Prof. N. Kajino, Probability Theory WS 2012/2013

Problem set 6, submit solutions by 24.10.2012

The Problems below will be discussed in the tutorial on 26.10.2012.
(The Exercises are additional and will be discussed only if time permits.)

In Exercise 1.35, (X, M, i) denotes a given measure space. The next problem requires
the following definition.

Exercise 1.35 (30 points). Assume that (X, M, ) is o-finite (see Definition 2.25). Let
pe(l,00),q:=p/(p—1),andlet f : X — [0, 00] be M-measurable. Prove that

Ifller = sup{/ fedu ‘ g: X —[0,00], g is M-measurable and ||g|jrs < 1.
X

(1.87)
(“>” is immediate from Holder’s inequality. For “<”, let g := (h/||h||L»)?~! for a
suitable & with ||i||L» € (0, 00). Treat the case of || f||» < oo and thatof || f||r =
oo separately.)

Problem 2.1. Let X be a set and let D C 2X. Prove that D is a Dynkin system in
X if and only if D satisfies the conditions (D1) and (D2) of Definition 2.1-(2) and the
following condition (D3)':

(D3) If{A,}5>, C Dand A;NA; =@ foranyi, j € Nwithi # j,then|Jo, Ay €
D.

Problem 2.2. Let  := {0, 1} = {(wx)32; | @n € {0, 1}}, let F be the o-algebra in
2 defined by (1.11) and let p € [0, 1]. Prove the uniqueness of the Bernoulli measure
P, on (2, F) of probability p stated in Example 1.12. (Show that the w-system A :=

Theorem 2.5.)
The next exercise requires the following definition.

Definition. Let X be a set and let A, M C 2%,
(1) A is called an algebra in X if and only if it possesses the following properties:

(Al) 0 € A.

(A2) If A € A then A€ € A, where A€ := X \ A.

(A3) Ifn € Nand {4;}"_, C Athen|J]_, A; € A.

(2) M is called a monotone class in X if and only if it satisfies the following conditions:
M1) If {A,}°2, C M and A, C Ayt forany n € N, then [ Jr2 | A, € M.

(M2) If {A,}°2, C Mand A, D Ayt forany n € N, then (72, An € M.
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Exercise 2.3. Let X be a set and let A C 2%,
(1) Prove that

M(A) := My (A) := N M )]

IM: monotone class in X, A C M

is the smallest monotone class in X that includes A, and that M(A) C o(A).
(2) (Monotone class theorem) Suppose A is an algebra in X . Prove that

M(A) =o(A). (2)

Problem 2.4. Let X be a set, let A C 2% and let v : A — [0, 00]. Suppose & € A and
v(@) = 0. Prove that the set function v, : 2X — [0, 0o] defined by

o

Vi (A) = inf{z V(Ap)

n=1

A}z, cAAc A,,} (inf@ := 00) (2.11)

n=1
is an outer measure on X .

Problem 2.5 ([4, Corollary 7.1]). Let u be a Borel probability measure on R and let F
be its distribution function. Recalling that F' is non-decreasing, we define F(x—) :=
limy4, F(y) foreach x € R. Leta,b € R, a < b. Prove the following equalities:

() p([a, b]) = F(b) — F(a~).

@) pu(la. b)) = F(b-) — F(a—).

3) p((a.b)) = F(b-) — F(a).

@) u({a}) = F(a) — F(a—). (Thus pw({a}) = 0if and only if F is continuous at a.)

Problem 2.6. Let F be the distribution function of a Borel probability measure on
R. Prove that the set {x € R | F(x) # F(x—)} is countable, where F(x—) is as in
Problem 2.5. (Noting Problem 2.5-(4), use Problem 1.14.)

Problem 2.7 ([4, Exercise 7.18]). Define F : R — R by

1
F = Z 2_nl[n*1,oo)' (3)
n=1

(1) Prove that F is the distribution function of a Borel probability measure p on R.
(2) (5 points each) Let u be as in (1). Calculate the following values (i)—(vi):

M p(00) G p([1/10,00) (i) p({0})
) 1([0.1/2) » p(-00,0) ) w((0,00)
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