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The Laplacian on some self-conformal fractals
and Weyl’s asymptotics for its eigenvalues:

A survey of the analytic aspects

Naotaka Kajino

Abstract.

This article surveys the analytic aspects of the author’s recent
studies on the construction and analysis of a “geometrically canonical”
Laplacian on circle packing fractals invariant with respect to certain
Kleinian groups (i.e., discrete groups of Möbius transformations on

the Riemann sphere Ĉ = C ∪ {∞}), including the classical Apollonian
gasket and some round Sierpiński carpets. The main result on Weyl’s
asymptotics for its eigenvalues is of the same form as that by Oh and
Shah [Invent. Math. 187 (2012), 1–35, Theorem 1.4] on the asymptotic
distribution of the circles in a very large class of such fractals.

§1. Introduction

This article, which is a considerable expansion of [12], concerns the
author’s recent studies in [11, 14, 15, 16] on Weyl’s eigenvalue asymp-
totics for a “geometrically canonical” Laplacian defined by the author
on circle packing fractals which are invariant with respect to certain

Kleinian groups (i.e., discrete groups of Möbius transformations on Ĉ :=
C∪{∞}), including the classical Apollonian gasket (Figure 1) and some
round Sierpiński carpets (Figure 5). Here we focus on sketching the con-
struction of the Laplacian, the proof of its uniqueness and basic proper-
ties, and the analytic aspects of the proof of the eigenvalue asymptotics;
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the reader is referred to [13] for a survey of the ergodic-theoretic aspects
of the proof of the eigenvalue asymptotics.

This article is organized as follows. First in §2 we introduce the
Apollonian gasket K(D) and recall its basic geometric properties. In §3,
after a brief summary of how the Laplacian on K(D) was discovered by
Teplyaev in [34], we give its definition and sketch the proof of the result
in [14] that it is the infinitesimal generator of the unique strongly local,
regular symmetric Dirichlet form over K(D) with respect to which the
inclusion map K(D) ↪→ C is harmonic on the complement of the three
outmost vertices. In §4, we state the principal result in [14] that the
Laplacian on K(D) satisfies Weyl’s eigenvalue asymptotics of the same
form as the asymptotic distribution of the circles in K(D) by Oh and
Shah in [30, Corollary 1.8], and sketch the proof of certain estimates
on the eigenvalues required to conclude Weyl’s asymptotics by applying
the ergodic-theoretic result explained in [13]. Finally, in §5 we present a
partial extension of these results to the case of round Sierpiński carpets
which are invariant with respect to certain concrete Kleinian groups.

Notation. We use the following notation throughout this article.
(0) The symbols ⊂ and ⊃ for set inclusion allow the case of the equality.
(1) N := {n ∈ Z | n > 0}, i.e., 0 ̸∈ N.
(2) Ĉ := C ∪ {∞} denotes the Riemann sphere.
(3) i :=

√
−1 denotes the imaginary unit. The real and imaginary parts

of z ∈ C are denoted by Re z and Im z, respectively.
(4) The cardinality (number of elements) of a set A is denoted by #A.
(5) Let E be a non-empty set. We define idE : E → E by idE(x) := x.

For x ∈ E, we define 1x = 1E
x ∈ RE by 1x(y) := 1E

x (y) :=
{ 1 if y = x,

0 if y ̸= x.

For u : E → [−∞,+∞] we set ∥u∥sup := ∥u∥sup,E := supx∈E |u(x)|.
(6) Let E be a topological space. The Borel σ-field of E is denoted

by B(E). For A ⊂ E, its interior, closure and boundary in E are

denoted by intE A, A
E
and ∂EA, respectively, and when E = C they

are simply denoted by intA, A and ∂A, respectively. We set C(E) :=

{u | u : E → R, u is continuous}, suppE [u] := u−1(R \ {0})
E

for
u ∈ C(E), and Cc(E) := {u ∈ C(E) | suppE [u] is compact}.

(7) Let n ∈ N. The Lebesgue measure on (Rn,B(Rn)) is denoted by
voln. The Euclidean inner product and norm on Rn are denoted
by ⟨·, ·⟩ and | · |, respectively. For A ⊂ Rn and f : A → C we set

LipA f := supx,y∈A, x ̸=y
|f(x)−f(y)|

|x−y| (sup ∅ := 0). For a non-empty

open subset U of Rn and u : U → R with LipU u < +∞, the first-
order partial derivatives of u, which exist voln-a.e. on U , are denoted
by ∂1u, . . . , ∂nu, and we set ∇u := (∂1u, . . . , ∂nu).
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§2. The Apollonian gasket and its fractal geometry

In this section, we introduce the Apollonian gasket and state its
geometric properties needed for our purpose. The same framework is
presented also in [13, Section 2], but we repeat it here for the reader’s
convenience. The following definition and proposition form the basis of
the construction and further detailed studies of the Apollonian gasket.

