Prof. N. Kajino, Probability Theory WS 2012/2013

Problem set 3, submit solutions by 02.10.2012

The Problems below will be discussed in the tutorial on 05.10.2012.
(The Exercise is additional and will be discussed only if time permits.)

Throughout this problem set, (X, M, 1) denotes a given measure space.

Problem 1.13. Let Y be a set and define N := {4 C Y | either A or A€ is countable}
and Ny := {4 C Y | either A or A€ is finite}. Prove that N is a g-algebra in Y and
that 0 (Ng) = N.

Problem 1.14. Assume p(X) < oco. Let A be asetand let {4} 1ca C M be such that
Ap, NAy, =@ forany A1, A2 € A with A1 # A,. Prove that {A € A | u(4;) > 0} is
a countable set. (Show that {A € A | u(A,) > 1/n} is finite for any n € N.)

Problem 1.15. (1) Let f, g : X — [—00, o0] be M-measurable. Prove that the follow-
ing sets belong to M:

xeX|f(x)<g)} {xreX|[f(x)=gx)} {xeX]|f(x)>g)}

(2) Let f;, : X — [—00,00] be M-measurable for eachn € Nandleth : X —
[—00, 00] be M-measurable. Define f, g : X — [—o00, 00] by

lim,, if the limit 1i ists in R,
Fx) = {1mn oo Jn(x) if the limit lim, _, fn(x) exists in (1.73)

h(x) otherwise,

(1.74)

limy, 500 fn(x) if the limit lim,_, o f5,(x) exists in [—00, o0],
g(x) = .
h(x) otherwise.

Prove that the functions f and g are M-measurable.
We need the following definition for the following two problems.

Definition. Let (S, B) be a measurable space. A map ¢ : X — S is called M/B-
measurable if and only if ¢ ~!(A4) € M for any 4 € B.

Problem 1.16. Let (S, B) be a measurable space, let ¢ : X — S be M/B-measurable
and let f : S — [—00,00] be B-measurable. Prove that f o ¢ : X — [—00, 0] is
M-measurable.

Problem 1.17. (1) Let S be aset, let A C 25 and let f : X — S. Prove that f is
M /o (A)-measurable if and only if f~!(A4) € M for any A € A. (As in the proof of
Proposition 1.14, show that A := {A C S | f~!(A) € M} is a o-algebrain S.)

2 Letd € Nandlet f = (fi..... f1) : X — R? where f; : X — R for
each i € {1,...,d}. Prove that f is M/B(R¢)-measurable if and only if f; is M-
measurable forany i € {1,...,d}.



Exercise 1.18. Letd € N,let S ¢ R? andlet f : § — [—o0, 00].
(1) Let & € (0, 00) and define f¢, f; : S — [—00, <] by

fox):= sup f(y) and fe(x):= _inf f(y). (1.75)
y€Bg(x,8) YEBs(x,8)

Prove that £ and f; are Borel measurable. (Show that (f¢)~! ((a, oo]) isopenin S.)

(2) Prove that the functions f J 1§ — [-00, 00] defined by

f(x):=limsup f(y) and f(x):= quiminf f) (1.76)
S - S3y—>x

Sy—x

are Borel measurable.
(3) Prove that {x € S | limgsy—x f(¥) = f(x)}is a Borel set of S.

Problem 1.19. Let X be a countable set and let  be a measure on (X, 2%).
(1) Prove that any function f : X — [—00, 00] on X is 2% -measurable.

(@) Let f : X — [0,00]. Prove that [y, fdu =3 .y f(xX)u({x}).



