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Preface

This is a lecture note for the lecture course “Probability Theory” in the University of
Bielefeld (240111, WS 2012/2013).

Several theorems and exercises are adopted from an unpublished lecture note [6]
on measure theory by Professor Jun Kigami in Kyoto University, and some other prob-
lems are borrowed from an unpublished lecture note by Professor Grigor’yan in the
University of Bielefeld. The author would like to express his deepest gratitude toward
Professor Kigami and Professor Grigor’yan for their permission to quote their unpub-
lished notes in this lecture note.
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Chapter 0

Prologue

It is assumed that the reader is already familiar with elementary probability theory,
e.g. calculation of probabilities of events resulting from coin flipping or dice. The
purpose of this course is to provide a rigorous mathematical background of probability
theory. Modern probability theory, as a part of mathematics, is developed on the basis
of measure theory, which will be treated in the first half of this course.

0.1 Introduction

Let us consider the situation where we throw a dice and see the outcome X. X is a
“random variable” taking values in {1, 2,3, 4, 5, 6}, and each side of the dice appears
with “probability” 1/6; P[X = k] = 1/6 for k € {1,2,3,4,5,6}.! Of course we
can consider the “probabilities” of other “events”; for example, P[X is odd] = 1/2,
P[X is divisible by 3] = 1/3, P[X is a prime number] = 1/2.

We have used the terms “probability”, “random variable” and “event”, which are
fundamental notions in probability theory. These phrases, however, are used only in
very naive manners and their mathematical meanings are still unclear. We would like to
give a rigorous mathematical formulation to these notions, in order to treat probability
theory as a part of mathematics.

Next, let us throw this dice infinitely many times and let X, be the n-th outcome.
From our intuition we naturally expect that

X +--+ X
fim ST A e 0.1)
n—o00 n
where E[X] is the “expectation” (“expected value”) or “mean” of the outcome of a
trial, given by

1446

7
. =3 0.2)

6
E[X] =) k-P[X =k]
k=1

't is implicitly assumed that all sides of the dice are equally likely to appear.
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2 CHAPTER 0. PROLOGUE

The convergence as in (0.1) is called the law of large numbers. This “law” is usually
taken for granted, but why should it be true at all? At this moment this fact is just an ex-
perimental observation, but with a mathematically rigorous formulation of the notions
of “probability” and “random variable” we can in fact prove (0.1) as a mathematical
theorem!

The purpose of this lecture course is to give such a rigorous formulation of “proba-
bility” and prove various probabilistic phenomena like (0.1) as mathematical theorems.

How to formulate “probability” rigorously?

Here is an idea of how to formulate “probability” mathematically: let €2 be the collec-
tion of all possible “cases”. Suppose that there is a function P, which assigns to each
subset Qg of Q a real number P[] € [0, 1], interpreted as the “probability” of Q2¢. A
“random variable” X should tell us a number X(w) € R for each “case” w € €, and
such X is nothing but a function X : Q2 — R on Q. For example, in the above situation
of a dice,

o 0 =1{1,2,3,4,5,6},
o P[A] =#A4/6 for A C 2, where #A4 denotes the number of elements of A.
e The outcome X of the dice is the function X : 2 — R given by X (k) = k.

Let A be an “event”. In each “case” w € 2, either the “event” A occurs or it does
not occur, and the set Q24 := {w € Q | 4 occurs in the “case” w} represents precisely
when A occurs. Then the “probability of A” should be P[€24]. In this way, each “event”
A is represented by the corresponding set $24 of “cases” where it occurs, and then it
seems natural to identify €24 with the “event” A. In other words, an “event” should be a
subset of 2. In the above example of a dice, the three events “X is odd”, “X is divisible
by 3” and “X is a prime number” correspond to {w € Q | X(w) is odd} = {1, 3,5},
{w € Q| X(w) is divisible by 3} = {3,6} and {w € Q | X(w) is a prime number} =
{2, 3, 5}, respectively.

In summary, a rigorous mathematical formulation of “probability” will require

e aset (2, called the sample space, and

e a0, 1]-valued function P, whose argument is an event (a subset of £2) and whose
values are the probabilities of events,

and then the outcome of a random trial is represented by

e a random variable X, which is a function X : 2 — R on Q.

Required properties of a “probability”’ and its domain

In order for the above [0, 1]-valued function P to be considered as a “probability”, of
course it has to possess certain properties. First, we need to specify the conditions to
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be satisfied by the domain F of P, which is a subset of 222 and is the collection of sets
whose probabilities are defined. Here is a list of properties which J is desired to have:?

e ,Q2 € F, where @ denotes the empty set.
e IfAcTFthen A :=Q\AecF. IfA,BeFthenA\ B €F.
e Ifn € Nand {A;}'_, C F*then A; U---UA4, € Fand A, N---N A4, € F.

In fact, the third condition is still too weak for theoretical purposes, and instead F will
be required to satisfy the following stronger condition:

o If {4,}5°, CFthenJ,, Ay € Fand (o, An € F.

Such a subset F C 2% is called a o-algebra in 2, and each A € JF is called an event.

At this point one might wonder why we have to consider not 2% but a subset F
of 29, In fact, when we consider the probabilities of events involving infinitely many
random trials, we need to choose an uncountable set as the sample space Q3 and then
2% is too large to be the domain of a natural “probability” P. Why 2 is “too large”
will become clear during the first half of this course.

As explained above, a “probability” IP is required to be defined on a o-algebra F
in . Then what properties should P have? Here are conditions to be satisfied by a
“probability” IP:

o P[Q] =1.
e P[7] = 0.

e IfneN,{A;}7_, CTFand A, NA; =@ foranyi,j € {l,...,n} withi # j,
then P[A; U---U A4,] = P[A1] + -+ + P[4,].

The third property is called the finite additivity, which is still insufficient for theoretical
purposes and has to be replaced by the following countable additivity:

o If {A,}52, C Fand A; N Aj = @ forany i,j € N withi # j, then
PlURZy 4n] = 352, PlA4].

Countable additivity plays significant roles in the proofs of various limit theorems like
(0.1) where an infinite sequence of random variables should be inevitably involved. A
function P : ¥ — [0, 1] which is defined on a o-algebra F and satisfies the above
conditions is called a probability measure, and the triple (2, F,P) of a set 2, a o-
algebra F in Q2 and a probability measure P on JF is called a probability space. This is
the correct mathematical formulation of the notion of probability.

2252 denotes the power set of : 252 := {A | A C Q}, i.e. the set consisting of all subsets of 2.

3A subset F C 252 satisfying these three conditions is called an algebra in 2.

HA; }'_1 C Fmeans that {4; }/_, is a family of elements of Findexed by i € {1,...,n}, orin other
words, A; € Fforeachi € {1,...,n}. The notation “C” is used here since {4; }¥_, can be considered
as a subfamily of &, although it may happen that A; = A, for some i # j.

SFor example, a natural choice of € for the trial of throwing a dice infinitely many times is to take
Q:={1,2,3,4,5,6}", which is an uncountable set.
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Note that the “volume” functions, e.g. the “length” of subsets of R, the “area” of
subsets of R? and the “volume” of subsets of R3, are also desired to satisfy these condi-
tions except P[2] = 1. Such a function (i.e. a countably additive non-negative function
on a o-algebra) is called a measure, which is the correct mathematical formulation of
the notion of volume.

Random variables and expectation

Let (2, F,P) be a probability space. As described above, the outcome of a random
trial is represented by a random variable, which is a function X : 2 — R. Once a
random variable X is given, it is natural to consider its expectation (or mean) E[X].
Mathematically, it is a synonym for the integral of X with respect to P:

E[X] = / XdP. 0.3)
Q

In order for E[X] to be defined, X has to be suitably related with F. For example, if X
takes its values in the set N of positive integers, then E[X] should be given by

E[X] =) _n-PIX =nl.
n=1

where {X = n} = {w € Q | X(w) = n} = X~ '(n) is required to belong to F.
Such a function X is called F-measurable, and only F-measurable functions on 2 are
(and deserve to be) called random variables. The precise definition of F-measurable
functions is given in Section 1.2, and integration with respect to a measure will be
defined in Section 1.3.

The role of the countable additivity of P becomes clear when we consider a se-
quence {X,}°2 , of random variables. Suppose that { X, (w)}52, converges to X(w) €
R for any @ € 2. Then since ¥ is a o-algebra, X : 2 — R is shown to be F-
measurable (and hence it is also a random variable), and the countable additivity of P

assures that, under certain reasonable conditions on {X,}72 ,,

lim E[X,] = E[X], thatis, lim E[X,] = E[ lim X,,]. 0.4)
n—>o00 n—>00 n—>o00

(0.4) asserts the possibility of interchange of the order of limit and integral, which
often plays fundamental roles in analysis! In measure theory, this type of assertions
are called convergence theorems. The properties of o-algebras and measures make
the conditions for convergence theorems much simpler than those in classical calculus,
where one usually assumes the uniform convergence of the sequence of functions. The
precise statements of convergence theorems will be presented in Section 1.3 below.

0.2 Some Basic Facts and Notations

Here we collect some basic facts and notations which the reader is assumed to be
familiar with. By an equation of the form

A:=B
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we mean that A is defined by B.

As usual, N, Z, Q, R and C denote the set of natural numbers, integers, rational
numbers, real numbers and complex numbers, respectively. Here our convention is that
N does NOT contain 0, so that N = {1,2,3,...}.

Let X be a set. 2% denotes the power set of X, i.e. 2% := {4 | A C X}, as noted
before. By {x3}1ea C X, where A is another set, we mean that {x, },cx is a family
of elements of X indexed by A € A, or in other words, x; € X foreachA € A. X
is called countably infinite if and only if there exists a bijection ¢ : N — X, and X
is called countable if and only if it is either finite or countably infinite. A set which is
not countable is called uncountable. Clearly N, Z and QQ are countable, and it is easy
to verify the following facts:

Ifn € Nand {X;}!_, are countable sets, then X1 X --- x X, is countable. ~ (0.5)
If Ay, is a countable set for each n € N, then UZO=1 Ay is countable. 0.6)

On the other hand, R, C and AN, where 4 is any set with at least 2 elements, are shown
to be uncountable.

Let X,Y be sets, let f : X — Y be a map and let A C X. Then the map
fla:A—Y defined by f|4(x) := f(x) is called the restriction of f to A.

0.3 The Extended Real Line [—o0, 00]

In measure theory, it is essential to consider functions with values in the extended real
line. Here we collect basic definitions and facts concerning the extended real line.

Definition 0.1. (1) Let oo and —oco be two distinct elements which are also distinct
from real numbers. The extended real line is defined as the set [—00, o0] := {—o0} U
R U {oo}. The canonical order relation < on R is naturally extended to [—oco, o0] by
defining @ < oo and —oo < a for any a € [—o0, 00]. For a,b € [—o0, 00], we write
a < bifand only ifa < b and a # b, as usual. For a, b € [—00, 0], we set

(a,b) :={x € [-o0,00] |a <x <b}, [a,b]:={x€[—00,00]|a=<x<b},
(a,b] :={x € [-o0,00] | a < x < b}, [a,b):={x €[-00,00]|a <x < b}.

(2) We say that a sequence {a, }°2; C [—00, 0] converges to oo (resp. to —00)°, and
write lim,_, o @, = 0o (resp. lim, o @y, = —00), if and only if for any b € R there
exists N € N such that a, > b (resp. a, < b) foranyn > N.

The convergence of {a, };- to areal number a € R is defined in the usual manner:
we write lim,_, o @, = a if and only if for any ¢ € (0, co) there exists N € N such
thata, € (a —&,a + ¢) foranyn > N.

Below we state basic definitions and facts concerning [—o0, 00].

6«resp.” is an abbreviation for “respectively”.
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Proposition 0.2. Let A C [—00, 00| be non-empty. Then the supremum (least upper
bound) sup A and the infimum (greatest lower bound) inf A of A in [—o00, 00] exist.”

Proposition 0.3. Let {a,}72, C [—o0, o).
(O Ifa, < ayyq foranyn €N, then lim, o0 ap = SUp,>1 dn-
) Ifan > ap+1 foranyn € N, then lim, o ap = inf,>1 apn.