Definition 2.1 (tangential disk triple). (0) We set S := {1, 2, 3}.
(1) Let D1, D2, D3 ⊂ C be either three open disks or two open disks

and an open half-plane. The triple D := (D1, D2, D3) of such sets
is called a tangential disk triple if and only if #(Dj ∩Dk) = 1 (i.e.,
Dj and Dk are externally tangent) for any j, k ∈ S with j ̸= k. If
D is such a triple consisting of three disks, then the open triangle
in C with vertices the centers of D1, D2, D3 is denoted by △(D).

(2) Let D = (D1, D2, D3) be a tangential disk triple. The open subset
C \

∪
j∈S Dj of C is then easily seen to have a unique bounded

connected component, which is denoted by T (D) and called the ideal
triangle associated with D. We also set {qj(D)} := Dk∩Dl for each
(j, k, l) ∈ {(1, 2, 3), (2, 3, 1), (3, 1, 2)} and V0(D) := {qj(D) | j ∈ S}.

(3) A tangential disk tripleD = (D1, D2, D3) is called positively oriented
if and only if its associated ideal triangle T (D) is to the left of ∂T (D)
when ∂T (D) is oriented so as to have {qj(D)}3j=1 in this order.

Finally, we define

TDT+ := {D | D is a positively oriented tangential disk triple},
TDT⊕ := {D | D = (D1, D2, D3) ∈ TDT+, D1, D2, D3 are disks}.

The following proposition is classical and can be shown by some
elementary (though lengthy) Euclidean-geometric arguments. We set
rad(D) := r and curv(D) := r−1 for each open disk D ⊂ C of radius
r ∈ (0,+∞) and curv(D) := 0 for each open half-plane D ⊂ C.

Proposition 2.2. Let D = (D1, D2, D3) ∈ TDT+, set (α, β, γ) :=(
curv(D1), curv(D2), curv(D3)

)
and set κ := κ(D) :=

√
βγ + γα+ αβ.

(1) Let Dcir(D) ⊂ C denote the circumscribed disk of T (D), i.e., the
unique open disk with {q1(D), q2(D), q3(D)} ⊂ ∂Dcir(D). Then

T (D) \ {q1(D), q2(D), q3(D)} ⊂ Dcir(D), ∂Dcir(D) is orthogonal to
∂Dj for any j ∈ S, and curv(Dcir(D)) = κ.

(2) There exists a unique inscribed disk Din(D) of T (D), i.e., a unique

open disk Din(D) ⊂ C such that Din(D) ⊂ T (D) and #(Din(D) ∩
Dj) = 1 for any j ∈ S. Moreover, curv(Din(D)) = α+ β + γ + 2κ.

The following notation is standard in studying self-similar sets.
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(a) Examples without a half-plane (b) Example with a half-plane

Figure 1. The Apollonian gaskets K(D) associated with D ∈ TDT+

Definition 2.3. (1) We setW0 := {∅}, where ∅ is an element called
the empty word, Wm := Sm for m ∈ N and W∗ :=

∪
m∈N∪{0} Wm.

For w ∈ W∗, the unique m ∈ N ∪ {0} satisfying w ∈ Wm is denoted
by |w| and called the length of w.

(2) Let w, v ∈ W∗, w = w1 . . . wm, v = v1 . . . vn. We define wv ∈ W∗
by wv := w1 . . . wmv1 . . . vn (w∅ := w, ∅v := v). We also de-
fine w(1) . . . w(k) for k ≥ 3 and w(1), . . . , w(k) ∈ W∗ inductively by
w(1) . . . w(k) := (w(1) . . . w(k−1))w(k). For w ∈ W∗ and n ∈ N ∪ {0}
we set wn := w . . . w ∈ Wn|w|. We write w ≤ v if and only if w = vτ
for some τ ∈ W∗, and write w ̸≍ v if and only if neither w ≤ v nor
v ≤ w holds.

Proposition 2.2-(2) enables us to define natural “contraction maps”
Φw : TDT+ → TDT+ for each w ∈ W∗, which in turn is used to define
the Apollonian gasket K(D) associated with D ∈ TDT+, as follows.

Definition 2.4. We define maps Φ1,Φ2,Φ3 : TDT+ → TDT+ by

(2.1)


Φ1(D) := (Din(D), D2, D3),

Φ2(D) := (D1, Din(D), D3), D = (D1, D2, D3) ∈ TDT+.

Φ3(D) := (D1, D2, Din(D)),

We also set Φw := Φwm ◦ · · · ◦ Φw1 (Φ∅ := idTDT+) and Dw := Φw(D)
for w = w1 . . . wm ∈ W∗ and D ∈ TDT+.

Definition 2.5 (Apollonian gasket). Let D ∈ TDT+. We define
the Apollonian gasket K(D) associated with D (see Figure 1) by

(2.2) K(D) := T (D) \
∪

w∈W∗
Din(Dw) =

∩
m∈N

∪
w∈Wm

T (Dw).

