Prof. N. Kajino, Probability Theory WS 2012/2013

Problem set 4, submit solutions by 10.10.2012

The Problems below will be discussed in the tutorial on 12.10.2012.
(The Exercise is additional and will be discussed only if time permits.)

Throughout this problem set, (X, M, ) denotes a given measure space.

Problem 1.20. Let ¢ : [0, 0o] — [0, 0o] be non-decreasing and let f : X — [0, co] be
M-measurable. Prove the following assertions.

(1) ¢ o f is M-measurable. (For a € [0, 00), set M := inf<p_1((a, oo]) (inf @ := o0)
and show that ¢! ((a, oo]) is either (M, oo] or [M, oo] (either @ or {oo} if M = 00).)
(2) (Chebyshev’s inequality) For any a € [0, oo] with ¢(a) € (0, 00),

w(lx e X | f() = a)) < —— / (@0 f)dp. (L.77)

Problem 1.21. Let f, : X — [—00, 00] be M-measurable for each n € N and suppose
that > 02, [y | fuldi < oo. Prove that lim, o fn(x) = O for p-ae. x € X. (Use
Proposition 1.26 and then Proposition 1.30-(2).)

Problem 1.22. Find the limits as N — oo of the following series:

0o . N -1 o) o)
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((1): Consider the case N > 2 only. (3): Recall that f(x) := (1+1/x)™%, x € (0, ),
is strictly decreasing and limy oo f(x) = e~!. Again consider the case N > 2 only.)
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Problem 1.23. Let m; be the Lebesgue measure on B(R) introduced in Example 1.8.
(1) Prove that m; ({a}) = O for any a € R.

2)Leta,b € R,a < b, and let f : [a,b] — R be continuous. For each n € N, define
Jfn i la,b] - Rby

- k
=3 f(a + (b —a))l(ﬁkn](b_a),ﬁ,;(b_a)] + f@lgy.  (1.78)

k=1

(i) Prove that lim, oo f(x) = f(x) for any x € [a, b]. (Use the continuity of f.)
(ii) By considering lim, ;o f[a p) Jadmi, prove that

b
/ fdm, =/ f(x)dx, (1.79)
[a,b] a

where the integral in the right-hand side denotes the Riemann integral on [a, b]. (Noting
that f[a b] fndm; gives a Riemann sum for £, use Theorem 1.33 to get f[a b] fdm; and

use the definition of the Riemann integral to get | : f(x)dx.)



(3)Leta € Randlet f : [a,00) — R be continuous. Prove that f is mj-integrable
on [a, 00) if and only if limp_, o f: | f(x)|dx < oo0,! and in that case

b
/ fdmy = lim / F(x)dx. (1.80)
[a,00) —® Ja

(Suffices to show when f > 0. Use (1.79) and then use Theorem 1.24 to let b — 00.)

By Problem 1.23-(2), for a continuous function on a bounded closed interval, its
integral with respect to the Lebesgue measure m; coincides with its Riemann integral.
In fact, this fact can be generalized to any Riemann integrable function f on a bounded
closed interval of any dimension. See Section 2.6 below for details.

On the other hand, Problem 1.23-(3) says that the same is true also for a con-
tinuous function on an unbounded interval provided the improper Riemann integral
limp_oo ab f(x)dx is absolutely convergent. Here the assumption of the absolute
convergence is necessary; see Problem 2.14 in this connection.

Problem 1.24. Find the limits as n — oo of the following integrals:

sin e* 1 COS X
(1)/ 1+ dx (2)/ 2dx (3)/ 1—+—n2x3/2 dx

((1): Consider /01 and [ separately. (3): Imitate Example 1.34.)

Exercise 1.25 ([1, Section 4.3, Problem 1]). Let f € £1(n) and {£,}°2, C L' (w).
Suppose that f,, > 0on X forany n € N, that lim, .o fn(x) = f(x) for any x € X,

and that lim,— [y fudu = [y fdu. Prove that lim,—.o [y | f — fuldu = 0. (It
suffices to show lim, 0 [3 (f — fu)Tdu = 0. Note that 0 < (f — fu)* < f))

INote that the limit limp_s oo f: | f(x)|dx always exists in [0, 00], since ff | f(x)|dx is non-
decreasing in b € (a, 00).



