¦�k §¶¨ � § ` Euclid
8�9

U;·�¸ l N ^M_�`/3 � , � l�������� `&8�9 U � %;N ^M_ L J�L ,
^ 	 8�9 `/3 �Z

Euclid `�� l�������&Q Hadamard ] 
 ` � N .

1 ¹�º 	 Euclid `�� l������BQ , x�y�J�~��(k L Y � f�_2[ 2
c 	&��	&� k `� � Z b	N [ 	 `-» � \ � b .
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2 ¹�º 	 Euclid `�� l�������� 	 a _ X Z ,
��� ° PGL(3, Qp) (Qp Q p � � )`&±�² X Z�� h�� [ 	 L 3�f�� \\5RZ b�� .
^ 	
	�� , ¬�&® ¯ k ¥ � Q��� 	[ 	�� W � , ��� l ��¬B!® ¯ k�°	Q ,  	 � � `"�l ����� `/3 � Z���� P 5 �

Euclid ` ���B° (Ã2
_ _13)4)5 � [ 	 ) � W�� .

Type Ã2

p = 2 	�	�� , ~��;k 	�� ��&Q)¹ 	 3$] � ���� � W�� :

 	"! ` n$# � 6 �� L�% � � L ,
^¢5p\ Qh�¦�k § ¨ � § `O3 � � � 	'& �( UK(pX ZBe � , ¬��® ¯ k ¥ � ` e�* �;��k 	)� �� � W�� w 6 �B� ` ��� l � .

¹ ` ,
q � ¥ � e \ n w u-v�] 
+*/	 �+, T1U 	.-�/ l�0)k�U �
1�l � . X U q� ¥ � _ X , X(r) (resp.

−→
X (r)) � X 	 r

q �
(resp. 2�3 c�4 r

q �
)
��� 	!���

UK( l .
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���
5.1. X = 	������
	��� (admissible weight)

_ Q , ∪r≥0X(r) = 	 w  �" � m
�

∑

t∈X(r+1), t⊃s

m(t) = m(s), s ∈ X(r)

U�� � l [ 	�	 ^�_ U)b ] .

m U	o�� ` ∪r≥0
−→
X (r) = 	 " � _ � � X � [ 	 [)������� � ( l .� S , X

` Q��
������� § m L � � \�5�Z b�� _ X , ° Γ L q � ` , ��| � r! e�c ¬�¬B�;¦� § ` , X eR[ m U#"�� Z%$'& X Z b�� _�l � .
−→F (r) � −→

X (r) *
	 Γ

$
& 	 � (�(KU�( l . h � , s ∈ −→X (r)
` � X Γs

� s 	 � �%) ° UK( l . Γ
$

& Q*�)| � r !,+ e \ , Γs
	.- � |Γs| Q)|?} � W"� .

Y U Hadamard ] 
 _ X , ρ : Γ → Isom(Y ) (Isom(Y ) Q Y 	 � � ,'/ ° U-(l
) U10 � _ _�l � . T1U f : X(0) −→ Y L ρ 243 � W�� _65 , f(γx) = ρ(γ)f(x)

(x ∈ X(0), γ ∈ Γ) U�� � lg_'4 U&b ] . 798 	 ρ
` �pX Z ρ

�+, T)U L;:�< l � .

�*�
5.2. ρ

��, T�U f : X(0) → Y 	 =4>'?A@'B E(f) U

E(f) =
1

2

∑

(x,y)∈
−→
F (1)

m(x, y)

|Γ(x,y)|
dY (f(x), f(y))2

`O3 � ZB��1�l � .

ρ
�
, T�U f : X(0) → Y L =�>'?�@
B'C�D � W � _15 ,

l d Z 	 ρ
�
, TU

g : X(0) → Y
` � X Z E(f) ≤ E(g) U�� � lp_ 4 U)b ] .

-�/ l 07k�R*E � ρ
�., T�U 	 :
< `&c b Z c(d � � % ` , ¹ 	 ��1 U e f .

�*�
5.3. Γ U-|/} ��� ° (

3 � Z�F�G ° )
_ X , M 	 ��� º {γ1, . . . , γm} UIH,J �e f

.
^ 	 _ 4 , 0 � _ ρ : Γ → Isom(Y ) L*K�L � W � _.5 , 7A8 	 L > 0

` �
X Z {

p ∈ Y | max
i=1,...,m

dY (ρ(γi)p, p) ≤ L

}

L Y
`�e b Z |*M � W"� _'4 U)b ] .