Definition 0.4. For {a,}>, C [—oc0, 0], we define its upper limit lim sup,,_, ., a, and
its lower limit lim inf,,_, o, a, by

limsupa, := inf1 (sup ak), liminfa, := sup(inf ak). 0.7)
n>

n—00 21\ g>p n—o00 n>1\k>n

Since the set {ay | k > n} is decreasing in n, supy..,, ax is non-increasing in n and
infx>, ay is non-decreasing in 1, so that by Proposition 0.3,

lim (sup ak) = limsupay,, lim (inf ak) = liminfa,. (0.8)
n—>00\ g5y n—>00 n—oo\ k>n n—o00
It also holds that
liminfa, <limsupa,. 0.9)
n—o0 n—00

Indeed, infy >/, ag < dmax{m,n} < SUPg>, Ak for any m,n € N, and taking the infimum
of the right-hand side in n shows that infy>,, ax < limsup,_, . a, for any m € N.
Then taking the supremum of the left-hand side in m shows (0.9).

Proposition 0.5. Let {a,}72, C [—00,00]. Then lim,_ o a, exists in [—00, 00] (i.e.

limy, o0 @ = a for some a € [—00, o0]) if and only if

limsupa, = liminfa,.
n—00 n—>00

Moreover, if limy, o a, exists in [—00, 00] then limsup,,_, ., an = lim, o0 ap.
Definition 0.6. The addition + and the product - in R are extended to [—o0, co] by
setting
a+o00=00+a:=00 for a € (—o0, 00,
a+ (—o0) =—-0c0+a:=—-o00 fora € [—o0,00),
00 if a € (0, <],
a-co=00-a:=140 ifa =0,
—oo ifa € [—00,0),
—oo ifa € (0, ],
a-(—oo0) =(—00)-a:=40 ifa =0,
oo ifa € [—00,0).

We also set —(00) := —00, —(—00) := 00, |0o| := o0 and | — 00| := 0.

"The supremum and infimum in [—00, 00] are defined in the same way as those in R. To be precise, the
supremum of A C [—00, 00] is a number M € [—00, 00] such thata < M foranya € Aand M < b
whenever b € [—00, 0o] satisfies a < b for any a € A. Such M, if exists, is clearly unique. The infimum
of A is similarly defined and, if exists, unique. Proposition 0.2 asserts that they always exist.
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Note that co + (—o0) and —oo + oo are NOT defined. It may look strange to define
0 - oo := 0, but with this convention we have the following useful proposition.

Proposition 0.7 (Arithmetic in [0, 00]). (1) Leta, b, c € [0, o0]. Then
a+0=0+a=a, a+b=b+a, (@+b)+c=a+(b+c),

a-1=1-a=a, ab = ba, (ab)c = a(bc),
a(b+c)=ab + ac, (a +b)c =ac + bc.

) If{lan}i2 i, 4bn o2, C [0, 00] satisfy an < any1 and by, < byyq for anyn € N,
then

lim (a, + by) = lim a, + lim by, (0.10)
n—00 n—o00 n—o00
lim apby, = (lim an)( lim bn). 0.11)
n—>0o0 n—>00 n—>o00

Remark 0.8. It also holds thata -1 = 1-a = a, ab = ba and (ab)c = a(bc) for any
a,b,c € [—00, 0]. Indeed, these equalities are all immediate from Definition 0.6.

Definition 0.9. The sum ) ,- ; a, of a non-negative sequence {a,}>2, C [0, c0] is
defined as

n
Zan = nli)n;oZal supZa, = sup Zan.s 0.12)

n=1 i=1 nENl_l ACN: ﬁnitenEA

The equality limy—o0 Y -y @i = SUP,en 2 r—; @i follows by Proposition 0.3-(1).

For the third equality of (0.12), Zle ai = Y ieqr, 3 @i = SUP4 C N: finite Dned 4n
for any k € N and hence sup, ey Y 1o @i < SUP4 C N: finite O_ne4 dn- For the converse
inequality, let A C N be non-empty finite and set k := max A. Then ) . an <

Zf:l @i = SUPuey D j—q di, and hence SUp, c . finite Dned n = SUPnen Di—i di-
Thus the equalities in (0.12) follows.

Note that, by the last equality in (0.12), the sum Y 2 ; a, of {a,}32, C [0, 00]
remains the same even if the order of {a,}52, is changed.

Proposition 0.10. Let {an,k}fl‘fk:l C [0,00], and let N 3 £ +— (ng,ky) € NxNbea
bijection. Then

00
Zzank—zzank—zarwk@ = Ssup Z apk = Z ap k-

n=1k=1 k=1n=1 ACNXN: (n,k)e 4 nk=1

(0.13)

0.4 Topology of Subsets of R?

We assume the reader to be familiar with the notions of open and closed subsets of the
Euclidean spaces and that of continuity of maps between those sets, but it is sometimes

8The sum Y_,,c 4 an for A = @ is set to be 0.
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useful to present the same notions in a slightly more general setting. Here we restate
those topological notions for a general subset of the Euclidean spaces.

Let d € N. The Euclidean inner product and norm on R? are denoted by (-, -) and
| - |, respectively: for x, y € RY, x = X1, x0), Yy = V1, ..., Vd),

(x.y)r=xiyi+ -+ xqya. x| = V{xx) = xF 4+ 4 X3

Also for x € R? and r € (0,00) we set Bg(x,7) == {y € R? | |y — x| < r}.
A C R? is called bounded if and only if A C B4(0,r) for some r € (0, 00). Recall
that U C R? is called an open subset of R? or simply open in R? if and only if every
x € U admits ¢ € (0, 00) such that By (x, &) C U, and that F C R¥ is called a closed
subset of R? or simply closed in R¥ if and only if R? \ F is open in R¢.

We would like to generalize these notions to the case where the whole space is not
R¢ but a subset S € R?. This is done in the following manner. Let us fix a subset
S of R¥ in the rest of this section. For x € S and r € (0,00), we set Bg(x,r) :=
Bs(x,r)NnS={yeS||ly—x|<r}

Definition 0.11. (1) U C S is called an open subset of S or simply open in S if and
only if every x € U admits ¢ € (0, o) such that Bs(x,&) C U.

(2) F C S is called a closed subset of S or simply closed in S if and only if S \ F is
openin S.

In this definition, the set Bs(x,e) = {y € S | |y — x| < ¢} plays the role of the
e-neighborhood of x. Note that these notions depend heavily on the whole space S.
For example, [0, 1) is open in [0, 1] but not in R.

We have the following simple description of open and closed subsets of S

Proposition 0.12. Let A C S.
(1) Aisopenin S if and only if A = U N S for some open subset U of R4,
(2) A is closed in S if and only if A = F N S for some closed subset F of R?.

The continuity of a map is also defined in the usual way.

Definition 0.13. Letk € N. Amap f : S — R is called continuous if and only if for
any x € S and any ¢ € (0, co) there exists § € (0, co) such that | f(y) — f(x)| < ¢ for
any y € Bs(x,$).

There are several equivalent ways of stating the continuity of a map, as follows.

Proposition 0.14. Letk € Nandlet f : S — RF. Then f is continuous if and only if
any one of the following conditions are satisfied.
(1) f~Y(U) is open in S for any open subset U of R¥.
(2) f~V(F) is closed in S for any closed subset F of R¥.

At the last of this section, we recall a basic result from multivariable calculus, which
concerns the compactness of subsets of R?.

Definition 0.15. S is called compact if and only if for any family {Uj }1ea of open
subsets of R? with S C UAeA U,, there exists a finite subset Ag of A such that

S C UAGAO U,{

Theorem 0.16. S is compact if and only if it is closed in R? and bounded.



0.4. TOPOLOGY OF SUBSETS OF RP 9

Exercises

Problem 0.1. (1) Let A C [—00, 0] be non-empty. Prove that sup(—A4) = —inf A4,
where —A4 :={—a | a € A}.
(2) Let {a,};2, C [—00, 00]. Prove that limsup,,_, ,(—a,) = —liminf, o an.

Problem 0.2. Let {a,};2,,{bn}5>; C [—00, 0.
(1) Suppose a,, < b, for any n € N. Prove that

limsupa, <limsupb, and liminfa, < liminfb,.
n—00 n—»o0 n—00 n—00

(2) Suppose that {limsup,,_, ., @n, limsup,_, ., bn} # {co, —oco} and that {a,, b,} #
{00, —oco} for any n € N. Prove that

limsup(a, + b,) < limsupa, + limsup b, (0.14)

n—oo n—>oo n—>o0

and that the equality holds in (0.14) if lim,—, o @, exists in [—co, co]. Give an example
of {an}52 1, {bn}5>, C [0, 1] for which the strict inequality holds in (0.14).
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Chapter 1

Measure and Integration

In this chapter, we introduce the notion of (countably additive) measures and develop
the theory of integration with respect to measures. We follow the presentation of [7,
Chapter 1] for the most part of this chapter.

1.1 o-Algebras and Measures

We start with the definition of o-algebras.

Definition 1.1 (c-algebras). (1) Let X be a set and let M C 2X. M is called a o-
algebra in X (or a o-field in X) if and only if it possesses the following properties:

(ol) @ € M.
(02) If A € M then A€ € M, where A¢ := X \ A.
(03) If {A,)°2, C M then |y, An € M.

(2) The pair (X, M) of a set X and a o-algebra M in X is called a measurable space,
and then a set A € M is often called a measurable set in X .

Proposition 1.2. Let (X, M) be a measurable space. Then

()X eM.

() If {An}3>, C M then (72 An € M.

3)Ifn e Nand {A;}_, CMthen Ay U---UA, e Mand Ay N---N Ay € M.
@D IfA,BeMthen A\ B € M.

Definition 1.3 (Measures). (1) Let (X,M) be a measurable space. A function p :
M — [0, oo] is called a measure on M (or on (X, M)) if and only if w(@) = 0 and p
is countably additive, that is,

u(U An) =D 1(4n) (L.1)
n=1 n=1

13
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whenever {4,}52, C Mand 4; N A; = @ foranyi, j €e Nwithi # j. If u(X) =1
in addition, then p is called a probability measure.

(2) The triple (X, M, ) of a set X, a o-algebra M in X and a measure u on M is
called a measure space. If p is a probability measure in addition, then (X, M, ) is
called a probability space.

Proposition 1.4. Let (X, M, () be a measure space.

M Ifn e N {4}, CMand A; NAj =@ foranyi,j € {l,...,n} withi # j,
then pu(Ay U---U 4,) = n(Ar) + -+ + u(4y).

Q) IfA, B € Mand A C B then u(A) < u(B).

Q) If {An}3>, C M satisfies Ay C Apg1 for any n € N, then limy o0 4(Ay) =
1(UnZy An)-

@) If {An};2, C M satisfies Ap D Aptq for any n € Nand p(Ay) < oo, then
limy, 00 4 (A4n) = M(ﬂzil An)-

Here are some simple examples of measures.

Example 1.5. Let X be a set. Note that 2% is clearly a o-algebra in X.

(1) For A C X, let #A denote its cardinality, i.e. #4 is the number of the elements of
A if A is a finite set and otherwise #4 := 0o. The function # : 2X — [0, 00] is easily
seen to be a measure on (X, 2%X) and called the counting measure on X .

(2) Fix x € X, and define 8, : 2X — [0,1] by 8x(A) = 1if x € A and §,(A4) = 0 if
x & A. Then §, is a probability measure on (X, 2%) and called the unit mass at x.

For measures on countable sets, we have the following clear picture.

Example 1.6. Let X be a countable (i.e. either finite or countably infinite) set. Then
any [0, oo]-valued function ¢ : X — [0, o] defines a measure j,, on (X, 2%) given by

po(A) =) o). (1.2)

xeA

Conversely, for any measure x on (X,2%), there exists a unique ¢ : X — [0, 00]
such that u = p,; it suffices to set ¢(x) := w({x}). In other words, a measure on a
countable set is completely characterized by its values on one-point sets.!

The construction of interesting measures requires some (heavy) task and will be
treated in Chapter 2. Here we present two fundamental examples, for which we need
the following proposition.

Proposition 1.7. Let X be a set.

(1) Let A be a non-empty set and suppose that M, is a 0-algebra in X for each A € A.
Then (\yep My is a o-algebrain X.

(2) Let A C 2% and set

ox (A) == N M. (1.3)

M: o-algebrain X, A C M

Then ox (A) is the smallest o-algebra in X that includes A.

"Here we could consider a o-algebra M in X which differs from 2X , but then for some x € X we
would have {x} & M (the one-point set {x} is not measurable), which looks very weird for a countable set
X . This is why we considered measures on 2X only.
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ox (A) in (1.3) is called the o-algebra in X generated by A, and it is simply denoted as
o (A) when no confusion can occur.

Example 1.8 (Borel o-algebra and Lebesgue measure on R?). Let d € N. We define
the Borel o-algebra B(R?) of R to be the o-algebra in R? generated by its open
subsets, i.e.