The curvatures of the disks involved in (2.2) admit the following
simple expression.
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Definition 2.6. We define 4× 4 real matrices M1,M2,M3 by

(2.3) M1 :=


1 0 0 0
1 1 0 1
1 0 1 1
2 0 0 1

 , M2 :=


1 1 0 1
0 1 0 0
0 1 1 1
0 2 0 1

 , M3 :=


1 0 1 1
0 1 1 1
0 0 1 0
0 0 2 1


and set Mw := Mw1

· · ·Mwm
for w = w1 . . . wm ∈ W∗ (M∅ := id4×4).

Note that then for any n ∈ N ∪ {0} we easily obtain
(2.4)

M1n =


1 0 0 0
n2 1 0 n
n2 0 1 n
2n 0 0 1

 , M2n =


1 n2 0 n
0 1 0 0
0 n2 1 n
0 2n 0 1

 , M3n =


1 0 n2 n
0 1 n2 n
0 0 1 0
0 0 2n 1

 .

Proposition 2.7. Let D = (D1, D2, D3) ∈ TDT+, let α, β, γ, κ be
as in Proposition 2.2, let w ∈ W∗ and (Dw,1, Dw,2, Dw,3) := Dw. Then

(2.5)
(
curv(Dw,1), curv(Dw,2), curv(Dw,3), κ(Dw)

)
= (α, β, γ, κ)Mw.

Proof. This follows by an induction in |w| using Proposition 2.2-(2)
and Definition 2.4. Q.E.D.

We next collect basic facts regarding the Hausdorff dimension and
measure of K(D). For each s ∈ (0,+∞) let Hs : 2C → [0,+∞] denote
the s-dimensional Hausdorff (outer) measure on C with respect to the
Euclidean metric, and for each A ⊂ C let dimH A denote its Hausdorff
dimension; see, e.g., [25, Chapters 4–7] for details. As is well known, it
easily follows from the definition of Hs that the image f(A) of A ⊂ C
by f : A → C with LipA f < +∞ satisfies Hs(f(A)) ≤ (LipA f)sHs(A)
for any s ∈ (0,+∞) and hence in particular dimH f(A) ≤ dimH A. On
the basis of this observation, we easily get the following lemma.

Lemma 2.8. Let D,D′ ∈ TDT+. Then there exists c ∈ (0,+∞)
such that Hs(K(D)) ≤ csHs(K(D′)) for any s ∈ (0,+∞). In particular,
dimH K(D) = dimH K(D′).

Proof. Let fD′,D denote the unique orientation-preserving Möbius

transformation on Ĉ such that fD′,D(qj(D
′)) = qj(D) for any j ∈ S.

Then fD′,D(K(D′)) = K(D), since a Möbius transformation on Ĉ maps

any open disk in Ĉ onto another. Now the assertion follows from the
observation in the last paragraph and LipDcir(D′) fD′,D < +∞. Q.E.D.

Definition 2.9. Noting Lemma 2.8, we define

(2.6) dAG := dimH K(D), where D ∈ TDT+ is arbitrary.
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Theorem 2.10 (Boyd [2]; see also [7, 26, 27]).

(2.7) 1.300197 < dAG < 1.314534.

Moreover, for the dAG-dimensional Hausdorff measure HdAG(K(D))
of K(D) we have the following theorem, which was proved first by
Sullivan [33] through considerations on the isometric action of Möbius
transformations on the three-dimensional hyperbolic space, and later by
Mauldin and Urbański [26] through purely two-dimensional arguments.

Theorem 2.11 ([33, Theorem 2], [26, Theorem 2.6]).

(2.8) 0 < HdAG(K(D)) < +∞ for any D ∈ TDT+.

Remark 2.12. The self-conformality of K(D) is required most cru-
cially in the proof of Theorem 2.11, and is heavily used further to obtain
certain equicontinuity properties of {HdAG(K(Dw))}w∈W∗ as a family of
functions of

(
curv(D1), curv(D2), curv(D3)

)
, where (D1, D2, D3) := D.

This equicontinuity is the key to verifying the ergodic-theoretic assump-
tions of Kesten’s renewal theorem [19, Theorem 2], which is then applied
to conclude Theorem 4.4 below.

§3. The canonical Dirichlet form on the Apollonian gasket

In this section, we introduce the canonical Dirichlet form on the
Apollonian gasket K(D), whose infinitesimal generator is our Laplacian
on K(D), and state its properties established by the author in [14]; see
[6, 4] for the basics of the theory of regular symmetric Dirichlet forms.

