
Prof. N. Kajino, Probability Theory WS 2012/2013

Problem set 7, submit solutions by 12:00 on 02.11.2012

The Problems below will be discussed in the tutorial on 05.11.2012.
(The Exercises are additional and will be discussed only if time permits.)

Problem 2.8 (5 points each). Let d 2 N, let � be a Borel probability measure on Rd

and let F� be the distribution function of �. Prove the following statements:
(1) For any .x1; : : : ; xd / 2 Rd and any .h1; : : : ; hd / 2 Œ0; 1/d ,

�
�
.x1 � h1; x1� � � � � � .xd � hd ; xd �

�
D

X
.˛1;:::;˛d /2¹0;1ºd

.�1/
Pd

iD1 ˛i F�.x1 � ˛1h1; : : : ; xd � ˛d hd / � 0; (2.17)

where .a; a� WD ; for a 2 R. (Use the inclusion-exclusion formula (1.68).)
(2) For any x D .x1; : : : ; xd / 2 Rd ,

lim
.y1;:::;yd /!x

yi �xi ; i2¹1;:::;dº

F�.y1; : : : ; yd / D F�.x/: (2.18)

(3) limx!1 F�.x; : : : ; x/ D 1, and limxi !�1 F�.x1; : : : ; xi ; : : : ; xd / D 0 for any
i 2 ¹1; : : : ; dº and any xj 2 R, j 2 ¹1; : : : ; dº n ¹iº

(4) � is uniquely determined by its distribution function F�. (Show that A WD ¹;º [®
.a1; b1� � � � � � .ad ; bd �

ˇ̌
ai ; bi 2 R, ai < bi , i 2 ¹1; : : : ; dº

¯
is a �-system and that

�.A/ D B.Rd / by using Proposition 1.9, and then use (1) to apply Theorem 2.5.)

Exercise 2.9. Let d 2 N and let � be a Borel probability measure on Rd . Define

C�;i WD
®
a 2 R

ˇ̌
�

�
Hi .a/

�
D 0

¯
; where Hi .a/ WD ¹.x1; : : : ; xd / 2 Rd

j xi D aº;

(2.58)
for each i 2 ¹1; : : : ; dº and C� WD C�;1 � � � � � C�;d . Prove the following statements:
(1) R n C�;i is a countable set for any i 2 ¹1; : : : ; dº. (Use Problem 1.14.)
(2) The distribution function F� W Rd ! Œ0; 1� of � is continuous at x for any x 2 C�.

Problem 2.10. Let .X; M/ be a measurable space. Let n 2 N, and for each i 2

¹1; : : : ; nº, let .Si ; Bi / be a measurable space and let fi W X ! Si . Prove that the map
f D .f1; : : : ; fd / W X ! S1 � � � � � Sn is M=B1 ˝ � � � ˝ Bn-measurable if and only
if fi is M=Bi -measurable for any i 2 ¹1; : : : ; nº. (For “if” part, use Problem 1.17-(1)
with S D S1 � � � � � Sn and A D B1 � � � � � Bn.)

Problem 2.11. Let n 2 N. For each i 2 ¹1; : : : ; nº, let .Xi ; Mi ; �i / be a �-finite
measure space and let fi W Xi ! Œ�1; 1� be Mi -measurable. For each i 2 ¹1; : : : ; nº

define Fi W X1 � � � � � Xn ! Œ�1; 1� by Fi .x1; : : : ; xn/ WD fi .xi /, and define
F W X1 � � � � � Xn ! Œ�1; 1� by F.x1; : : : ; xn/ WD f1.x1/ � � � fn.xn/. Prove the
following statements:
(1) Fi is M1 ˝ � � � ˝ Mn-measurable for any i 2 ¹1; : : : ; nº.
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(2) F is M1 ˝ � � � ˝ Mn-measurable. (F D F1 � � � Fn. Proposition 1.15-(2) applies.)
(3) If fi is �i -integrable for any i 2 ¹1; : : : ; nº, then F is �1 � � � � � �n-integrable andZ

X1�����Xn

Fd.�1 � � � � � �n/ D

Z
X1

f1d�1 � � �

Z
Xn

fnd�n: (2.59)

(Induction in n. Use Proposition 2.23 and Corollary 2.27 to apply Theorem 2.30-(2).)

Problem 2.12. Let .X; M; �/ be a � -finite measure space, let f W X ! Œ0; 1� be
M-measurable and set Sf WD ¹.x; t/ 2 X � R j 0 � t < f .x/º.
(1) Prove that Sf 2 M ˝ B.R/ and that Œ0; 1/ 3 t 7! �

�
¹x 2 X j f .x/ > tº

�
2

Œ0; 1� is Borel measurable. (To show Sf 2 M ˝ B.R/, apply Problem 2.11-(1) to
X � R 3 .x; t/ 7! f .x/ and X � R 3 .x; t/ 7! t and then use Problem 1.15-(1).)
(2) Prove that

R
X fd� D � � m1.Sf / and that for any p 2 .0; 1/,Z

X

f pd� D p

Z 1

0

tp�1�
�
¹x 2 X j f .x/ > tº

�
dt: (2.60)

(3) Prove that m2

�
¹x 2 R2 j jxj < rº

�
D �r2 for any r 2 .0; 1/.

Exercise 2.13 ([7, Counterexamples 8.9]). (1) Let # denote the counting measure on
Œ0; 1� and set �Œ0;1� WD ¹.x; y/ 2 Œ0; 1�2 j x D yº, which is closed in R2. Prove thatZ 1

0

�Z
Œ0;1�

1�Œ0;1�
.x; y/d#.y/

�
dx D 1 6D 0 D

Z
Œ0;1�

�Z 1

0

1�Œ0;1�
.x; y/dx

�
d#.y/:

(2.61)
(2) Let ¹ınº1

nD0 � Œ0; 1/ be such that ı0 D 0, ın�1 < ın for any n 2 N and
limn!1 ın D 1. Also for each n 2 N, let gn W Œ0; 1/ ! R be a continuous func-
tion such that gnjŒ0;1/n.ın�1;ın/ D 0 and

R 1

0 gn.x/dx D 1. Define f W Œ0; 1/2 ! R
by

f .x; y/ WD

1X
nD1

�
gn.x/ � gnC1.x/

�
gn.y/: (2.62)

Prove the following statements:
(i) f is continuous and

R 1

0

�R 1

0 jf .x; y/jdx
�
dy D 1.

(ii) For any x; y 2 Œ0; 1/, f .x; �/; f .�; y/ 2 L1
�
Œ0; 1/; m1

�
,
R 1

0
f .x; ´/d´ D g1.x/ andR 1

0 f .´; y/d´ D 0. In particular,Z 1

0

�Z 1

0

f .x; y/dy

�
dx D 1 6D 0 D

Z 1

0

�Z 1

0

f .x; y/dx

�
dy: (2.63)

Problem 2.14. (1) Prove that Z 1

0

ˇ̌̌̌
sin x

x

ˇ̌̌̌
dx D 1: (2.64)

(Estimate
R n

n�1

ˇ̌
sin x

x

ˇ̌
dx from below for each n 2 N.)

(2) Use x�1 D
R 1

0 e�xt dt , x 2 .0; 1/, to prove that

lim
A!1

Z A

0

sin x

x
dx D

Z 1

0

1 � cos x

x2
dx D

Z 1

0

�
sin x

x

�2

dx D
�

2
: (2.65)
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