BR?) := o({U C R? | U is open in R?}). (1.4)

Then each A € B(R?) is called a Borel set of R%. In fact, as stated in the following
proposition, B(R?) is generated by d-dimensional intervals. As we will see in the
course of this lecture, B(R?) is the right o-algebra to be considered when dealing with
measures on R? and R¥-valued functions.

Later we will see many examples of measures defined on (R4, B(R?)), but here we
present only the most standard and most important one: there exists a unique measure
my on B(R?) such that for any d-dimensional interval [ay,by] x --- X [aq, ba],

mg ([a1, b1] x-+- x [ag. bg]) = (b1 —ar) -+ (ba — aq). (1.5)

my is called the Lebesgue measure on R? 2 This is the mathematically correct formu-
lation of the notion of “d-dimensional volume”; my, m, and m3 represent length, area
and volume, respectively.

We need rather long preparations for the proof of the existence and uniqueness,
especially existence, of such a measure and we will treat it in the next chapter.

Proposition 1.9. Let d € N and define
Fa = {lar.b1] x -+~ x [ag, ba] | ax.bx € R,ar < by for1 <k <d}U{0}, (1.6)
Er"dQ = {la1.b1] x -+ X [ag.ba] | ax. bk € Q, ar < by for 1 <k <d} U{0}. (1.7)
Then B(R?) = 0(F4) = o(F3).
The following lemma is sometimes useful.
Lemma 1.10. Let X be a setand let Y C X. For A C 2%, define Aly C 2Y by
Aly :={ANY | A€ A} (1.8)

(1) If Ais a o-algebra in X, then Aly is a o-algebrainY .
() If A C 2%, then oy (Aly) = ox (A)|y.

Example 1.11 (Borel o-algebra in subsets of R?). Let d € Nand S C R?. Then the
Borel o-algebra B(S) of S is defined in the same way as that of R?, i.e.

B(S):=0s({U C S| Uisopenin S}), (1.9)
and each A € B(S) is called a Borel set of S. Since Proposition 0.12 means that

{UcS|UisopeninS} ={U cR? | U is open in R¢}|s,

2More precisely, the completion of mg, which is an extension of my to a certain larger o-algebra, is
usually called the Lebesgue measure on R?; see Theorem 1.37 below for the notion of completion.
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an application of Lemma 1.10 shows that
B(S) = B(RY)|s ={ANS | A e BRY). (1.10)
In particular, if S € B(R?), then B(S) = {4 € B(R?) | A C S} C B(RY).

Example 1.12 (Bernoulli measures). Let Q := {0, 1}" = {(0)32; | wp € {0, 1}}. If
we write 0 for tails of a coin flip and 1 for heads, then the outcome of infinitely many
coin flips is represented by a sequence w = (wp)5>, € 2, where w, corresponds to
the n-th outcome, and therefore €2 is a natural choice of the sample space for infinitely
many coin flips.

Which o-algebra should we equip 2 with? An obvious requirement is that any
“event” determined only by the outcomes of finitely many flips, i.e. any subset of the
form A, x {0, )N\ with 4, € {0, 1}, should be measurable. Therefore an easy
choice is to consider the following o -algebra F:

F = 0({An x {0, M\ | e N, 4, C {0, 1}"}). (1.11)

F is actually the right o-algebra in €2 to be considered, and we can construct a natural
probability measure on F which represents the randomness of infinitely many flips of a
coin: for any p € [0, 1],% there exists a unique probability measure P, on F such that*

Pp[{(@i)f=y} x {0. N ] = T p@ (1 = p)' =i (1.12)
i=1

forany n € N and any (w;)7_, € {0,1}". P, is called the Bernoulli measure on
of probability p. The proof of its existence and uniqueness is postponed until later
chapters.

1.2 Measurable and Simple Functions

In this section, we define measurable functions and present their basic properties.
Throughout this section, we fix a measurable space (X, M).

Definition 1.13 (Measurable functions). A function f : X — [—00, 0c0] is called M-
measurable if and only if f~1(A4) € M for any A € B(R) and for A = {oo}, {—o0}.

Proposition 1.14. A function f : X — [—00, 0] is M-measurable if and only if
! ((a, oo]) € M for any a € Q (or equivalently, for any a € R).

Proposition 1.15. Let f,g : X — [—00, 00] be M-measurable.

(1) The function f + g : X — [-o00,00], (f + g)(x) := f(x) + g(x), is M-
measurable, provided { f(x), g(x)} # {oo, —oo} for any x € X°.

(2) The function fg : X — [—00, 0], (fg)(x) := f(x)g(x), is M-measurable.

3The number p corresponds to the probability of heads at each flip.
“Here 00 := 1.
Sthat is, provided neither “co + (—00)” nor “—00 + 00” appears in the sum f(x) + g (x)
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For a sequence { f,,}52; of [—00, oo]-valued functions on X, we define [—o0, oo]-

valued functions sup,, > fu, infy>1 fu, limsup,_, o, fn and liminf, . fu on X by

(so0 4 )= sup(u). - (1imsop £, ) 0 = timsu ),

n>1 n>1 n—o00o n—o00o
(i )0 = jnt (o). (timint £, )0 = T ).
Proposition 1.16. Let f, : X — [—00, 0] be M-measurable for each n € N. Then
SUP, 1 fn, infy>1 fu, limsup,_, ., fu and liminf, . f, are all M-measurable.
The following lemma is useful in verifying measurability of basic functions.

Lemma 1.17. Letrd € Nandlet S € Re. If f : S — R is continuous, then f is
B(S)-measurable.

A B(S)-measurable function on S is also referred to as a Borel measurable func-
tion. Lemma 1.17 asserts that every R-valued continuous function is Borel measurable.
For E C X, wedefine 1 : X — R by

| ifxekE
1 = ’ 1.13
£(X) {o ifx & E. (1.13)

1z is called the indicator function® of E. It is easy to see that 1g is M-measurable if
and only if E € M.

Definition 1.18 (Simple functions). s : X — R is called M-simple if and only if it is
M-measurable and its range s(X) is a finite set.

Note that co and —oo are explicitly excluded from the values of simple functions.
Since an M-simple function s is written as s = Y, (x) al;—1() With s7l(a) e M,
we easily see from Proposition 1.15 that s : X — R is M-simple if and only if

n
s = ZailAi forsomen € N, {a;}/_; C Rand {4;}_; C M. (1.14)
i=1

Proposition 1.19. Let f : X — [0, 00] be M-measurable. Then there exists a se-
quence {s, }5>, of M-simple functions on X such that for each x € X,

(S1) 0 < su(x) < sp41(x) foranyn € N,
(82) limy—c0 sn(x) = f(x).

1.3 Integration and Convergence Theorems

In this section, we define integration with respect to measures and prove fundamental
convergence theorems. Throughout this section, we fix a measure space (X, M, u).

61 £ is usually called the characteristic function of E , but in the context of probability theory, this phrase
is reserved for the Fourier transform of probability measures on RY . See Chapter 4 for details.
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1.3.1 Integration of non-negative functions

First we define integration of non-negative simple functions. Recall our convention
that0- 0o =00 -0 := 0.

Definition 1.20 (Integration of non-negative simple functions). Lets : X — [0, 00)
be M-simple. We define its p-integral fX sdu on X by

/sd,u = Z au(s_l(a)). (1.15)
X aes(X)

Lemma 1.21. Lets,t : X — [0, 00) be M-simple and let o, § € [0, 00). Then

/(ozs+,3t)du=a/ sd,u+ﬂ/ tdu. (1.16)
D¢ b'¢ b'¢

Note that 1g is M-simple and [y 1gdpu = w(E) for any E € M. Therefore
Lemma 1.21 in particular implies that for n € N, {a;}7_, C [0,00) and {4;}!_, C M,

/X(ZailA,»)dM = ZaiM(Ai)- (1.17)

i=1 i=1

Definition 1.22 (Integration of non-negative functions). Let f : X — [0, oo] be M-
measurable. We define its pu-integral [y fdu on X by

/);fd,u = sup{/);sdu

Note that (1.18) is consistent with (1.15) for non-negative M-simple functions;
indeed, the supremum in (1.18) is attained by f if f : X — [0, o] is itself M-simple,
since we see from Lemma 1.21 that [y sdu < [y sdp + [y (t —s)du = [y tdp for
M-simple functions s,¢ : X — [0, 00) withs < ¢ on X.

The following lemma is immediate from (1.18).

s: X > R,sisM-simpleand 0 < s < f on X}. (1.18)

Lemma 1.23. If f,g : X — [0,00] are M-measurable and f < g on X, then
Jx fdu < [y gdp.

Now we are in the stage of presenting the first fundamental convergence theorem.

Theorem 1.24 (Monotone convergence theorem, MCT). Let f, : X — [0, co] be M-
measurable for each n € N and suppose fn(x) < fuy1(x) foranyn € N, x € X.
Then f : X — [0, 00] defined by f(x) := limy—co fn(x) is M-measurable, and

lim f,,du:/ fdu. (1.19)

Proposition 1.25. Let f,g : X — [0, 00] be M-measurable and let o, B € [0, o0].
Then

| @r +porin=a [ rau+p [ gan (1.20)
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Proposition 1.26. Let f, : X — [0, 0o] be M-measurable for each n € N. Then

/)((i fn)dﬂ =3 [ (1.21)
n=1 n=1

Here is another important limit theorem for integrals of non-negative functions.

Theorem 1.27 (Fatou’s lemma). Let f,, : X — [0, 00] be M-measurable for each
n € N. Then
[ (liminf f,,)d,u < liminf f fudps. (1.22)
X n—>00 n—>00 X

1.3.2 Integration of [—o0, co]-valued functions

Definition 1.28. For f : X — [—o0, 00], we define fF, f~ : X — [0, oo] by

fT(x) :=max{f(x),0} and £~ (x):= —min{f(x),0}, (1.23)

sothat f = f* — f~and|f| = f + f (recall that we set |oo| = | — oo := 00).
By Propositions 1.15 and 1.16, if f is M-measurable then so are f+, f~ and | f|.

Definition 1.29 (Integration of [—00, co]-valued functions). (1) For an M-measurable
function f : X — [—o00, 00], we say that f admits the p-integral or the pu-integral of
f exists (or simply [y fdu exists) if and only if

min{/ f+dpL,/ f_du} < 00, (1.24)
b'¢ b'¢
and in this case its u-integral fX fdu is defined by
/ fdu :=f f+du—/ fdu. (1.25)
X X b'¢

Moreover, f is called p-integrable if and only if [y | f|du < oo. Finally, we set
LYX, M, ) :={f : X - R| f is M-measurable and p-integrable}, (1.26)

which will be simply written as £' (X, i) or £!(14) when no confusion can occur.

(2) Let A € M. For an M-measurable function f : X — [—o0, 00|, we say that f
admits the i-integral on A or the p-integral of f on A exists (or simply [, fdpu exists)
if and only if [, f14du exists, and in this case its p-integral [y fdu on A is defined
by [, fdu = [y flad. Moreover, f is called ji-integrable on A if and only if f14
is p-integrable.

Note that (1.25) is consistent with (1.18) for non-negative functions, since f+ = f
and f~ = 0 for M-measurable f : X — [0, c0]. Note also that for A € M, f is u-
integrable on A if and only if [, fdu exists and [, fdu € R.
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Notation. The integral | 4 fd is often written in slightly different notations, e.g.

/ FE)dp(x) = / FeOu(dx) == / N (1.27)
A A A

These alternative notations are used especially when it should be made clear in which
variable the integral is taken.”

Proposition 1.30. Let f : X — [—o0, 00| be M-measurable.
(1) Let A € M satisfy u(A) = 0. Then f is p-integrable on A and [, fdu = 0.
(2) If f is p-integrable, then pu(f ~'(c0) U f~1(—00)) = 0.

Proof. (1) It suffices to show [y | f|14dp = 0. Lets : X — R be M-simple and
satisfy 0 < s < | f|14 on X. Then for any a € s(X) \ {0}, s~ !(a) C A and hence
u(s7'(a)) = 0. Thus [y sdp = 0 for any such s and therefore [y | f [14dp = 0.