Before giving its actual definition, we briefly summarize how it has
been discovered. The initial idea for its construction was suggested by
the theory of analysis on the harmonic Sierpiński gasket KH (Figure 2,
right) due to Kigami [20, 22]. This is a compact subset of C defined as
the image of a harmonic map Φ : K → C from the Sierpiński gasket K
(Figure 2, left) to C. More precisely, let V0 = {q1, q2, q3} be the set of
the three outmost vertices of K, let (E ,F) be the (self-similar) standard
Dirichlet form on K (so that F is known to be a dense subalgebra of
(C(K), ∥ · ∥sup)), and let hK

1 , hK
2 ∈ F be E-harmonic on K \ V0 and

satisfy E(hK
j , hK

k ) = δjk for any j, k ∈ {1, 2} (see [10, Sections 2 and
3] and the references therein for details). Then we can define a con-
tinuous map Φ : K → C by Φ(x) :=

(
hK
1 (x), hK

2 (x)
)
, and its image

KH := Φ(K) is called the harmonic Sierpiński gasket. In fact, Kigami
has proved in [20, Theorem 3.6] that Φ : K → KH is injective and
hence a homeomorphism, and further in [20, Theorem 4.1] that a one-
dimensional, measure-theoretic “Riemannian structure” can be defined
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-
Φ :=

(
hK
1

hK
2

)
: K → KH ↪→ C

hK
j : E-harmonic on K \ V0

E(hK
j , hK

k ) = δjk

Figure 2. Sierpiński gasket K and harmonic Sierpiński gasket KH

onK through the embedding Φ and the E-energy measure µ1 of Φ, which
plays the role of the “Riemannian volume measure” and is given by

(3.1) µ := µ⟨hK
1 ⟩ + µ⟨hK

2 ⟩ = “|∇Φ|2 d vol ”;

here µ⟨u⟩ denotes the E-energy measure of u ∈ F playing the role of

“|∇u|2 d vol” and defined as the unique Borel measure on K such that

(3.2)

∫
K

f dµ⟨u⟩ = E(fu, u)− 1

2
E(f, u2) for any f ∈ F .

Kigami has also proved in [22, Theorem 6.3] that the heat kernel of
(K,µ, E ,F) satisfies the two-sided Gaussian estimate of the same form
as for Riemannian manifolds, and further detailed studies of (K,µ, E ,F)
have been done in [9, 23, 10]; see [10] and the references therein for
details.

As observed from Figures 1 and 2, the overall geometric structure of
the Apollonian gasket K(D) resembles that of the harmonic Sierpiński
gasket KH, and then it is natural to expect that the above-mentioned
framework of the measurable Riemannian structure on K induced by
the embedding Φ : K → KH can be adapted to the setting of K(D) for
D ∈ TDT⊕ to construct a “geometrically canonical” Dirichlet form on
K(D). Namely, it is expected that there exists a non-zero strongly local
regular symmetric Dirichlet form (ED,FD) over K(D) with respect to
which the coordinate functions Re(·)|K(D), Im(·)|K(D) are harmonic on
K(D) \ V0(D). The possibility of such a construction was first noted by
Teplyaev in [34, Theorem 5.17], and in [14] the author has completed the
construction of (ED,FD) and further proved its uniqueness and concrete
identification, summarized as follows. We start with some definitions.

Definition 3.1. (1) A subset C of C is called a circular arc if and
only if C = {z0+ reiθ | θ ∈ [α, β]} for some z0 ∈ C, r ∈ (0,+∞) and

1µ was first introduced in [24] and is called the Kusuoka measure on K.
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α, β ∈ R with α < β. In this case we set cent(C) := z0, rad(C) := r
and DC := int{(1− t) cent(C) + tz | z ∈ C, t ∈ [0, 1]}.

(2) For a circular arc C, the length measure on (C,B(C)) is denoted by
H1

C , the gradient vector along C at x ∈ C of a function u : C → R
is denoted by ∇Cu(x) provided u is differentiable at x, and we set
W 1,2(C) := {u ∈ RC | u is a.c. on C, |∇Cu| ∈ L2(C,H1

C)}, where
“a.c.” is an abbreviation of “absolutely continuous”.

(3) We define h1, h2 : C → R by h1(z) := Re z and h2(z) := Im z.

Definition 3.2. Let D = (D1, D2, D3) ∈ TDT⊕. We define

(3.3) AD := {T (D) ∩ ∂Dj | j ∈ S} ∪ {∂Din(Dw) | w ∈ W∗}

and set K0(D) :=
∪

C∈AD
C, so that each C ∈ AD is a circular arc,∪

C∈AD
DC = △(D) \K(D),

∪
C,A∈AD, C ̸=A(C ∩ A) =

∪
w∈W∗

V0(Dw),

and an induction in |w| easily shows that for any w ∈ W∗,

(3.4) ADw = {C ∩K(Dw) | C ∈ AD} \ {∅}.

The canonical Dirichlet form (ED,FD) on K(D) and the associated
“Riemannian volume measure” similar to (3.1) turn out to be expressed
explicitly in terms of the circle packing structure of K(D), as follows.

Definition 3.3 (cf. [14, Theorems 5.11 and 5.13]). Let D ∈ TDT⊕.
(1) We define a Borel measure µD on K(D) by

(3.5) µD :=
∑

C∈AD

rad(C)H1
C(· ∩ C),

so that for any w ∈ W∗ we have µD(K(Dw)) = 2 vol2(△(Dw)) by
(3.4),

∪
C∈ADw

DC = △(Dw) \K(Dw) and vol2(K(Dw)) = 0.