ρ L;N9O�P � W � _I5 , ¹ 	;Q
R+	 b&i 5?e U�� � lp_+4 U)b ] :

(i) Y 	 ρ � , �*S
T ��� C L%:'< X Z , 0 � _ γ ∈ Γ 7→ ρ(γ)|C ∈ Isom(C)5 ��| � W�� ;

(ii) Y 	 ρ � , �*S'T ��� F � , Rk (k ≥ 0)
`!� �/` � [ 	 L%:'< l � .

¹ 	.U9V L � �XW c .

Y'Z
5.4. X, Γ, Y , ρ

5�[ c 	;\ � _ X , P \�` Y
5 z�{�¬B�;¦# § , ρ

51]'^ `
� W"� _��O��l � .

^ 	 _'4 , -�/ l�01k1R E � ρ
��, T1U f : X(0) → Y L;:
<l � .
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Y
Z
5.5. f : X(0) → Y U U V 5.4 	 _|e � _�l � .

^ 	 _'4 , 7A8 	 x ∈ X(0),

v ∈ TCf(x)Y
` �pX Z

(2)
∑

y∈(Lk x)(0)

〈Fx(y), v〉 ≤ 0

L � � W c .
^"^ � , Fx(y) = πf(x)(f(y))

_me b Z b � . (TCf(x)Y, dTCf(x)Y ) L RN

`-� �?` � \ , � �A� 5��A�K` � � .

���
2. � ��� (2)

5
, {Fx(y) | y ∈ (Lk x)(0)} 	 TCf(x)Y

`�e�* � D�����I L
	
k 0f(x)

` ��� l � ^6_ U.8� X Z b$� .

¹ ` 	 d �;V�� 5 , n � _�����	
� � 	 '�� � W"� .
^ 	�� � 5 , S�c l ��� �

k ��� 	�� � 	
� ` � � . Garland [7] ([1]
[ � 3 ) L , ����	
� � 	 q � ¥ � ` �l � '���� U
� 4 � X � ^M_�`�� � J � , n � _ Garland 	
� �g_13KC .

Y*Z
5.6. X, Γ, Y , ρ

54[ c 	 _te � _ X , f : X(0) → Y U ρ
�., TU _ml � .^ 	 _+4 , ¹ 	7��� � L � �XW c :

0 =
∑

x∈F(0)

1

|Γx|


 ∑

(y,y′)∈(
−−→
Lk x)(1)

m(x, y, y′) dTCf(x)Y (Fx(y), Fx(y
′))2

−
∑

y∈(Lk x)(0)

m(x, y) dTCf(x)Y (0f(x), Fx(y))2(3)

+
∑

(y,y′)∈(
−−→
Lk x)(1)

m(x, y, y′)
{
dY (f(y), f(y′))2 − dTCf(x)Y (Fx(y), Fx(y

′))2
}

 .

���
3. πf(x) : Y → TCf(x)Y

5)89 U�X�YQP [ �-TBU � 	�� ,

dY (f(y), f(y′)) ≥ dTCf(x)Y (Fx(y), Fx(y
′)), (y, y′) ∈ (

−−→
Lk x)(1)

L � ��W c .
3 � Z , (3) 	
 �� [ ] E 	"! 3 # 5 n�$ � W"� .

%'&  )( "�* �,+��)-/.�0 ��132�( , 465�0879-,:<; . =�> ,
* 0'?�@ x ∈ X(0)

(/AB5,? Lk x CED�+GFIHIJGKMLINO5 ,

µ1(Lk x) = inf

{ 1
2

∑
(y,y′)∈(

−−→
Lk x)(1)

m(x, y, y′)(ϕ(y)− ϕ(y′))2

∑
y∈(Lk x)(0) m(x, y)ϕ(y)2

∣∣∣∣

ϕ ∈ C0(Lk x), ϕ 6≡ 0,
∑

y∈(Lk x)(0)

m(x, y)ϕ(y) = 0

}

KQPSR . µ1(Lk x) C Lk x @�T�U'VXW�YGW�Z�[G\
(∆ϕ)(y) = ϕ(y)− 1

m(x, y)

∑

y′; (y,y′)∈(
−−→
Lk x)(1)

m(x, y, y′)ϕ(y′), ϕ ∈ C0(Lk x)

@
]�^�_G`�a�bc(/d�egfhe�i .
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��� (�K��8?����
	3H�J�@�C ,
* 0I?�@ x ∈ X(0) (/A 5 ? µ1(Lk x) > 1/2 	��������
� FIH3J .