(2)Set A := f~1(c0) U f~1(—o0) and letn € N. Then | f| > |f|14 > nlg on X
and hence np(A) = [y nlgdp < [y | fldp < co. Thus 0 < u(A) < n~' [ | fldpu,
and letting n — oo yields u(A4) = 0. O

Proposition 1.31. (1) If f,g : X — [—00, 00] are M-measurable, f{ < g on X and

Jx fdu, [y gdu exist, then
/deu < /ngﬂ- (1.28)

In particular, if f : X — [—o0, 00] is M-measurable and [y fdu exists, then

‘/deu

Q) If f.g € LY () and o, B € R, then af + Bg € L (1) and

< / \fld. (129)
X

/X(af + Bg)du =0l/deM+,3/ngM- (1.30)

The following proposition says that sets of p-measure zero are in fact negligible as
long as p-integrals are concerned. Note that we have {x € X | f(x) # g(x)} € M for
M-measurable functions f, g : X — [—o0, o¢0]; see Problem 1.15-(1).

Proposition 1.32. Let f,g : X — [—00,00] be M-measurable and suppose that

/A({x e X | f(x) # g(x)}) = 0. Then for any A € M, fA fdu exists if and only if
[ &du exists, and in this case

/fdu:/gdu. (1.31)
A A

The following convergence theorem often plays fundamental roles in analysis.

"The first and second notations in (1.27) have exactly the same meaning, but for certain reasons the
second notation is often preferred in the context of probability theory.
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Theorem 1.33 (Lebesgue’s dominated convergence theorem, DCT). Let f, : X —
[—00, o0] be M-measurable for each n € N. Suppose the following two conditions:

(L1) The limit f(x) := limy— oo fn(X) exists in [—00, 00] for any x € X.

(L2) There exists an M-measurable, ji-integrable function g : X — [0, oo] such that
| fn(x)| < g(x) forany x € X and anyn € N,

Then f : X — [—o00, 00] is M-measurable and p-integrable, and
lim fndp = / fdu. (1.32)

Note that Y ;2 a, = [y and#(n) for any {a,}52, C [0, o0] by Problem 1.19,
where # denotes the counting measure on N defined in Example 1.5-(1), so that all the
results established so far in this section are applicable to such series Y no | an.

Example 1.34. As an application of the dominated convergence theorem (Theorem
1.33), for o, B € R with o 4+ 8 > 2 let us verify the limit

> N
li — =0. 1.33
Ngnwr; n% + N2nb ( )
For any n € N, we have

N 1 1 N—->oo 1
- 0-— =0, 1.34
@4 N2pB N neN-2 4 pb nb (1.3

N n* -1 1

[ S [ B -

0<n“+N2nﬂ _(N + Nn ) Szn(a+ﬁ>/2’ (1.35)

where we used a + b > 2+/ab, a, b € [0, 00)8, for the inequality in (1.35). Now since
> 1

1
(/N Spaipz =) 2} pipz = (1.36)
n=

by « + 8 > 2, the dominated convergence theorem (Theorem 1.33) together with
(1.34), (1.35) and (1.36) implies that

o0
Nh—r>noo n”‘+N2nﬂ ZO_O
(in other words, limy o0 [y md#(n) [y 0d#(n) = 0), proving (1.33).

Note that (1.33) also holds if 8 > 1 instead of @ + 8 > 2, since Y oo, n7# < 00
and hence

> N 1 ad N—>oo
<ZW<NZ Oznﬂ

8This inequality is valid since a + b — 2+/ab = (yJa — ~/b)? > 0.
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1.3.3 Sets of measure zero and completion of measure spaces

In the above proof of Theorem 1.33, we already utilized the fact that the set g~ (00)
is “negligible” since it is of p-measure zero. There are a lot of situations in measure
theory where it is necessary to neglect sets of measure zero appropriately, and here is
an important definition used in those situations.

Definition 1.35 (Almost everywhere, a.e.). Let P(x) be a statement on x for each
x € X, and let A € M. Then we say that P holds ju-almost everywhere on A, or P
holds pi-a.e. on A for short, if and only if there exists N € M with u(N) = 0 such
that P(x) holds for any x € A\ N. For A = X, we simply say P holds p-a.e. instead
of saying P holds pi-a.e. on X.

For example, P(x) can be “f(x) = 0” or “f(x) = g(x)” for given functions
fg 1 X = [—00,00], or can be “the limit lim,—, o f5(x) exists in R” for a given
sequence { f, o2, of functions on X.

Measure theoretic assumptions naturally imply p-a.e. assertions, as illustrated by
the following proposition.

Proposition 1.36. (1) If f : X — [0, 00] is M-measurable and [y fdu = 0, then
f =0 pu-ae.

) If f.g : X — [—o00, 0] are M-measurable, ji-integrable and satisfy [, fdu =
fA gdu forany A € M, then [ = g p-a.e.

Recall Proposition 1.32, which asserts that for any two M-measurable functions
f.g with f = g p-ae., the pu-integrals [, fdu and [, gdp are always the same. In
other words, sets of zero -measure can be neglected as long as p-integrals are con-
cerned. By taking this fact into consideration, we can slightly weaken the assumptions
of the results in this section by allowing exceptional sets of p-measure zero.

For example, Theorem 1.33 is still valid if “for any x € X ” in the conditions (L1)
and (L2) are replaced by “for p-a.e. x € X”; indeed, if N, € M with u(N,) = 0,
n € N U {0}, are chosen so that

(L1) the limit f(x) := limy_ e f5(x) exists in [—o0, o] for any x € X \ Ny, and
(L2) | fu(x)| < g(x) forany x € X \ N, foreachn € N,

then since N := | J;2, N, satisfies u(N) = 0 by Problem 1.10, we obtain (1.32) by
applying the original Theorem 1.33 to {g,};2; defined by

. fu(x) ifxeX\N,

gnx) = {0 ifxeN.

Note here that the limit function f is defined only p-almost everywhere, only on the
set A := {x € X | limsup,_, o, fn(x) = liminf, o fr(x)} (recall that A € M by
Problem 1.15-(1)), but still its p-integral [y fdu is uniquely defined. Indeed, since
f =limsup,_, ., fn on A and limsup,,_, ., f, is M-measurable, if we extend f out-
side A by defining f := h on A°, where h : X — [—00,00] is an arbitrary M-
measurable function, then f is M-measurable (see Problem 1.15-(2)) and fX fdu is
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defined. Furthermore Proposition 1.32 together with £ (A€) = 0 assures that this inte-
gral [, fdu is independent of a particular choice of the extension &|4c of f to A°.

Such a situation is quite common in measure theory and probability theory: once an
M|x\n-measurable function f : X \ N — [—o0, oc] is defined outside a set N € M
with £(N) = 0, we define [y fdu as the u-integral of any M-measurable extension
of f to X, and we often do NOT specify the values on N.

Since we may neglect sets of p-measure zero as long as p-integrals are concerned,
it sounds quite natural that any subset of a set N € M of pu-measure zero should also
be of p-measure zero. As a matter of fact, this is not always the case for a general
measure space (X, M, u) since such N may include non-measurable sets, but we can
still define the p-measure of any subset of such N to be 0, so that u is extended to a
measure defined on a larger o-algebra, as follows.

Theorem 1.37 (Completion of a measure space). We define
M :={ACX|BCACC forsome B,C € Mwithu(C \ B) =0}. (1.37)

Then M is a o-algebra in X satisfying M C M“, and | is uniquely extended to a
measure [t on M.

M is called the p-completion of M, and fx is called the completion of . Note
that, as shown in the proof of this theorem below, if A € M " and B,C € M satisfy
B cCACCandu(C\ B) =0, then t(A) = n(B) = u(C).

Definition 1.38. We call p, or (X, M, i), complete if and only if A € M whenever
A C N for some N € M with u(N) = 0.

By the construction, the completion & of u is actually complete, which and (1.37)
easily imply that (X, M, ) is complete if and only if M = M. On the other hand,
it is known that the Lebesgue measure my on (RY, B(R?)) (Example 1.8) and the
Bernoulli measure P, on I (Example 1.12) are not complete.

1.3.4 Integration of complex functions

In this course, we usually consider R-valued or [—o0, co]-valued functions, but we will
need integration of complex functions later in Chapter 4. Here we collect some basic
definitions and facts concerning integration of complex functions.

Let i denote the imaginary unit. As usual, C = {x + iy | x, y € R} is naturally
identified with R2, so that C is equipped with the metric structure inherited from R2.

Definition 1.39. f : X — C is called M-measurable if and only if f~1(A4) € M for
any A € B(C).

Proposition 1.40. f : X — C is M-measurable if and only if its real part Re( f) and
imaginary part Im( f) are both R-valued M-measurable functions.

Since the function C 5 z + |z| € R is continuous and hence B(C)-measurable by
Lemma 1.17,if f : X — C is M-measurable then | /| is M-measurable by virtue of
Problem 1.16.
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Definition 1.41 (Integration of complex functions). (1) An M-measurable function
f 1 X — Cis called p-integrable if and only if [y | f|dp < oo, or equivalently,
Re(f) and Im(f) are p-integrable, and in this case its p-integral [y fdu is defined
by

/ fdu = / Re(f)du +i / Im(f)du. (1.38)
X b'e b
We also set

LY X, M, 0, C):={f : X — C| f is M-measurable and j-integrable}, (1.39)

which will be simply written as £! (X, i, C) or £ (i, C) when no confusion can occur.
(2) Let A € M. An M-measurable function f : X — Cis called w-integrable on A if
and only if f14 is p-integrable, and in this case its u-integral [, fdu on A is defined
by [, fdp = [y fladp.

Proposition 1.42. (1) If f € L' (1, C), then

‘/deu

QIf f.ge LY, C)anda,B € C, then af + Bg € LY (i, C) and

< [ \fld. (1.40)
X

/X @f + B)dp = /X fdp + B /X gdjt. (1.41)

1.4 Some Basic Consequences

In this section, we present some consequences of the integration theory developed so
far in this chapter. In the proofs of the first two theorems, we will utilize monotone
approximation of a measurable function by simple functions (Proposition 1.19) and the
monotone convergence theorem (Theorem 1.24) in a typical way.

Throughout this section, (X, M, ;) denotes a given measure space.

Theorem 1.43. Let f : X — [0, o0] be M-measurable and define v : M — [0, co] by

v(A4) ::/Afd,u. (1.42)

Then v is a measure on (X, M). Moreover, if g : X — [—00, 0] is M-measurable,
then [y gdv exists if and only if [y, gfd exists, and in this case

/gdv:/gfdu. (1.43)
b'¢ X

The measure v is denoted by f - i, and (1.43) is often abbreviated as dv = fdpu.

Remark 1.44. Note that the measure v = f - u satisfies v(A4) = 0 for any A € M with
(A) = 0 by Proposition 1.30-(1). A measure on (X, M) with this property is called
absolutely continuous with respect to |, and it is known that this property completely
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characterizes a measure v on (X, M) of this form under certain mild assumptions on
n and v. This fact is very fundamental in measure theory and probability theory and
known as the Radon-Nikodym theorem, but we do not treat this theorem in this course.
See [7, Chapter 6] and [1, Sections 5.5 and 5.6] for details of the Radon-Nikodym
theorem.

Definition 1.45. Let (S, B) be a measurable space. A map ¢ : X — § is called
M/ B-measurable if and only if ¢~!(A) € M for any A € B.

The following result is a fundamental tool in probability theory.

Theorem 1.46 (Image measure theorem). Let (S, B) be a measurable space and let
¢ : X — S be M/B-measurable. Then the function ;1o ¢~ ' : B — [0, o] defined by
(Lo 1) (A) = /,L((p_l(A)) is a measure on (S, B). Moreover, if f : S — [—00, 0]
is B-measurable, then fS fd(u o @V exists if and only iffX (f o@)du exists, and in
this case

/fd(uow_1)=/(fow)du- (1.44)
S X

The measure p o ¢~ is called the image measure of (L by ¢. An application of the
dominated convergence theorem (Theorem 1.33) gives rise to the following theorem.

Theorem 1.47. Leta,b € [—00,00], a < b andlet f : X x (a,b) — R be such that
f(.t) € LY(w) forany t € (a,b) and f(x,-) : (a,b) — R is differentiable for any
x € X. Suppose there exists an M-measurable i-integrable function g : X — [0, 0]
such that |(3f/9t)(x,1)| < g(x) for any (x,t) € X x (a,b). Then [y f(x,-)du(x) :
(a,b) — R is differentiable, and for any t € (a,b), (0f/3t)(-,t) € L () and

1

d af
5| rndue = [ Linduc. (145)

dt Jx 'y Ot
Next we present two frequently used inequalities. For p € (0, c0), we naturally
extend the power function [0,00) > x + x? to [0, o0] by setting oco? := oco. Note

that by Problem 1.20-(1), if f : X — [0, oo] is M-measurable then so is f# for any
p € (0,00).