(2) For each u ∈ RK0(D) with u|C a.c. on C for any C ∈ AD, we
define a µD-a.e. defined, R2-valued Borel measurable map ∇Du by
(∇Du)|C := ∇C(u|C) for each C ∈ AD, so that |∇Du|2 dµD =∑

C∈AD
|∇C(u|C)|2 rad(C) dH1

C . Then we further define

(3.6) FD := W 1,2
D :=

{
u ∈ RK0(D)

∣∣∣∣ u|C ∈ W 1,2(C) for any C ∈ AD,
|∇Du| ∈ L2(K(D), µD)

}
and set CD := {u ∈ C(K(D)) | u|K0(D) ∈ FD} and Clip

D := {u ∈
C(K(D)) | LipK(D) u < +∞}, which are considered as linear sub-

spaces of FD through the linear injection C(K(D)) ∋ u 7→ u|K0(D) ∈
RK0(D). Noting that ⟨∇Du,∇Dv⟩ ∈ L1(K(D), µD) for any u, v ∈
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FD, we also define a bilinear form ED : FD ×FD → R on FD by

ED(u, v) :=

∫
K(D)

⟨∇Du,∇Dv⟩ dµD

=
∑

C∈AD

∫
C

⟨∇C(u|C),∇C(v|C)⟩ rad(C) dH1
C .

(3.7)

In particular, setting dµD
⟨u⟩ := |∇Du|2 dµD for each u ∈ FD, we have

µD = µD
⟨h1|K(D)⟩ + µD

⟨h2|K(D)⟩ as the counterpart of (3.1) for K(D).

Theorem 3.4 ([14, Theorem 5.18]). Let D ∈ TDT⊕ and set F0
D,0 :=

{u ∈ FD | u|V0(D) = 0}. Then (ED,FD) is an irreducible, strongly local,

regular symmetric Dirichlet form on L2(K(D), µD) with a core Clip
D , and

(3.8)

∫
K(D)

u2 dµD ≤ 40κ(D)−2ED(u, u) for any u ∈ F0
D,0.

Moreover, the inclusion map FD ↪→ L2(K(D), µD) is a compact linear
operator under the norm ∥u∥FD

:= (ED(u, u)+
∫
K(D)

u2 dµD)1/2 on FD.

Theorem 3.5 ([14, Theorem 5.23]). Let D ∈ TDT⊕, let µ′ be a
finite Borel measure on K(D) with µ′(U) > 0 for any non-empty open
subset U of K(D), and let (E ′,F ′) be a strongly local, regular symmetric
Dirichlet form on L2(K(D), µ′) with E ′(u, u) > 0 for some u ∈ F ′. Then
the following two conditions are equivalent:
(1) Any h ∈ {h1|K(D), h2|K(D)} is in F ′ and is E ′-harmonic on K(D) \

V0(D), i.e., E ′(h, v) = 0 for any v ∈ F ′∩C(K(D)) with v|V0(D) = 0.

(2) F ′ ∩ C(K(D)) = CD and E ′|CD×CD
= cED|CD×CD

for some c ∈ R.

Remark 3.6. In contrast to the case of K(D) described in Definition
3.3, Theorems 3.4 and 3.5, the standard Dirichlet form (E ,F) on the
Sierpiński gasket K satisfies µ⟨u⟩(K

0) = 0 for any u ∈ F by [10, Lemma

8.26] and [8, Lemma 5.7], where K0 denotes the union of the boundaries
of the equilateral triangles constituting K. In particular, (E ,F) can-
not be expressed as the sum of any weighted one-dimensional Dirichlet
forms on Φ(K0) ⊂ KH similar to (3.7). The author does not have a
good explanation of the reason for this difference, and it would be very
nice to give one. A naive guess could be that some sufficient smoothness
of the relevant curves might be required for the validity of an expression
like (3.7) of a non-zero strongly local regular symmetric Dirichlet form
satisfying the analog of Theorem 3.5-(1); indeed, the curves constituting
Φ(K0) are C1 but not C2 by [22, Theorem 5.4-(2)], whereas the corre-
sponding curves C ∈ AD in K(D) are circular arcs and therefore real
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analytic. While this guess itself might well be correct, it would be still
unclear how smooth the relevant curves should need to be.

The rest of this section is devoted to a brief sketch of the proof of
Theorems 3.4 and 3.5, which is rather long and occupies the whole of [14,
Sections 4 and 5]. It starts with identifying what the trace ED|Vm(D),

(3.9) ED|Vm(D)(u, u) := inf
v∈FD, v|Vm(D)=u

ED(v, v), u ∈ RVm(D),

of (ED,FD) to Vm(D) :=
∪

w∈Wm
V0(Dw) should be for anym ∈ N∪{0}.

In view of the desired properties of (ED,FD) in Theorem 3.5, the forms
{ED|Vm(D)}m∈N∪{0} should have the properties in the following theorem.

