Prof. N. Kajino, Probability Theory WS 2012/2013

Problem set 7, submit solutions by 12:00 on 02.11.2012

The Problems below will be discussed in the tutorial on 05.11.2012.
(The Exercises are additional and will be discussed only if time permits.)

Problem 2.8 (5 points each). Let d € N, let  be a Borel probability measure on R?
and let F, be the distribution function of . Prove the following statements:
(1) For any (x1,...,xg) € R? and any (hy,...,hq) € [0,00)?,
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where (a,a] := @ for a € R. (Use the inclusion-exclusion formula (1.68).)
(2) Forany x = (x1,...,xq) € RY,
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(3) limy 00 Fi(x,...,x) = 1, and limy; » oo Fyu(X1,...,Xi,...,xg) = 0 for any
ie{l,....,dyandany x; e R, j e {l,...,d}\ {i}

(4) p is uniquely determined by its distribution function F,. (Show that A := {@} U
{(al,bl] XX (ag,bg] | ai,b; e R,a; <b;,i €{1,. d}} is a w-system and that
o(A) = B(R?) by using Proposition 1.9, and then use (1) to apply Theorem 2.5.)

Exercise 2.9. Let d € N and let i be a Borel probability measure on R?. Define

Cui = {a eR \ ,u(Hi(a)) = 0}, where H;(a) := {(x1,...,xq) € R? | x; = a),
(2.58)

foreachi € {1,...,d}and C, := Cy,1 X --- x C, 4. Prove the following statements:

(1) R\ C,,; is a countable set forany i € {1,...,d}. (Use Problem 1.14.)

(2) The distribution function F}, : R? — [0, 1] of 1 is continuous at x for any x € C -

Problem 2.10. Let (X,M) be a measurable space. Let n € N, and for each i €
{1,...,n},let (S;, B;) be a measurable space and let f; : X — S;. Prove that the map
=01 fa): X > Sy x---x S, isM/B; ® --- ® B,-measurable if and only
if f; is M/ B;-measurable for any i € {1,...,n}. (For “if” part, use Problem 1.17-(1)
with § = Sy x---x S, and A = By x--- x B,.)

Problem 2.11. Let n € N. Foreachi € {l,...,n}, let (X;, M;, u;) be a o-finite
measure space and let f; : X; — [—00, 0o] be M;-measurable. Foreachi € {1,...,n}
define F; : X1 X --- X X;;, = [—00,00] by Fj(x1,...,x,) := fi(x;), and define
F: Xy x---xX, - [-00,00] by F(x1,...,xn) := f1(x1)-- fu(xn). Prove the
following statements:

(1) F; isM; ® - -+ ® M, -measurable forany i € {1,...,n}.
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2) FisM; ® --- ® M, -measurable. (F = F; --- F,. Proposition 1.15-(2) applies.)
(3) If f; is pu;-integrable for any i € {1,...,n}, then F is @y X --- X u,-integrable and

/ Fd(M1><---><Mn)=/ fdir- [ fodun.  (2.59)
X1 xxXp X1 Xn

(Induction in n. Use Proposition 2.23 and Corollary 2.27 to apply Theorem 2.30-(2).)

Problem 2.12. Let (X, M, i) be a o-finite measure space, let f : X — [0, 00] be
M-measurable and set Sy := {(x,1) € X xR |0 <t < f(x)}.

(1) Prove that Sy € M ® B(R) and that [0,00) 5 ¢ — u({x € X | f(x) > 1}) €
[0, o0] is Borel measurable. (To show Sy € M ® B(R), apply Problem 2.11-(1) to
X xR>(x,t) » f(x)and X xR > (x,¢) > ¢ and then use Problem 1.15-(1).)

(2) Prove that [y fdpu = p x m;(Sy) and that for any p € (0, 00),

/ fPdu = p/ootp_lu({x € X | f(x)>t})dt. (2.60)
X 0

(3) Prove that m, ({x € R? | |x| < r}) = 7r? for any r € (0, c0).

Exercise 2.13 ([7, Counterexamples 8.9]). (1) Let # denote the counting measure on
[0, 1] and set Afp,1] := {(x,y) € [0,1]* | x = y}, which is closed in R?. Prove that

! 1
/0 (/[0’1] 1A[0_1](x,y)d#(y))dx =1#0= /[0,1] (/0 IA[O'I](x,y)dx)d#(y)_

(2.61)
(2) Let {6,}52, C [0,1) be such that o = 0, §,—1 < &, for any n € N and
limy, 008, = 1. Also for eachn € N, let g, : [0,1) — R be a continuous func-
tion such that g, |j0.1\,_1.5,) = 0 and [} g,(x)dx = 1. Define f : [0,1)> — R
by

)= (gn(x) = gny1(x))gn (). (2.62)
n=1
Prove the following statements:
(i) f is continuous and fol (fol | f(x, y)|dx)dy = oo.
(i) Forany x, y € [0, 1), f(x,-), (-, y) € £'([0, 1),my), [y f(x,2)dz = gi(x) and
fol f(z,y)dz = 0. In particular,

/01(/01 f(x,y)dy)dx =1#0= /01(/01 f(x,y)dx)dy. (2.63)

Problem 2.14. (1) Prove that
o0
/

(Estimate fnn_l \ % |dx from below for each n € N.)

2)Usex~! = f0°° e ~dt, x € (0,00), to prove that

sin x

dx = oo. (2.64)

X

feinx /oo Tocosx ) /oo sinx )7 (2.65)
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