Theorem 1.48 (Holder’s inequality). Let p € (1,00) and set g :== p/(p — 1), so that
p~ '+ g7 = 1. (q is called the conjugate exponent of p.) Let f.g : X — [0, o] be
M-measurable. Then

fogduf (/X f”du)l/p(/xquu)l/q- (1.46)

Definition 1.49. Let p € (0, 00). For an M-measurable function f : X — [—o00, o0],
we define

1/p
1 e = ( /X Ifl”du) , (1.47)

which will be simply denoted as || f'||z»(.) or || f|lz» when no confusion can occur.
Moreover, we also define

LP(X, M, ) :={f : X = R| f is M-measurable and || f||z.»(x,) < 00}, (1.48)

which will be simply written as £? (X, i) or £ (1) when no confusion can occur.
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Note that (1.48) is consistent with (1.26). We easily see that L7 () is a R-vector
space’ for each p € (0, 00), since (a+b)? < (2max{a, b})? < 2P(a?+bP)fora,b €
[0, o0]. According to Theorem 1.48, for p € (1,00),q = p/(p — 1), f € LP(u) and
g € L9(u) we have fg € LY(w) and | fgllzr < | fllerllgliLe. See Problems 1.29,
1.30 and 1.31 and Exercise 1.35 below for other important facts concerning £? ().

To state and prove another inequality, we need the following definition and lemma.

Definition 1.50 (Convex functions). Leta,b € [—00,00],a < b and let ¢ : (a,b) —
R. Then ¢ is called convex if and only if for any x, y € (a, b) and any ¢ € [0, 1],

p(1=0)x +1y) < (1 —D)p(x) + te(y), (1.49)

or equivalently, for any x, y,z € (a,b) withx < z < y,

PR) —p(x) _ o) —e)

< (1.50)
z—X y—z

For example, ¢ is convex if ¢ is differentiable on (a, b) and ¢’ is non-decreasing,
by virtue of the mean value theorem in one-dimensional calculus.

Lemma 1.51. Let a,b € [—00,00], a < b. If ¢ : (a,b) — R is convex, then it is
continuous.

Remark 1.52. Note that Lemma 1.51 is based on the assumption that the domain of ¢
is an open interval. In fact, if we define ¢ : [0, 1] = R by ¢(x) := 0 for x € [0, 1) and
@(1) := 1, then g satisfies (1.49) for any x, y,¢ € [0, 1] but it is not continuous.

Theorem 1.53 (Jensen’s inequality). Assume that p is a probability measure, that is,
w(X) = 1. Leta,b € [—o00,00], a < b and let ¢ : (a,b) — R be convex. If
f:X = (a,b)and f € L'(w), then [y fdu € (a.b), [y(¢o )" du < oo and

w(/X fdu) < [ nan (151)

Exercises

Problem 1.1. Let X := {1, 2, 3}. Provide all o-algebras in X.
Problem 1.2. For aset X and A C X, prove that {@, A, A°, X'} is a o-algebra in X.

The notion of independence is very important in probability theory. The following
definitions, problems and exercises provide some basics about independence of events.

Definition. Let (2, F,P) be a probability space.

(1) A pair {A, B} of events A, B € JF is called independent if and only if P[A N B] =
P[A]P[B].

(2) A (possibly infinite) family {4} ca C F of events is called independent if and
only if it holds that P[mAer Ay = [11ea, PLA4] for any non-empty finite Ao C A.

OThatis, o.f + Bg € LP () forany f, g € £LP (i) and any a, B € R.
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Problem 1.3. Let (2, F,P) be a probability space.

(1) Let A, B € F. Prove that if {A, B} is independent then {A¢, B}, {A, B¢} and
{A€, B¢} are also independent.

(2) Let {A;}rea C F be a (possibly infinite) family of events. Prove that {4 },ca
is independent if and only if P[ﬂkeAO B] = [I5en, P[BA] for any non-empty finite
Ao C Aandany B, € {0, A, A5, 2}, A € Ao.

Problem 1.4. Give an example of a probability space (2, F,P) and events A, B, C €
JF such that the pairs {4, B}, {B, C} and {4, C} are independent but P[4 N B N C] #
P[A]P[B]P[C].

Exercise 1.5. Give an example of a probability space (2, F,P) and events A, B, C €
F such that {4, B} and {B, C} are independent, P[4 N B N C] = P[A]P[B]P[C] but
{A, C} is not independent.

Definition. Let (2, F,P) be a probability space and let B € JF satisfy P[B] > 0. For
each A € F, We define the conditional probability P[A | B] of A given B by

P[A | B] :i= ———. (1.52)

Problem 1.6. Let (2, F,P) be a probability space and let B € JF satisfy P[B] > 0.
(1) Let A € F. Prove that {A, B} is independent if and only if P[4 | B] = P[A4].

(2) Prove that the set function F 3 A +— P[4 | B] is a probability measure on (€2, F).
This probability measure is called the conditional probability measure given B.

Problem 1.7. Let (2, F,P) be a probability space and let {Qn}fyzl C J, where N €
N U {oo}, satisfy P[2,] > O for any n, Q; N Q; = @ for any i, j withi # j and
U}']lv=l @, = Q. Alsolet A € F. Prove the following statements:
() PlA] = 3,0 P[A | )P[0
(2) (Bayes’ theorem) If P[A] > 0, then for each n,

P[A | $2,]P[S2,]

P2, | A] = .
4] Yo, PIA | QP[]

(1.53)

Exercise 1.8. Suppose people have a certain disease with probability 0.001. Doctors
use a test to detect the disease, and suppose that the test gives a positive result on a pa-
tient with the disease with probability 0.99 and on a patient without it with probability
0.004. Evaluate the probability that one has this disease under the condition that

(1) the result of the test was positive.

(2) the result of the test was negative.

In the problems and the exercises below, (X, M, p) denotes a given measure space.

Problem 1.9. Letn € N and let {4;}7_, C M satisfy u(lJj—; Ai) < oo. Prove the
following inclusion-exclusion formula:

n n k
M(U A,-) =y Y (—D"‘W(ﬂ AQ). (1.54)
i=1 =1

k=11<ii<-<ix<n
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Problem 1.10. Prove the following countable subadditivity of u: for {A4,}52, C M,

u(U An) <> (4. (1.55)
n=1 n=1

Problem 1.11. Let {4,}%, C 2% and define lim sup,,_,,, A, and liminf,_, 4, by

o0 o0 o0 o0
limsup A, == () () 4. liminf4, := | J (") 4. (1.56)
n—0o0 n=1k=n nee n=1k=n
so that they belong to M if {A4,}52, C M. Prove the following assertions.
(D) (lim SUP, 00 An)c = liminf, o A and

limsup A, = {x € X | x € A, for infinitely many n € N},

liminf A, = {x € X | x € A, for sufficiently large n € N}.
n—>00

(2) (First Borel-Cantelli lemma) If {4, }5%, C Mand ) 2, u(A,) < oo, then

u(limsup An) = u((limianfL)c) =0. (1.58)

n—00 n—>00

Problem 1.12. Let # be the counting measure on N (recall Example 1.5-(1)). Provide
an example of {A4,}52 , C 2N such that A, D Ay forany n € Nbutlim,_,o #4, #

#(m;?:] Ai’l)'
Problem 1.12 shows that the conclusion of Proposition 1.4-(4) is not necessarily
valid if the assumption “u (A1) < 00” is dropped.

Problem 1.13. Let Y be a set and define N := {4 C Y | either A or A¢ is countable}
and Ng := {A C Y | either A or A€ is finite}. Prove that N is a o-algebra in ¥ and
that 0 (Ng) = N.

Problem 1.14. Assume p(X) < oo. Let A be aset and let {4, },cao C M be such that
Ay, NAy, =@ forany Ay, A € A with A1 # A,. Prove that {A € A | u(4;) > 0} is
a countable set.

Problem 1.15. (1) Let f, g : X — [—00, 0] be M-measurable. Prove that the follow-
ing sets belong to M:
reX | f(x)<g)} {xreX|f(x)=gx)} {xeX|fx)>gk)}

(2) Let f;, : X — [—o00,00] be M-measurable for eachn € Nandleth : X —
[—00, 0o] be M-measurable. Define f, g : X — [—o00, 00] by

lim,,—, if the limit lim,,—, ists in R,

) = My o0 fu(x) if the 1.1111 My, 00 fn(x) exists in (1.59)
h(x) otherwise,
i if the Timit lim,_, ists in [—o0. 00,

2(x) = My oo fu(x) ifthe 1'rn1t My 00 fn(x) exists in [—oo, 00] (1.60)
h(x) otherwise.

Prove that the functions f and g are M-measurable.
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Problem 1.16. Let (S, B) be a measurable space, let ¢ : X — S be M/B-measurable
(see Definition 1.45) and let f : S — [—o00, 00] be B-measurable. Prove that f o ¢ :
X — [—00, 00] is M-measurable.

Problem 1.17. (1) Let S be a set, let A C 25 and let f : X — S. Prove that f is
M/os (A)-measurable (see Definition 1.45) if and only if £ ~1(A4) € M forany A € A.
(2 Letd € Nand let f = (fi.....f1) : X — R?, where f; : X — R for
eachi € {1,....d}. Prove that f is M/B(R?)-measurable if and only if f; is M-
measurable for any i € {1,...,d}.

Exercise 1.18. Letd € N, let S C R? and let f : S — [—o0, 00].
(1) Let & € (0, 00) and define f*, f; : S — [—00, 00] by
ff(x)== sup  f(y) and fe(x):= inf f(y). (1.61)
YE€Bs(x,¢) Y€Bs(x,¢)

Prove that f and f, are Borel measurable.
(2) Prove that the functions f, f : § — [—00, 00] defined by

f(x):=limsup f(y) and f(x):= liminf f(y) (1.62)
S5y—x - Say—x
are Borel measurable.

(3) Prove that {x € S | limgsy—x f(¥) = f(x)}is a Borel set of S.

Problem 1.19. Let X be a countable set and let 4« be a measure on (X, 2%).
(1) Prove that any function f : X — [—o00, oo] on X is 2% -measurable.

(2)Let f : X — [0, 00]. Prove that [y fdu =Y .cx f(x)u({x}).

Problem 1.20. Let ¢ : [0, co] — [0, oo] be non-decreasing and let f : X — [0, oo] be
M-measurable. Prove the following assertions.

(1) ¢ o f is M-measurable.

(2) (Chebyshev’s inequality) For any a € [0, oo] with ¢(a) € (0, 00),

plix e X1z a) < = | o fan. (163
Problem 1.21. Let f, : X — [—00, 0o] be M-measurable for each n € N and suppose
that > 02| [y | fuldp < oc. Prove that lim, .0 fr(x) = 0 for p-a.e. x € X.

Problem 1.22. Find the limits as N — oo of the following series:

) . AN -1 00 00
(1) ;2—"(1 n W) ) Z_; m 3) 2(1 n %)

Problem 1.23. Let m; be the Lebesgue measure on B(R) introduced in Example 1.8.
(1) Prove that m; ({a}) = O for any a € R.

2)Leta,b € R,a < b,and let f : [a,b] — R be continuous. For each n € N, define
Jfn i la,b] - R by

-N

. k
fn = kz_:l f(a + ;(b - a))l(a+kn_1(b—a),a+ﬁ(b—a)] + fa)lyy. (1.64)
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(i) Prove that lim,, oo f(x) = f(x) forany x € [a, b].
(ii) By considering lim,— o f[a’b] fndmy, prove that

b
fdm; = / f(x)dx, (1.65)
[a,b] a
where the integral in the right-hand side denotes the Riemann integral on [a, b].
(3) Leta € Randlet f : [a,00) — R be continuous. Prove that f is mj-integrable

on [a, 0o) if and only if limp_, oo fab | f(x)|dx < 00,'° and in that case

/ fdm; = hm/ f(x)dx. (1.66)
[a,00)

By Problem 1.23-(2), for a continuous function on a bounded closed interval, its
integral with respect to the Lebesgue measure m; coincides with its Riemann integral.
In fact, this fact can be generalized to any Riemann integrable function f on a bounded
closed interval of any dimension. See Section 2.6 below for details.

On the other hand, Problem 1.23-(3) says that the same is true also for a con-
tinuous function on an unbounded interval provided the improper Riemann integral
limp o0 ab f(x)dx is absolutely convergent. Here the assumption of the absolute
convergence is necessary; see Problem 2.14 in this connection.