Theorem 3.7 ([34, Theorem 5.17]). Let D ∈ TDT⊕. Then there
exists {ED

m}m∈N∪{0} such that the following hold for any m ∈ N ∪ {0}:
(1) ED

m is a symmetric Dirichlet form on ℓ2(Vm(D)). ED
m (1x,1y) = 0 =

ED
m (1x,1) for any x, y ∈ Vm(D) with {τ ∈ Wm | x, y ∈ V0(Dτ )} = ∅.

(2) Both h1|Vm(D) and h2|Vm(D) are ED
m -harmonic on Vm(D) \ V0(D).

(3) ED
m (u, u) = min

v∈RVm+1(D), v|Vm(D)=u
ED
m+1(v, v) for any u ∈ RVm(D).

(4) ED
m (h1|Vm(D), h1|Vm(D)) + ED

m (h2|Vm(D), h2|Vm(D)) = 2 vol2(△(D)).

Teplyaev’s proof of Theorem 3.7 in [34] is purely Euclidean-geometric
and provides no further information on {ED

m}m∈N∪{0}. The author has
identified it as follows, by applying a refinement of [28, Corollary 4.2].

Theorem 3.8 ([14, Theorem 4.18]). For each D = (D1, D2, D3) ∈
TDT⊕, a sequence {ED

m}m∈N∪{0} as in Theorem 3.7 is unique, and

(3.10) ED
0 (u, u) =

∑
j∈S

κ(D)2 + curv(Dj)
2

2κ(D) curv(Dj)

(
u(qj+1(D))− u(qj+2(D))

)2
for any u ∈ RV0(D), where qj+3(D) := qj(D) for j ∈ S. Moreover, for

any D ∈ TDT⊕, any m ∈ N ∪ {0} and any u ∈ RVm(D),

(3.11) ED
m (u, u) =

∑
w∈Wm

EDw
0 (u|V0(Dw), u|V0(Dw)).

LetD ∈ TDT⊕. Theorem 3.7-(3) allows us to apply to {ED
m}m∈N∪{0}

the general theory from [21, Chapter 2] of constructing a Dirichlet form
by taking the “inductive limit” of Dirichlet forms on finite sets. Namely,
setting V∗(D) :=

∪
m∈N∪{0} Vm(D), we can define a linear subspace F ′

D

of RV∗(D) and a bilinear form E ′D : F ′
D ×F ′

D → R on F ′
D by

F ′
D :=

{
u ∈ RV∗(D)

∣∣ limm→∞ ED
m (u|Vm(D), u|Vm(D)) < +∞

}
,(3.12)
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E ′D(u, v) := limm→∞ ED
m (u|Vm(D), v|Vm(D)) ∈ R, u, v ∈ F ′

D.(3.13)

The next step of the proof of Theorems 3.4 and 3.5 is the following
identification of (E ′D,F ′

D) as (ED,FD), i.e., as given by (3.6) and (3.7).

Theorem 3.9 ([14, Theorem 5.13]). Let D ∈ TDT⊕. Then F ′
D =

{u|V∗(D) | u ∈ FD}, the mapping FD ∋ u 7→ u|V∗(D) ∈ F ′
D is a linear

isomorphism, and E ′D(u|V∗(D), v|V∗(D)) = ED(u, v) for any u, v ∈ FD.

Sketch of the proof. By Theorem 3.7-(2),(3) and (3.12) we have
h1|V∗(D), h2|V∗(D) ∈ F ′

D, which together with (3.12) implies that C′
D :=

{u ∈ C(K(D)) | u|V∗(D) ∈ F ′
D} is a dense subalgebra of (C(K(D)), ∥·∥sup)

with h1|K(D), h2|K(D) ∈ Clip
D ⊂ C′

D. Hence at this stage we can al-

ready define the E ′D-energy measure µ′D
⟨u⟩ of u ∈ C′

D by (3.2) with

K(D), E ′D, C′
D in place of K, E ,F , and the analog of (3.1) by µ′D :=

µ′D
⟨h1|K(D)⟩ +µ′D

⟨h2|K(D)⟩. Then it follows from Theorem 3.7-(4) and (3.11)

that µ′D(K(Dw)) = 2 vol2(△(Dw)) = µD(K(Dw)) for any w ∈ W∗,
whence µ′D = µD.

Now that µ′D has been identified as µD given by (3.5), it is natural to
guess2 that F ′

D ⊂ {u|V∗(D) | u ∈ FD} and that E ′D(u|V∗(D), u|V∗(D)) =

ED(u, u) for any u ∈ FD with u|V∗(D) ∈ F ′
D. This guess is not difficult

to verify, first for any piecewise linear u ∈ FD by direct calculations
based on Theorem 3.7-(2), (3.10), (3.11) and (3.13), and then for any
u ∈ FD with u|V∗(D) ∈ F ′

D by using the canonical approximation of u
by piecewise linear functions; here u ∈ FD is called m-piecewise linear,
where m ∈ N ∪ {0}, if and only if u|K0(Dw) is a linear combination of
h1|K0(Dw), h2|K0(Dw),1K0(Dw) for any w ∈ Wm, and piecewise linear if
and only if u is m-piecewise linear for some m ∈ N ∪ {0}.

