Prof. N. Kajino, Probability Theory WS 2012/2013

Problem set 8, submission of solutions NOT required
The Problems below will be discussed in the tutorial on 06.11.2012.

Problem 8.1. Let (X, M) be a measurable space and let f,g : X — [—00,00] be
M-measurable. Prove that the following sets belong to M:
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Problem 8.2. Find the limits as N — oo of the following series:
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Problem 8.3. Find the limits as n — oo of the following integrals:
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Problem 8.4. Let (X, M, 1) be a measure space.

(l) Let f, : X — [—00,00] be M-measurable for each n € N and suppose that
Yomet Jx | faldp < oo. Prove that limy, .0 fn(x) = 0 for pu-a.e. x € X.

(2) ([1, Section 4.3, Problem 1]) Let f € £'(n) and {f,,}52; C £ (). Suppose that

fn = 0on X for any n € N, that lim,e0 fn(x) = f(x) for any x € X, and that

lim, o0 [y fadp = [y fdu. Prove that lim, oo [y | f — fuldp = 0.

Problem 8.5. Let (X, M) be a measurable space.

(1) Let S be aset, let A C 25 and let f : X — S. Prove that f is M/os(A)-
measurable if and only if f~!(A) € M for any 4 € A.

(2) Let n € N, and for each i € {l1,...,n} let (S;, B;) be a measurable space and
let f; : X — S;. Prove that the map f = (f1,..., fn) : X — S; x---x 8§,
is M/B; ® --- ® B,-measurable if and only if f; is M/B;-measurable for any i €
{1,...,n}.

3)Letd € Nand let f = (fi,...,fs) : X — R? where f; : X — R for
each i € {1,...,d}. Prove that f is M/B(R¢)-measurable if and only if f; is M-
measurable for any i € {1,...,d}. (Proposition 2.24-(2) may be used.)

Problem 8.6. Let (X, M, 1), (Y, N, v) be o-finite measure spaces, let f : X — R be
M-measurable and let g : ¥ — R be N-measurable. Define f ® g : X xY — R by
(f ® g)(x,y) := f(x)g(y). Prove the following statements:

(1) f ® g is M ® N-measurable.

(2) If f is pu-integrable and g is v-integrable, then f ® g is y x v-integrable and

/Xxyf®gd(u><v)=/xfdufygd\)-
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