Problem 1.24. Find the limits as n — oo of the following integrals:

© 1 *  gine* 71 COS X
1 d 2 —d 3
()/0 o ()/(; 1+ nx? o ()/ 1+ n2x3/2 dx

Exercise 1.25 ([1, Section 4.3, Problem 1]). Let f € £1(u) and {/,}°2, C L1 (p).
Suppose that f, > 0 on X for any n € N, that lim, e fn(x) = f(x) for any x € X,
and that lim, o0 [y fudpt = [y fdp. Prove that lim, oo [y | f — fuldp = 0.

Problem 1.26 ([7, Chapter 1, Exercise 9]). Leta € (0,00), let f : X — [0, oo] be M-
measurable and suppose [y fdu € (0, 00). Find the limit (with log 0o := 00® := 00)

lim [ nlog(1+ (f/n)*)du
n—o00 X

Exercise 1.27. Let f : X — [—o0, 0o]. Prove that the following three conditions are
equivalent:

1) fis M -measurable.

(2) There exist M-measurable functions f1, f> : X — [—o0, 0] such that /1 < f <
fron X and f; = f> p-ae.

(3) There exists a M-measurable function fy : X — [—00, oo] such that fo = f u-a.e.

10Note that the limit limp_s oo jab | f(x)|dx always exists in [0, 00], since f; | f(x)|dx is non-
decreasing in b € (a, 00).
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Problem 1.28. Let p € (0,00) and let f € LP (). Prove that

lim /X\f — [ f1em|’du = 0. (1.67)

n—>oo

Problem 1.29. Let p,q € (0,00), p < ¢, and let f : X — [0, co] be M-measurable.

Prove that
1/p 1/q
( / fpdu) < ( / f"du) u(Xx)=p/ra, (1.68)
X X

By Problem 1.29, if u(X) < oo, then £L9(X, u) C LP (X, n) for any p,q € (0, c0)
with p < q.

Problem 1.30 (Minkowski’s inequality). Let p € [1,00) and let f, g : X — [0, o] be
M-measurable. Prove that

(/X(f +g)”du)]/p < (/X fpdu)l/p + (/X g”du)l/p. (1.69)

For the next problem, we need the following definition.

Definition. Let f : X — Rand f,, : X — R, n € N, be M-measurable. We say that
{fa}52, converges in p-measure to f if and only if for any ¢ € (0, c0),

Jim pu({x € X | | fu(x) = f(x)| = &}) = 0. (1.70)

Problem 1.31. Let f : X — Rand f, : X — R, n € N, be M-measurable.

(1) Let p € (0,00) and suppose lim, o0 || fn — fllLr(y = 0. Prove that { f,}02,
converges in u-measure to f.

(2) Suppose that { 1, }5° ; converges in jt-measure to f. Prove that there exists a strictly
increasing sequence {ny }7> ; C Nsuchthatlimg oo fn, (x) = f(x)for u-ae. x € X.

Problem 1.32. Let A € M, and define a measure u|g on M|q = {BNA| B € M}
by pla := p|m, (note that M|y C M). Let f : X — [—o0, 00] be M-measurable.
Prove that [y, f14du exists if and only if [, f|4d(jt|4) exists, and in this case

(/A fdp :z)/XflAduzfAﬂAd(mA). (1.71)

According to Problem 1.32, fA fdu could alternatively be defined as the integral
of f|a with respect to p|4 = w|ng|,, the restriction of p to A.

Exercise 1.33. Let N be a o-algebra in X such that N € M, and let f : X —
[—00, 00] be N-measurable. Prove that [, fdu exists if and only if [y fd(j]n) exists
(note that p| is a measure on (X, N)), and in this case

/X fdu = /X (). (1.72)
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Exercise 1.34. Let f : X — [0, oo] be M-measurable and p-integrable. Prove that,
for any & € (0, 00) there exists § € (0, 00) such that [, fdu < e forany A € M with
n(A) < 4.

Exercise 1.35. Assume that (X, M, u) is o-finite (see Definition 2.25). Let p €
(1,00),q := p/(p—1),and let f : X — [0, 0o] be M-measurable. Prove that

|fllLr = sup{/ fedu ‘ g:X — [0,00], g is M-measurable and ||g||zs < 1}.
X
(1.73)



Chapter 2

Construction and Uniqueness of
Measures

In this chapter, we provide general criteria for existence and uniqueness of measures
and apply them to some important examples. In the latter part of this chapter, we will
also discuss products of measures and integration of functions in two variables.

2.1 Uniqueness of Measures: Dynkin System Theorem

The purpose of this section is to state and prove the Dynkin system theorem, which is
a fundamental tool in probability theory. This theorem enables us to establish various
equalities and measurability properties among measures and integrals. As an easy ap-
plication, some uniqueness theorems for measures are also proved at the last of this
section.

Definition 2.1 (77-systems and Dynkin systems). Let X be a set and let A, D C 2X.
(1) A is called a w-system if and only if AN B € A forany A, B € A.
(2) D is called a Dynkin system in X if and only if the following conditions are satisfied:

(D1) X € D.
(D2) If A,BeDand A C B,then B\ A € D.
(D3) If{4,}32, C Dand A, C Ayt forany n € N, then | oo | Ay € D.

Proposition 2.2. Let X be a set.

(1) Let A be a non-empty set and suppose that D), is a Dynkin system in X for each
A € A. Then (), cp D is a Dynkin system in X.

(2) Let A C 2% and set

Sx (A) == N D. (2.1)

D: Dynkin system in X, A C D

Then 8x (A) is the smallest Dynkin system in X that includes A, and §x (A) C ox (A).

33



34 CHAPTER 2. CONSTRUCTION AND UNIQUENESS OF MEASURES

8x (A) in (2.1) is called the Dynkin system in X generated by A, and it is simply
denoted as §(A) when no confusion can occur.
Here is the statement of the Dynkin system theorem.

Theorem 2.3 (Dynkin system theorem). Let X be a set and let A C 2% be a m-system.
Then
8(A) = o(A). (2.2)

We need the following lemma.

Lemma 2.4. Let X be a set and let D C 2% be a Dynkin system in X. If D is a
m-system, then it is a o-algebra in X.

Now we present a uniqueness theorem for probability measures, whose proof illus-
trates when and how to use the Dynkin system theorem (Theorem 2.3).

Theorem 2.5 (Uniqueness of probability measures). Let X be a set, let A C 2% be
a w-system and let v : A — [0,1]. Then a probability measure p on o(A) with
wla = v, if exists, is unique, i.e. if W1, Lo are probability measures on o (A) with
pila = p2la = v, then 1 = po.

For instance, Theorem 2.5 can be used to prove the uniqueness of the Bernoulli
measure PP, of probability p stated in Example 1.12; see Problem 2.2.

With exactly the same idea and a more complicated calculation using the inclusion-

exclusion formula (Problem 1.9), we can also prove the following more general unique-
ness theorem applicable to non-probability measures.

Theorem 2.6 (Uniqueness of measures). Let X be a set, let A C 2X be a w-system
and let v : A — [0, 00]. Suppose that there exists { X, }ne C A such that

o0
X=|JX» and v(X,)<oo foranyneN. (2.3)
n=1

Then a measure |4 on o (A) with |4 = v, if exists, is unique, i.e. if L1, Lo are mea-
sures on o (A) with pi1|a = pala = v, then 1 = Wo.

Example 2.7. Letd € N, let F; be as in (1.6), and define v : F; — [0, c0) by
v([al,bl] X oo X [ad,bd]) = (b1 —ay):---(bg —ag), v(@) :=0.

Then F4 is clearly a 7-system and (2.3) is satisfied with X,, := [—n,n]?. Thus by
Theorem 2.6, a measure on o(F7) = B(R?) extending v is unique. This is nothing
but the uniqueness of the Lebesgue measure on (R?, B(RR?)) stated in Example 1.8.

2.2 Construction of Measures

The following theorem is our criterion for construction of measures, which is due to Jun
Kigami in Kyoto University and has been borrowed from his unpublished lecture note
[6]. We use this theorem in the next section to construct measures on (R?, B(R%)).
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Theorem 2.8 (Kigami [6, Theorem 1.4.3]). Let X be a set, let A C 2X pea T -System
and let v : A — [0, 00]. Suppose that the following three conditions are satisfied:

(C1) 0 € A and v(9) = 0.
(C2) IfA €A {4}, CAand A C 2, Ay, then v(A) < Y50 v(Ay).

(C3) Forany A, B € A, there exist n € N and {A;}?_, C A such that A\ B C
Uiz 4i and v(A) = v(AN B) + > i_; v(4)).
Then the set function | : o (A) — [0, o0] defined by

oo

w(A) = inf{z v(Ayn)

n=1

A}z, c A Ac | An} (nfd := c0)  (2.4)

n=1
is a measure on o (A) such that |4 = v.

The rest of this section is devoted to the proof of Theorem 2.8. We need the fol-
lowing definition and theorem, which are also fundamental in measure theory.

Definition 2.9 (Outer measures). Let X be a set. A set function v : 2X — [0, 00] is
called an outer measure on X if and only if it has the following properties:

(01) v(9) =0.
(02) If AC B C X, thenv(A) <v(B).
(03) If {A,}52, C 2%, then v({UpZ; An) < Y ey v(An). (countable subadditivity)
Moreover, for an outer measure v on X, we define M(v) C 2X by

M) ={ACX|v(E)=v(ENA) +Vv(E\A)forany E C X}. (2.5)
Each A € M(v) is called v-measurable.

Note that an outer measure v on a set X satisfies v(E) < v(ENA) +v(E \ A) for
any A, E C X by (0O1),(03)and E = (ENA)U(E\A)UBUGU..., and hence that
A C X belongs to M(v) if and only if v(E) > v(E N A)+v(E \ A) forany £ C X.

Theorem 2.10 (Carathéodory’s theorem). Let X be a set and let v be an outer measure
on X. Then M(v) is a o-algebra in X and v|y) is a complete measure on M(v).

We also need the following easy lemma.

Lemma 2.11. Let X be a set, let A C 2X and let v : A — [0, 00]. Suppose @ € A and
V(@) = 0. Then the set function vy : 2X — [0, o] defined by

oo

ve(A) := inf{z v(4,)

n=1

(Ao, cAAc | A,,} (infd := 00)  (2.6)

n=1
is an outer measure on X.

The proof of Lemma 2.11 is left to the reader as an exercise (Problem 2.4).
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2.3 Borel Measures on R? and Distribution Functions

In this section, we construct Borel measures on R¢ (i.e. measures on (R?, B(R?)))
by using Theorem 2.8. At the last of this section, we will also present a useful result
concerning approximation of measures by open sets and compact sets.

2.3.1 Borel measures on R: Lebesgue-Stieltjes measures

This subsection is devoted to the construction of Borel measures on R from right-
continuous non-decreasing functions on R. In particular, we prove the existence of the
Lebesgue measure on (R, B(R)) stated in Example 1.8.

Definition 2.12. A function F : R — R is called right-continuous if and only if!

liin F(y)=F(x) foranyx €R. 2.7)
yix

Proposition 2.13. Let p be a Borel measure on R such that pL((—n, n]) < o0 for any
n € N. Define F : R — R by

n((0.x]) i x € (0.00),
F(x):=140 ifx =0, 2.8)

—/L((X,O]) if x € (—o0,0].

Then F is right-continuous, non-decreasing and satisfies ,u((a, b]) = F(b)— F(a) for
any a,b € Rwitha < b.

Conversely, any right-continuous non-decreasing function on R gives rise to exactly
one Borel measure on R, as follows.

Theorem 2.14. Let F : R — R be right-continuous and non-decreasing. Then there
exists a unique Borel measure (L on R such that g ((a, b]) = F(b) — F(a) for any
a,b e Rwitha < b.

W is called the Lebesgue-Stieltjes measure associated with F .

Corollary 2.15 (Lebesgue measure on B(R)). There exists a unique Borel measure m;
on R such that my ([a, b]) =b—aforanya,b € Rwitha <b.

As already mentioned in Example 1.8, m; is called the Lebesgue measure on R.
The case of probability measures is of particular importance.

Definition 2.16 (Distribution functions). Let p be a Borel probability measure on R
(i.e. a probability measure on B(R)). Then the function F,, : R — [0, 1] defined by
Fu(x) := pu((—00, x]) is called the distribution function of .

