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M complete Riemannian mfld & D differential op, self-adjoint on L2M

M Spec(D) kerD
compact discrete finite dim operator theory
non-cpt continuous infinite dim op algebra theory

k : M ×M → C (continuous) has finite-propagation if

∃R > 0 supp k ⊂ {(x , y) ∈ M ×M : d(x , y) ≤ R}.
(Tk f )(x) :=

∫
M k(x , y)f (y) dy f.p. integral op on L2M

C∗
ρM := norm-cl {Tk : ∥Tk∥ < ∞} ⊂ B(L2M) Roe algebra; e itD ∈ C∗

ρM

J. Roe: Analytic indices of D take values in K•(C
∗
ρM).

The isom. class of C∗
ρM depends only on the “coarse structure” of the metric space (M, d).

In general, we set C∗
ρM := norm-cl {T : loc. cpt & f.p.} ⊂ B(H), where

(M, d) proper metric space (of bounded geometry)
H Hilbert M-module: C0M ⊂ B(H) non-deg & C0M ∩K(H) = 0

T ∈ B(H) is
locally compact

def⇐⇒ fT ,Tf ∈ K(H) for f ∈ C0M
finite-propagation

def⇐⇒ ∃R > 0 d(supp f , supp g) > R ⇒ fTg = 0
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(M, d) proper metric space (of bounded geometry)
H s.t. C0M ⊂ B(H) non-deg & C0M ∩K(H) = 0

T ∈ B(H) is
locally compact

def⇐⇒ fT ,Tf ∈ K(H) for f ∈ C0M

finite-propagation
def⇐⇒ ∃R > 0 d(supp f , supp g) > R ⇒ fTg = 0

quasi-local
def⇐⇒ ∀ε > 0 ∃R > 0 d(supp f , supp g) > R ⇒ ∥fTg∥ < ε∥f ∥∥g∥

C∗
ρM := norm-cl {T : loc. cpt & f.p.} Roe algebra

C∗
ϙ
M := {T : loc. cpt & q.l.} quasi-local algebra

The C∗-algebras C∗
ρM ⊂ C∗

ϙ
M were introduced by John Roe in 1980s.

? ? C∗
ρM

?
= C∗

ϙ
M ? ?

Is every quasi-local operator approx. finite-propagation?
YES if M is sufficiently nice (Roe ?,. . . ,Špakula–Zhang 2018)
NO in general (O. 2023)

Narutaka Ozawa (RIMS) Finite-Propagation v. Quasi-Locality Question & Answer 3 / 5



J. Roe (1980s)
If M ∼=c N (coarsely isomorphic), then C∗

ρM
∼= C∗

ρN and C∗
ϙ
M ∼= C∗

ϙ
N.

Recall M ∼=c N
def⇐⇒ ∃θ : M → N a coarsely surjective map such that

∀xn, yn ∈ M dM(xn, yn) → ∞ ⇔ dN(θ(xn), θ(yn)) → ∞
Examples M bounded ⇔ M ∼=c {pt}

Rm ∼=c Zm, asdimZm = m
M compact mfld ⇒ M̃ ∼=c π1(M)
Γ discrete group with a word metric: d(x , y) := ℓ(x−1y)

Henceforth, M is uniformly locally finite: ∀R > 0 supx |Ball(x ;R)| < ∞
and consider the unif Roe algebra C∗

uM ⊂ C∗
qM instead of C∗

ρM ⊂ C∗
ϙ
M.

C∗
uM := {T : f.p.}∥ ∥ ⊂ C∗

qM ⊂ B(ℓ2M)

⇝ C∗
uM

∼= C∗
rGM for the étale groupoid GM assoc with M

e.g., C∗
uΓ

∼= Γ⋉ ℓ∞Γ ∼= C∗
rGΓ for GΓ := Γ⋉ βΓ

M has property A
def⇐⇒ GM amenable ⇐⇒ · · ·

Špakula–Zhang (2018)
If M has property A, then C∗

uM = C∗
qM and C∗

ρM = C∗
ϙ
M.
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Baudier–Braga–Farah–Viganti–Willett (2022)

? ? a von Neumann algebra
?
↪→ C∗

uM ? ?

Theorem (BBFVW 2022). L∞[0, 1] ̸↪→ C∗
qM

Question. ¿
∏

Mn ?
O. (2023)∏

Mn ̸↪→ C∗
uM for any uniformly locally finite M∏

Mn ↪→ C∗
qM if M contains expanders

C∗
uM ̸= C ∗

qM and C∗
ρM ̸= C ∗

ϙ
M if ∃ expanders

Proof of the second assertion: By expanders we mean

Xn finite metric spaces with |Xn| → ∞, ∃R > 0 ∃h > 1
|NXn(E ;R)| > h|E | for every E ⊂ Xn, 0 < |E | ≤ |Xn|/2

⇝ ∀A,B ⊂ Xn satisfy min{ |A|
|Xn| ,

|B|
|Xn|} ≤ h− d(A,B)/2R .

Now, if |Xn| ≫ n, a random rank n ortho projection Pn on ℓ2Xn satisfies

max{∥Pn|ℓ2E∥ : E ⊂ Xn,
|E |
|Xn| < δ} < 10

√
δ log(1/δ).

⇝
∏

Mn
∼=

∏
PnB(ℓ2Xn)Pn ⊂ C∗

qM.

∵ min{∥Pn|ℓ2A∥, ∥Pn|ℓ2B∥} small whenever d(A,B) large.
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