Finally, for any u ∈ FD, some direct calculations using (3.10), (3.7)

and (3.4) show that EDw
0 (u|V0(Dw), u|V0(Dw)) ≤ 7

∫
K(Dw)

|∇Du|2 dµD for

any w ∈ W∗, which together with (3.11) yields ED
m (u|Vm(D), u|Vm(D)) ≤

ED(u, u) for any m ∈ N∪{0}, whence u|V∗(D) ∈ F ′
D by (3.12). Q.E.D.

The last main step of the proof of Theorem 3.4 is to prove (3.8),
which is based mainly on (3.5), (3.7) and the following lemma.

Lemma 3.10 ([14, Lemma 5.19]). Let C ⊂ C be a circular arc, let
u ∈ RC satisfy LipC u < +∞, and for a ∈ R define Ia

Cu : DC → R by

(3.14) Ia
Cu((1− t) cent(C)+ tz) := (1− t)a+ tu(z), (t, z) ∈ [0, 1]×C.

2This is how the author first came up with the expressions (3.6) and (3.7).
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Then for any a ∈ [minC u,maxC u], LipDC
Ia
Cu ≤

√
5LipC u and

(3.15)
2

21

∫
DC

|∇Ia
Cu|2 d vol2 ≤

∫
C

|∇Cu|2 rad(C) dH1
C ≤ 2

∫
DC

|∇Ia
Cu|2 d vol2 .

Further, with uC := H1
C(C)−1

∫
C
u dH1

C , for any a ∈ {0, uC},

(3.16) 2

∫
DC

|Ia
Cu|2 d vol2 ≤

∫
C

u2 rad(C) dH1
C ≤ 4

∫
DC

|Ia
Cu|2 d vol2 .

Combining Lemma 3.10 with (3.5) and (3.7), we obtain the follow-
ing.

Lemma 3.11 ([14, Lemma 5.21]). Let D ∈ TDT⊕ and u ∈ Clip
D .

Noting △(D) \ (K(D) \K0(D)) =
∪

C∈AD
DC , define I0

Du ∈ R△(D) by

(3.17)

I0
Du|K(D) := u, I0

Du|DC
:=

{
I0
C(u|C) if C ⊂ ∂T (D),

IuC

C (u|C) if C ̸⊂ ∂T (D),
C ∈ AD.

If also u|V0(D) = 0, then I0
Du|∂△(D) = 0, Lip△(D) I

0
Du ≤

√
5LipK(D) u,

2

21

∫
△(D)

|∇I0
Du|2 d vol2 ≤ ED(u, u) ≤ 2

∫
△(D)

|∇I0
Du|2 d vol2,(3.18)

2

∫
△(D)

|I0
Du|2 d vol2 ≤

∫
K(D)

u2 dµD ≤ 4

∫
△(D)

|I0
Du|2 d vol2 .(3.19)

Sketch of the proof of Theorem 3.4. Recall the following classical
fact implied by [5, Lemma 6.2.1, Theorems 4.5.1, 4.5.3 and 6.1.6]: if Q
is an open rectangle in C whose smaller side length is δ ∈ (0,+∞), then

(3.20)

∫
Q

u2 d vol2 ≤ δ2

π2

∫
Q

|∇u|2 d vol2

for any u ∈ RQ with LipQ u < +∞ and u|∂Q = 0. Since △(D) ⊂ Q

for some such Q with δ = 3κ(D)−1 and then each u ∈ R△(D) with
Lip△(D) u < +∞ and u|∂△(D) = 0 can be extended to Q by setting

u|Q\△(D) := 0 so as to satisfy LipQ u < +∞ and u|∂Q = 0, we easily see

from Lemma 3.11 and (3.20) that (3.8) holds for any u ∈ F0
D,0 ∩ Clip

D .
Now, by utilizing the canonical approximation of each u ∈ FD by

piecewise linear functions as in the sketch of the proof of Theorem 3.9
above, we can show that (3.8) extends to any u ∈ F0

D,0, which implies

FD ⊂ L2(K(D), µD), and that the inclusion map FD ↪→ L2(K(D), µD)
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is the limit in operator norm of finite-rank linear operators and hence
compact. The rest of the proof is straightforward. Q.E.D.

Sketch of the proof of Theorem 3.5. The implication from (2) to
(1) is immediate from Theorem 3.9 and Theorem 3.7-(2),(3). That
from (1) to (2) can be shown by defining the trace E|Vm(D) of (E ,F) to
Vm(D) for m ∈ N∪{0} in essentially the same way as (3.9), proving that
{E|Vm(D)}m∈N∪{0} satisfies Theorem 3.7-(1),(2),(3) by the assumption of
(1) and then applying Theorem 3.8 to conclude that {E|Vm(D)}m∈N∪{0} =

{cED
m}m∈N∪{0} for some c ∈ R, which is easily seen to imply (2). Q.E.D.

