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Property ' and Popa’s conjecture

Throughout the talk, M denotes a factor of any type with separable predual.
A central sequence means (up), in U(M) s.t. Vx [un, x] — 0 in SOT.
It is trivial if 3y, € C s.t. up, —y,1 — 0 in SOT.

Definition/Theorem (Murray—von Neumann, Connes, Marrakchi)

M has property I' if 3 non-trivial central sequences.
M does not have property ' <= M' N M“ = C1.
<= M is full.

|

Conjecture (Popa 1986)

For a co-amenable II; subfactor N C M,
N has = M has I

\.

Theorem (Popa 1983, Bedos 1990, Bisch 1990)

True when M = N x " with [ amenable and ' ~ N free.
Moreover, M’ N N # C1. ! Not nec. true even for finite index subfactors.

Partial converse by Marrakchi (2018). 2/8



Popa's conjecture (contrapositive)

For a co-amenable II; subfactor N C M,
M is full = N is full

Theorem (Pimsner—Popa 1986)

True when N C M has finite index.
Moreover, N' N M¥ = N' N M.

Proof.

By the basic construction, it suffices to show: N full = M full.
E: M — N satisfies the Pimsner—Popa inequality £ > vy Lidpy.
E¥: MY — N satisfies the same inequality.
U U
NNMY — NNN =Cl
~ dimN' N MY <ooand NN MY =N NM.
Hence M is full. O
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Solution to Popa's conjecture for any type

Popa’s Conjecture (Contrapositive)

For a co-amenable II; subfactor N C M,
M is full = N is full

Theorem (Bannon—Marrakchi-O 2019)

Let M be full and N C M be a co-amenable subalgebra with a f.n.c.e.
Then dp € N’ N M non-zero projection s.t.

p(N"' N M“)p = Cp.
In particular, p is atomic in N’ M and pN is a full factor.

Let G ~ M be a free action of a compact group G on a full factor M.
Then M® C M is co-amenable, (M®)' N M* = C1 (i.e., minimal), and
MS and M x G are full factors.

This generalizes Tomatsu's result (2018).
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Fullness via bimodules

mHm an M-M bimodule, Ay X p3: M ®u1p MP — B(H)

wHm <k EVF e MYe e H Ve >0, ek

s.t. <X£y7£> e Zi<X7liy777i> VXay €F
& C*(Ac(M), pc(MP)) — C* (A (M), pr(M°P)) cts
Observation

M full <= YpHm ~ mL2My one has H D L°M J

This is reminiscent of property (T): Vi Hum = mL2Mp one has H D L2M.

=) P; e K(L’M C C*(As2pm5 = C* (A,
( ) i ( )Marrakchi il ( 2M PLZM) ( H PH)

(<:) If o € H(M) \Inn(/\/l), then ML2M0'(M) ~ MLzMM but 2. []
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Co-amenability (Popa, Anantharaman-Delaroche)

A <T co-amenable o /A admits l-invariant mean
@ “e e
& LA < LT co-amenable c
Recall M amenable if @ injective: 3 cond. exp. M C B(L>M) = M
(Connes 1976) @ semi-discrete: pLZMy < pL2M & L2ZMy,
N C M is co-injective % 3 cond. exp. M C N' 5 M’
< JE: (M, en) — M in the presence of a f.n.c.e.

co-semi-discrete o MLZMp = LM &n LMy (= L2(M, en))

Theorem (Popa, A-D, Pisier, Haagerup, BMO 2019)

co-injectivity < co-semi-discreteness
Moreover for YN C M, 3 cond. exp. < nL2Ny < yL2My.

Recall Takesaki's theorem (1972): 3 normal c.e. < yL?Ny C yLZMy.

N C M co-amenable and N C P C M = P C M co-amenable

I N C P may not! (Monod—Popa 2003)
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Proof of Theorem in case of type II; modulo a lemma

Theorem (BMO 2019)

Let M be full and N C M be a co-amenable subalgebra with a f.n.c.e.
Then dp € N’ N M non-zero projection s.t.

p(N" N M“)p = Cp.

Let M be a full factor of type II; and N C M be a co-amenable subalgebra.
mLPMy < i L2M &y L2 My by co-amenability
If > also, then C by fullness.

~ dp e NN M s.t. pN C pMp finite index irr. subfactor
intertwining bimodule
~ p(N" N M“)p=Cp O

Pimsner—Popa

I Unfortunately, it isn't clear when > holds.
Put P:=(N'NM“YNM. Then NCPCMand NNNMY =P NM,

Lemma (BMO 2019)

For PC Ms.t. P=(P'nM*) N M, one has yL>M &p L2Mpy < mL2Mpy.
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Proof of Lemma

For simplicity, assume M is a factor of type II;.

Lemma (BMO 2019)
For PC Mst. P=(P'nM“) N M, one has yL2M &p LMy = pL2Mpy.

Proof.
It suffices to show VF € M Ve > 0 Juy, ..., ux € U(M) s.t.
Ep(x) e + >; uixu? for Vx € F

which amounts to
(x(1®p 1)y,1 ®p 1) 2mapizm = T(Ep(X)y) ~e 7 3 i(xDiy, Ui) 2.
Claim. convll 2 {uxu* : u € U(P' N M¥)} 5 z = (z(n)), with min. norm
Then z(n) is w-convergent and z = limy, z(n) = Ep(x).
*.- Observe that since z € M“ N (P’ N M¥Y, it is left to show z € M.
If z(n) not convergent, one can arrange %z(n;) has smaller 2-norm.
Hence, z(n) is convergent and z = lim,, z(n) € M. O
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