�
3. ��@�� ; e�������� X @����3V�e! OK�5 ? , "�# 2 =%$�@ Euclid V'&)(%*,+

\�-�. Ballmann-Swiatkowski �/� [1] 0�	�H3J .  '1�2 , X -3 2 (iii) @ Ã2 &
(4*5+�\
-XK * J . 6"@gK�7 ,

* 0�?�@ x ∈ X(0) (�A65 ? Lk x C�89�)e:-�W�;
F3H � , Feit-Higman [6] @�<%=)(:� �

µ1(Lk x) = 1−√p/(p + 1) >
1

2

F3H3J .

"�( , Hadamard >�? Y @9@/AG@3H�J�BX@�C�Dg-�C�E�J!F
G4HX-�I%J * J .
K�L

5.7. p ∈ Y K�5 , {v1, . . . , vm} ⊂ TCpY \{0} K {t1, . . . , tm} ⊂ R>0 (
∑m

i=1 ti =

1) FNM�O
m∑

i=1

ti〈vi, w〉 ≤ 0, ∀w ∈ TCpY

-QPX1 *SR @/	4T'19fVU)1 K * J 9. 6�@OK�7 , Euclid >W? Rm X @QY[Z]\^(
{v1, . . . ,vm} F

|vi| = dTCpY (0p, vi), |vi − vj| ≤ dTCpY (vi, vj)

-9P31 *_R @I- * 0I?�`W1 ,

δ({vi}, {ti}) = inf
{vi}

[∣∣∣∣
m∑

i=1

tivi

∣∣∣∣
2 / m∑

i=1

ti|vi)|2
]
∈ [0, 1]

KQPSR . � 5 ?
δ(TCpY ) = sup

{vi},{ti}

δ({vi}, {ti}) ∈ [0, 1]

KQNQa * J . δ(TCpY ) = 0 @gK97%b , @/A TCpY C�c�d (flexible) FIH3JGK i6; .
e�f � Garland @9g/h (3) -3iIi�? , "�@�`�N
j�NQkc-�l�m * J46'Kn	�F�7�J .

K�o
5.8. X -�p
qSrNs�tu\ m @QTv1)fwU�1%�%�%�/� K35 ,

* 0�?3@ x ∈ X(0)

b�A 5 ? Lk x 	8D3+ F µ1(Lk x) > 1
2
	Q� �x
� K LGN * J . Γ - X bQ�
�

V , `
a
F�D�y,E �'z%z \�{vZ|\}b�~�i * J,T�U�� K * J . Y -��Q� z \�{WZ|\ e
Hadamard >,? K�5 , ρ : Γ → Isom(Y ) -��%�GVIe��,8�� K * J . �3f!b , "G@NM
O,	�PI15��U�?�i J�K * J��
(4)

(
1− sup

p∈Y

δ(TCpY )

)
inf

x∈X(0)
µ1(Lk x) >

1

2
.

6
@gK�7 , �4� 5.4 @ ρ 8�G����
(��N�8]�^/����C"N�b��Q��FIH�J . K�R9b , ρ(Γ)

C Y b�`8N
j�- R � .
9 ���!� , {vi} � TCpY ������� {ti} �����N ¢¡9�£��¤x¥ , TCpY ��¦¨§ 0p �ª©w«�¡9�x¬ ��®¯ ¡�� .
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���
4. NQkX@�M�O C , Y @9@4A�	���0'?����GFIH�U 2�PI15�xUgJ . 	�
 , 6�@�M

O,	����� R � @�C , δ(TCpY ) < 1
2
@ �
� FIHIJ .

�
4. @�A�	 Euclid >�?�b90��'V�egf32%mSf¨E:b�����F�H3JN	 , Euclid >,?/b�0

�IVIF�e)Rh? R , @�A 	����vb�eGJ46'K�	'HIJ . ��� , Y 3 2 (ii) @����BK��gJ
K , �'@�����j b8P��3J�@/A�C 3 �'=4$'@���� f @� �! � b8P�i3?���0�?3@#"�j
�8#	�$B5 1 R @4bn0��IV�F3H�J . 6
@�@
A:	����'F�H�J�63K%'&�� 63K¨	�F/7�J
( (�)+*�� )., 1 , Y �63U6f/@N @�i R � E�@���- K.�9J K�7 , ��@�@:A R .�C � ����F
H�J .

	�
 ,  2 (iii) @ Ã2 &�(4*'+�\%-8@�//j P b�P0��J¨@/AXC#����F�e�i . ��� ,

(5) δ(TCPY ) ≥ 1− 1

2(1−√
p/(p + 1))

=
(
√

p− 1)2

2(p−√
p + 1)

	�� �w�� . (5) b�P�i�?N021�	��  �gJGK.3�4 5 ?�i�J .
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