"Fora € R, limy, | F(y) = a (resp. limy 4 F(y) = a) means that for any & € (0, 00) there exists
§ € (0,00) such that | F(y) —a| < eforany y € (x,x + 8) (resp. forany y € (x — &, x)).
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Similarly to Proposition 2.13, F, is right-continuous, non-decreasing and satisfies
/L((a,b]) = F,(b) — F,y(a) forany a,b € R with a < b. By Theorem 2.14, p is
equal to uF, , the Lebesgue-Stieltjes measure associated with F,, and in particular 1
is uniquely determined by its distribution function F,.

Corollary 2.17. A function F : R — R is the distribution function of a (unique)
Borel probability measure on R if and only if F is right-continuous, non-decreasing
and satisfies limy o0 F(x) = 1 and limy—_o, F(x) = 0.

According to Corollary 2.17 and the argument after Definition 2.16,  +— F, gives
a bijection from the set of Borel probability measures on R to the set

F is right continuous, non-decreasing and satisfies
{F ‘R—>R ‘ g ; }

limy_ 00 F(x) =1 and limy_—,_o, F(x) =0

and its inverse map is given by F — pr. Through this bijection, a Borel probability
measure on R is often identified with its distribution function.

2.3.2 Borel probability measures on R? and distribution functions

Corollary 2.17 can be generalized to Borel probability measures on R¢, as described
below in this subsection.

Definition 2.18 (Distribution functions on R?). Let d € N and let ;1 be a Borel prob-
ability measure on R?. Then the function F W R? — [0, 1] defined by

Fu(x1,....xq) = p((—00,x1] X +++ X (=00, x4]) (2.9)
is called the distribution function of L.

Proposition 2.19. Let d € N, let j1 be a Borel probability measure on R? and let F, M
be the distribution function of [L.
(1) For any (x1,...,xq) € R% and any (hy, ..., hg) € [0, 00)%,

,u((xl —hy,x1] XX (x4 —hd,xd])
= S DTS E g — by xg —agha) 20, (2.10)

(T Old)E{O,l}d

where (a,a) :== 0 fora € R.
(2) Forany x = (x1,...,Xq) € R,
lim Fui, .. ya) = Fu(x). (2.11)
G150 yg)—>x

yi>x;,ie{l,...d}
(3) limy oo Fu(x,...,x) = 1, and limy, oo Fy(X1,...,Xi,...,Xg) = 0 for any
ie{l,....d}andany xj e R, j e {l,...,d}\ {i}.
(4) w is uniquely determined by its distribution function F,.>

2That is, if v is a Borel probability measure on R whose distribution function is F,, then v = u.
3That is, if v is a Borel probability measure on R4 whose distribution function is F, w,thenv = [,
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The proof of Proposition 2.19 is left to the reader as an exercise (Problem 2.8).
Theorem 2.20. Letd € N, and let F : RY — R satisfy the following conditions:
(F1) Forany (x1,...,xq3) € R? and any (hy, ..., hg) € (0,00)4,
S DTS —aihxg —agha) 2 0. (212)
(a1,...,04)€{0,1}4
(F2) limpyo F(x1 +h,...,xq +h) = F(x1,...,xg) forany (x1,...,x4) € R%.

(F3) limy—oo F(x,...,x) = 1, and limy; 5 —oo F(x1,...,X;,...,xg) = O for any
ie{l,....d}andanyx; eR, j e {l,...,d}\ {i}.

Then F is the distribution function of a unique Borel probability measure j1 on R4,

2.3.3 Topology and Borel measures on R?

The purpose of this subsection is to prove the following theorem, which asserts that the
measure of a Borel set can be approximated from above by open sets and from below
by compact sets.

Theorem 2.21. Letd € N, and let ju be a Borel measure on R? with p([—n,n]?) < oo
for any n € N. Then for any A € B(R?),

w(A) = inf{u(U) | A c U c R%, U is open in R?} (2.13)

= sup{u(K) | K C A, K is compact}. (2.14)

Note that Theorem 2.21 is applicable to the Lebesgue measure my on R, since
my satisfies mg ([-n,7]¢) = (2n)? < oo forany n € N.

2.4 Product Measures and Fubini’s Theorem

Recall the following basic fact for Riemann integrals: Let f : [0, 1]> — R be bounded
and Riemann integrable on [0,1]%. If f(x,-) and f(-,y) are Riemann integrable on

[0,1] for any x, y € [0, 1], then so are fol f(,y)dy and fol f(x,)dx, and

1 1 1 1
- f(2)dz = /0 (/0 f(x,y)dx)dy = /0 (/0 f(x,y)dy)dx. (2.15)

The aim of this section is to establish the counterpart of this fact in the framework
of measure theory, for which we need the notions of the product of o-algebras and that
of measures. We start with the definition of the product of o-algebras.

Definition 2.22 (Product o-algebras). Let n € N, and for each i € {l,...,n} let
(X;,M;) be a measurable space. We define M; x --- x M,, C 2X1>*Xn and a o-
algebraM; ® --- ® M,, in X x -+ x X, by

My x oo X My = {Ay X -+ x Ay | A € M; fori € {1,...,n}}, (2.16)
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Mi® - ® M, 1= 0x;xxx, My X oo X My,) (=M ifn = 1). 2.17)
M ® -+ ® My, is called the product o-algebra of {M; }7_,.

Proposition 2.23. Let n,k € N, and for each i € {1,...,n + k} let (X;, M;) be a
measurable space. Then

M@ @dMp) ® Mp+1 @+ @Myyp) =M ® -+ @ My 4« (2.18)
The following proposition provides an important example of product o-algebras.

Proposition 2.24. (1) Let n,k € N. Then B(R"1*) = B(R") @ B(R¥).
(2) Let d € N. Then B(R?) = B(R)®? := B(R) ® --- @ B(R) (d-fold product).

Next we prove the existence and the uniqueness of the product of measures. We
need the following definition for the uniqueness statement.

Definition 2.25. Let (X, M, u) be a measure space. Then u (or (X, M, w)) is called
o-finite if and only if there exists {X,}°2, C M such that

o0
X=|JX, and p(X,) <oo foranyneN. (2.19)
n=1

Note that, by considering {{J/_; X;} -, instead of {X,}32,, in (2.19) we may assume
without loss of generality that X,, C X, 4+ foranyn € N.

Theorem 2.26 (Product measures). Letn € N, n > 2, and for eachi € {1,...,n} let
(Xi, M;, u;) be a measure space. Then there exists a measure (L on My ® -+ ® My,
such that for any A; € M;, i € {1,...,n},

U(Ay X oo X Ap) = p1(A1) -+ wn(An). (2.20)

If (X;,M;, u;) is o-finite for each i € {1,...,n} in addition, then such a measure p
onMy ® --- ® My, is unique and o-finite, and it is denoted as L1 X -+ X [p.

In the latter case, 11 X - -+ X Wy is called the product measure of {j; }7_, .

Corollary 2.27. Letn,k € N, and for eachi € {1,...,n + k} let (X;, M;, u;) be a
o -finite measure space. Then

(1 X oo X ) X (Pt X0 X fon ) = 1 X oo+ X [lpyke (2.21)

Theorem 2.26 gives rise to the existence of the Lebesgue measure on R?, d > 2.
Note that the Lebesgue measure m; on R constructed in Corollary 2.15 is o-finite and
hence that its product my x --- x my (d-fold product) is defined and o-finite.

Corollary 2.28 (Lebesgue measure on B(R?)). Let d € N and define my := m‘li =
my X --- X my (d-fold product). Then my is the unique Borel measure on R? such that
forany a;,b; € Rwitha; < b;, i € {1,...,d},

mg ([a1.b1] X -+ X [ag.bg]) = (by —a1) -+ (bg — aq). (2.22)

Moreover, m, 1) = m, X my foranyn,k € N.
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As already mentioned in Example 1.8, my is called the Lebesgue measure on R?.
We would like to write down integrals with respect to @ X - -« X 4, as iterated integrals
with respect to w;, i € {1,...,n}. This is established in Theorem 2.30 below, which
requires some preparations concerning measurability of functions. Note that, in view
of Proposition 2.23 and Corollary 2.27, it suffices to consider the case of n = 2.

Proposition 2.29. Let (X, M), (Y, N) be measurable spaces and let f : X x Y —
[—00, 00] be M ® N-measurable. Then f(-,y) : X — [—00, 00] is M-measurable for
anyy € Y, and f(x,): Y — [—00, 00] is N-measurable for any x € X.

Theorem 2.30 (Fubini’s theorem). Let (X, M, u), (Y, N, v) be o-finite measure spaces
andlet f : X XY — [—00, 00] be M ® N-measurable.

W Iff =0o0nX XY, then [y f(-,y)dv(y) : X — [0,00] is M-measurable,
Jx f(x.)dpu(x) 1 Y — [0, 00] is N-measurable, and

[ sawn = [ rniv)ane = [( [ 1w ndue )i,

(2.23)
(2) Suppose that any one of [y.y | f1d(n x v), [x([y | fCx, »)|dv(y))du(x) and
Jy Us | f o »Nd(x))dv(y) is finite. Then f(x,-) is v-integrable for p-a.e. x €
X with [, f(-, y)dv(y) M-measurable and ji-integrable, f(-,y) is p-integrable for
v-ae. y € Y with [y f(x,-)du(x) N-measurable and v-integrable, [ is j x v-
integrable, and (2.23) holds.

Remark 2.31. (1) In the situation of Theorem 2.30-(2), the function [, f(-, y)dv(y)
is defined only off M := {x € X | [} | f(x,y)|dv(y) = oo}, which belongs to M by
Theorem 2.30-(1). The first assertion of Theorem 2.30-(2) means that u(M) = 0 and
that the function [} f(-, y)dv(y) on X \ M is M]|x\a-measurable and p-integrable.
The same remark of course applies to [y f(x,-)dju(x) as well.

(2) Theorem 2.30-(2) is easily verified also for C-valued M ® N-measurable f.

The assumption of o-finiteness of 1 and v and the integrability assumption in (2)
are indeed necessary in Theorem 2.30; see Exercise 2.13 for concrete counterexamples.
The assumption of M ® N-measurability of f is much more subtle and there is no
easy counterexample that shows its necessity, but the reader should always keep this
measurability assumption in mind when using Theorem 2.30.

2.5 Fubini’s Theorem for Completed Product Measures

In the last section we have proved Fubini’s theorem (Theorem 2.30). In fact, however,
it is still insufficient when we consider complete measures, e.g. the completion m; of
the Lebesgue measure on B(R?). A simple reason for this is that the product measure
i %X v of two o-finite measures i on (X, M) and v on (Y, N) is usually not complete
even if yu and v are complete; indeed, if N € N, N # 0, v(N) = 0and A C X,
AZM,then AXN C X xN e M®Nand (uxv)(XxN)=0,but AXxN ¢ MQN
since 1axn (-, ¥) = 1n(y)14 is not M-measurable for y € N (recall Proposition
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2.29). As a consequence, we cannot apply Theorem 2.30 directly to my-integrals of
B(R4 )md -measurable functions.

The purpose of this section is to overcome this difficulty by extending Fubini’s
theorem to the case of the completion of the product measure. We first prove a theorem
which asserts a certain uniqueness of the completion of a product measure.

Theorem 2.32. Letn € N, n > 2, and for eachi € {1,...,n} let (X;, M;, ;) be a
o -finite measure space. Then it holds that

W1 X X Iy = [ X =+ X g (2.24)
Corollary 2.33. Letn,k € N. Then m,, 1 = m, X my.

Now we state and prove Fubini’s theorem for the completion of a product measure.

Theorem 2.34 (Fubini’s theorem for completion). Ler (X, M, n), (Y, N, v) be com-
plete o-finite measure spaces and f : X x Y — [—00,00] be M ® N -measurable.
©) f(,y) : X — [—o0,00] is M-measurable for v-a.e. y € Y and f(x,) : Y —
[—o0, 00] is N-measurable for p-a.e. x € X.

W If f =00n XxY, then [, f(-.y)dv(y) is defined ji-a.e. on X and M-measurable,
[y f(x,-)du(x) is defined v-a.e. on Y and N-measurable, and

[ raan = | ( / f(x,y)dv(w)du(x): [ ( [ s y)du(x))dv(y),

(2.25)

(2) Suppose that any one of [y.y | fld(@xv), [x(fy |f(x.y)dv(y))du(x) and
Iy ([x 1o, »)dp(x))dv(y) is finite. Then f(x,-) is v-integrable for p-a.e. x €
X with [, f(-, y)dv(y) M-measurable and pi-integrable, f(-,y) is p-integrable for
v-a.e. y € Y with [y f(x,-)du(x) N-measurable and v-integrable, f is JL X v-
integrable, and (2.25) holds.

Remark 2.35. (1) In the situation of Theorem 2.34-(1), [} f(-, y)dv(y) is defined only
off M := {x € X | f(x,-)is not N-measurable}, which belongs to M by Theorem
2.34-(0) and the completeness of (X, M, p). Similarly to Remark 2.31-(1), the first
assertion of Theorem 2.34-(1) means that the function [} f(-, y)dv(y) on X \ M is
M|x\ap-measurable. The same remark of course applies to [y f(x,-)du(x) as well.
(2) The same remarks as those in Remark 2.31 apply to Theorem 2.34-(2).

2.6 Riemann Integrals and Lebesgue Integrals

The purpose of this section is to prove the following theorem, which asserts that Rie-
mann integrals on bounded closed intervals are just special cases of integrals with re-
spect to (the completion of) the Lebesgue measure. Recall that a function f : X — C
on a set X is called bounded if and only if sup, .y | f(x)| < oo.
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Theorem 2.36. Letd € N, let a;,b; € R, a; < b; foreachi € {1,...,d} and set
I :=1Jai,b1] x--- % [ag,bg]. Let f : I — R be bounded and Riemann integrable on
I. Then f € £LY(1,B(I) *,Tig) and

/Ifdm_dzj;f(x)dx, (2.26)

where the integral in the right-hand side denotes the Riemann integral on I .
Remark 2.37. In Theorem 2.36, we cannot conclude that f is Borel measurable. In
fact, there exists a Riemann integrable function on / which is NOT Borel measurable.

Notation. In view of Theorem 2.36, an integral [, fdmg with respect to (the comple-
tion of) the Lebesgue measure my is also denoted as [, fdx or [, f(x)dx:

ffdx :=ff(x)dx :=[fdm_d. 2.27)
A A A
Ifd =1and A = (a,b),a,b € [—00, ], a < b, then we write
b b
/ fdx :=/ f(x)dx :=/ fdmy. (2.28)
a a (a,b)

In short, an integral on a subset A of R¢ written as Ju fdx or [, f(x)dx will always
mean one with respect to (the completion of) the Lebesgue measure m .

Remark 2.38. Let d € N. Elements of B(R4 )md are called Lebesgue measurable sets

of R4 and B(R4 )md -measurable functions are called Lebesgue measurable. B(R4 )md
is called the Lebesgue o-algebra of R? or the o-algebra of Lebesgue measurable sets
of R4.

2.7 Change-of-Variables Formula

At the last of this chapter, we prove the invariance of the Lebesgue measure my; under
parallel translations and invertible linear transformations and present the change-of-
variables formulas for mg,.

Theorem 2.39. Letd € N.
(1) If o € R?, then
my (A + o) = mg(A) (2.29)

forany A € B(R?), where A + o := {x +a | x € A).
Q) If T : R? — R js linear and invertible, then for any A € B(R%),

my (T (A)) = | det T|my (A). (2.30)

Remark 2.40. (1) Note that A + «, T(A) € B(R?) in the situation of Theorem 2.39;
indeed, since 7! is continuous, it is B(R¢)/B(R¢)-measurable by Lemma 1.17 and
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Problem 1.17-(2) and hence T(4) = (T~1)"1(4) € B(R?). The same argument
works for A + « as well. .

Q) If T : R? — R? is linear and NOT invertible, then T(A) € B(RY) “ and
mg(T(A)) = 0 for any A € B(R?). Indeed, T(R?) is contained in a (d — 1)-
dimensional subspace H, which can be written as

H = {(x1,...,xd) S Rd | x( = leksd’k#zakxk}

for some £ € {1,...,d}and ay € R, k # £. Therefore H € B(R¢) and my(H) = 0
by Corollary 2.28 and Fubini’s theorem (Theorem 2.30-(1)), which implies the claim.

In view of the image measure theorem (Theorem 1.46), Theorem 2.39 yields the
following change-of-variables formula.

Corollary 2.41 (Change-of-variables formula: linear version). Letd € N, o € R4 and
let T : RY — R? be linear and invertible. Let f : R¢ — [—00, 00] be Borel measur-
able (i.e. B(R?)-measurable). Then Jra f)dy existsif and only if [pq f(Tx+a)dx
exists, and in this case

/ f()dy =/ f(Tx 4+ a)|detT|dx. (2.31)
R4 R4

In fact, we have a much more general change-of-variables formula for the Lebesgue
measure. Recall the following notions from multivariable calculus.

Definition 2.42. Let d € N, let U be an open subset of R4 and let o :U — RY,
¢ = (golv'--vgod)'

(1) @ is called continuously differentiable, or simply C, if and only if ¢ is continuous,
all its partial derivatives dg; /dx;, i, j € {1,...,d}, exist at any point of U and they
are continuous on U. If ¢ is C 1 then for x € U, its derivative (or Jacobian matrix) at

x is defined as the matrix Dg(x) := ((8g0,-/8xj)(x))fj:1.
(2) ¢ is called a C'-embedding if and only if ¢ is C' and injective and Dg(x) is

invertible for any x € U.

Note also the following fact, which follows by the inverse mapping theorem: if
¢ : U — R? js a C'-embedding defined on an open subset U of R?, then its image
@o(U) is open in R? and the inverse ¢~ : p(U) — U is also a C'-embedding.

Theorem 2.43 (Change-of-variables formula: general version). Let d € N, let U be
an open subset of R¢ and let ¢ : U — R? be a C'-embedding. Let f : ¢(U) —
[—o0, 00] be Borel measurable (i.e. B(o(U))-measurable). Then f(p(U) f(y)dy exists

if and only ifo f(p(x))| det Do(x)|dx exists, and in this case

/ F)dy = / F(p(0)] det Do(x)|dx. (2.32)
oU) U

The proof of Theorem 2.43 requires various preparations and is too long to be given
here. We refer the interested readers to the proof in Rudin’s book [7, Definition 7.22
— Theorem 7.26]. (In fact, the change-of-variables formula [7, Theorem 7.26] in his
book is proved under much weaker assumptions than those of Theorem 2.43 above.)
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Exercises

Problem 2.1. Let X be a set and let D C 2X. Prove that D is a Dynkin system in
X if and only if D satisfies the conditions (D1) and (D2) of Definition 2.1-(2) and the
following condition (D3)':

(D3) If{4,}3>, CDand A;NA; =@ foranyi,j € Nwithi # j,then|J,2; 4, €
D.

Problem 2.2. Let  := {0, 1} = {(0x)32; | a € {0, 1}}, let F be the o-algebra in
Q defined by (1.11) and let p € [0, 1]. Prove the uniqueness of the Bernoulli measure
P, on (€2, F) of probability p stated in Example 1.12.

The next exercise requires the following definition.

Definition. Let X be a set and let A, M C 2%,
(1) A is called an algebra in X if and only if it possesses the following properties:

(Al) 0 € A.

(A2) If A € Athen A€ € A, where A€ := X \ A.

(A3) If n € Nand {4;}!_, C Athen | J;_, 4; € A.

(2) M is called a monotone class in X if and only if it satisfies the following conditions:
M1) If {A,}22, C M and A, C Ay41 forany n € N, then | oo | A, € M.

(M2) If {4,}°2, C Mand 4, D Ay forany n € N, then (,2; A, € M.

Exercise 2.3. Let X be a set and let A C 2X.
(1) Prove that

M(A) 1= My (A) := N M (2.33)

M: monotone class in X, A C M

is the smallest monotone class in X that includes A, and that M(A) C o (A).
(2) (Monotone class theorem) Suppose A is an algebra in X. Prove that

M(A) = o(A). (2.34)
Problem 2.4. Prove Lemma 2.11.

Problem 2.5 ([4, Corollary 7.1]). Let u be a Borel probability measure on R and let F
be its distribution function. Recalling that F' is non-decreasing, we define F'(x—) :=
limy4, F(y) foreach x € R. Leta,b € R, a < b. Prove the following equalities:

(1) (la. b)) = F(b) ~ F(a-).

2 u(la,b)) = F(b—) — F(a-).

(3) u((a.b)) = F(b-) — F(a).

4) n({a}) = F(a) — F(a—). (Thus u({a}) = 0if and only if F is continuous at a.)
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Problem 2.6. Let F be the distribution function of a Borel probability measure on
R. Prove that the set {x € R | F(x) # F(x—)} is countable, where F(x—) is as in
Problem 2.5.

Problem 2.7 ([4, Exercise 7.18]). Define F' : R — R by
1
Fi=Y" 3 Ln1.00)- (2.35)
n=1
(1) Prove that F is the distribution function of a Borel probability measure u on R.
(2) Let p be as in (1). Calculate the following values (i)—(vi):

i) p(l.oo)) @) w([1/10,00)) Gi))  w({0})
(iv) u([0,1/2)) ) p((=00,0) (Vi) p((0,00))

Problem 2.8. Prove Proposition 2.19.

Exercise 2.9. Let d € N and let ;1 be a Borel probability measure on R?. Define

Cui=1{a e R| u(Hi()) = 0}, where H;(a) :={(x1.....xq) €R? | x; = a},
(2.36)

foreachi € {1,...,d}and C, := C;, 1 X --- x Cy 4. Prove the following statements:

()R\ C,,; is acountable set forany i € {1,...,d}.

(2) The distribution function F), : R? — [0, 1] of 14 is continuous at x for any x € C W

Problem 2.10. Let (X, M) be a measurable space. Let n € N, and for each i €
{1,...,n},let (S;, B;) be a measurable space and let f; : X — S;. Prove that the map
=0, fa): X > S x---x 8, isM/B; ® --- ® B,,-measurable if and only
if f; is M/B;-measurable forany i € {1,...,n}.

Problem 2.11. Let n € N. Foreachi € {1,...,n}, let (X;, M;, ;) be a o-finite
measure space and let f; : X; — [—o00, 0o] be M;-measurable. Foreachi € {1,...,n}
define F; : X; x--- x X, — [—00,00] by Fj(x1,...,x,) := fi(x;), and define
F: Xy x---xX, - [-00,00] by F(x1,...,X,) := f1(x1) - fu(xn). Prove the
following statements:

(1) F; isM; ® --- ® M,,-measurable forany i € {1,...,n}.

) FisM; ® --- ® M,-measurable.

(3) If f; is p;-integrable for any i € {1,...,n}, then F is 1 X --- X u,-integrable and

/ Fd(uy - % tin) = / fdir- [ fodi. @37)
X XXXy, X1 Xn

Problem 2.12. Let (X, M, ) be a o-finite measure space, let f : X — [0, 00] be
M-measurable and set Sy 1= {(x,1) € X xR |0 <t < f(x)}.

(1) Prove that Sy € M®B(R) and that [0, 00) 5 ¢ — u({x eX| fx) > t}) € [0, o0]
is Borel measurable.

(2) Prove that [y fdu = pu x m;(Sy) and that for any p € (0, 00),

/ fPdp = p/ootp_l,u({x € X | f(x)>t})dt. (2.38)
X 0

(3) Prove that mz({x €R? | x| <r}) = nr?forany r € (0, 00).
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Exercise 2.13 ([7, Counterexamples 8.9]). (1) Let # denote the counting measure on
[0, 1] and set Afg 1) := {(x,y) € [0,1]* | x = y}, which is closed in R?. Prove that

! 1
/0 (/[0,1] IA[O‘I](x,y)d#(y))dx =1#0= /[0,1](/0 lA[Oyl](x,y)dx)d#(y).

(2.39)
(2) Let {8,}5>, C [0.1) be such that o = 0, §,—1 < 8, for any n € N and
limy, 00 8, = 1. Also for eachn € N, let g, : [0,1) — R be a continuous func-

tion such that g jo.1\@,_1.6,) = 0 and [, ga(x)dx = 1. Define f : [0,1)> — R
by

o

Sy) =) (8n(x) = gnr1(x))gn(y)- (2.40)

n=1
Prove the following statements:
(i) f is continuous and fol (fol | f(x, y)ldx)dy = oo.
(i) For any x, y € [0,1), f(x.-), f(-,y) € £'([0, 1), my), fol f(x,z)dz = g1(x) and
fol f(z,y)dz = 0. In particular,

/01(/: f(x,y)dy)dx =1#0= /01(/01 f(x,y)dx)dy. (2.41)

Problem 2.14. (1) Prove that
o
/

(2) Use x~! = f0°° e *!dt, x € (0, 00), to prove that

sin x

dx = oo. (2.42)
X

A

. 0| _ oo . 2
im [ gy = / ST g = / XY ax =2 a3
A—o00 Jo X 0 x2 0 X 2