§4. Weyl’s eigenvalue asymptotics for the Apollonian gasket

The following proposition is an easy consequence of Theorem 3.4;
see also [5, Exercise 4.2, Corollary 4.2.3, Theorems 4.5.1 and 4.5.3].

Proposition 4.1. Let D ∈ TDT⊕, let V be a finite subset of V∗(D)
and set F0

D,V := {u ∈ FD | u|V = 0}. Then (ED|F0
D,V ×F0

D,V
,F0

D,V ) is

a strongly local, regular symmetric Dirichlet form on L2(K(D) \V, µD),
and there exists a unique non-decreasing sequence {λD,V

n }n∈N ⊂ [0,+∞)
such that −LD,V φ

D,V
n = λD,V

n φD,V
n for any n ∈ N for some complete

orthonormal system {φD,V
n }n∈N ⊂ D(LD,V ) of L2(K(D) \ V, µD); here

LD,V : D(LD,V ) → L2(K(D) \ V, µD) denotes the Laplacian, i.e., the
non-positive self-adjoint operator on L2(K(D) \ V, µD), associated with
(ED|F0

D,V ×F0
D,V

,F0
D,V ). Also, limn→∞ λD,V

n = +∞, and for any n ∈ N,

(4.1) λD,V
n = min

{
max

u∈L\{0}

ED(u, u)∫
K(D)

u2 dµD

∣∣∣∣ L is a linear subspace
of F0

D,V , dimL = n

}
.

The proof of the following theorem is the principal aim of [14].

Theorem 4.2 ([14, Theorem 7.1]). There exists cAG ∈ (0,+∞) such
that for any D ∈ TDT⊕ and any finite subset V of V∗(D),

(4.2) lim
λ→+∞

#{n ∈ N | λD,V
n ≤ λ}

λdAG/2
= cAGH

dAG(K(D)).

The rest of this section outlines the analytic aspects of the proof of
Theorem 4.2. It can be deduced from the following theorem applicable
to more general counting functions, including the classical one given by
#{w ∈ W∗ | curv(Din(Dw)) ≤ λ}, whose asymptotic behavior analogous
to (4.2) has been obtained first by Oh and Shah in [30, Corollary 1.8].
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Definition 4.3. (1) We define I := {jnk | j, k ∈ S, j ̸= k, n ∈ N},
so that I ⊂ W∗ \ {∅}, τ ̸≍ υ for any τ, υ ∈ I with τ ̸= υ and

(4.3) K(D) \ V0(D) =
∪

τ∈I
K(Dτ ) for any D ∈ TDT+.

(2) We define Γ ⊂ [0,+∞)4 by Γ := {(g, κ(g)) | g ∈ [0,+∞)3, κ(g) > 0},
where κ(g) :=

√
βγ + γα+ αβ for g = (α, β, γ) ∈ [0,+∞)3, and set

Γ◦ := Γ∩(0,+∞)4, which is an open subset of Γ; recall Propositions
2.2 and 2.7 and note that gMw ∈ Γ for any g ∈ Γ and any w ∈ W∗.

(3) Recalling Theorem 2.11, we set HΓ(g) := HdAG(K(D)) for each g =
(α, β, γ, κ) ∈ Γ, where we take any D = (D1, D2, D3) ∈ TDT+ with(
curv(D1), curv(D2), curv(D3)

)
= (α, β, γ), which is easily seen to

exist. Note that HΓ(g) = sdAGHΓ(sg) for any (g, s) ∈ Γ× (0,+∞).

Theorem 4.4 ([14]). Let Γ′ denote either of Γ and Γ◦, and for each
n ∈ N let λn : Γ′ → (0,+∞) be continuous and satisfy λn(sg) = sλn(g)
for any (g, s) ∈ Γ′ × (0,+∞). Suppose that λ1(g) = minn∈N λn(g) and
limn→∞ λn(g) = +∞ for any g ∈ Γ′, set N(g, λ) := #{n ∈ N | λn(g) ≤
λ} for (g, λ) ∈ Γ′×[0,+∞), and suppose that there exist η ∈ [0, dAG) and
c ∈ (0,+∞) such that for any g = (α, β, γ, κ) ∈ Γ′ and any λ ∈ (0,+∞),∑

τ∈I
N(gMτ , λ) ≤ N(g, λ)

≤
∑

τ∈I
N(gMτ , λ) + c(min{β + γ, γ + α, α+ β})−ηλη + c.

(4.4)

Then there exists c0 ∈ (0,+∞) such that for any g ∈ Γ′,

(4.5) lim
λ→+∞

N(g, λ)

λdAG
= c0HΓ(g).

Theorem 4.4 is proved by applying Kesten’s renewal theorem [19,

Theorem 2] to the Markov chain on Γ̃ := {g ∈ Γ | HΓ(g) = 1}, the
“space of Euclidean shapes of {K(D)}D∈TDT+”, with transition function
P(g, ·) :=

∑
τ∈I HΓ(gMτ )δ[gMτ ]Γ , where for each g ∈ Γ we set [g]Γ :=

HΓ(g)
1/dAGg ∈ Γ̃ and δ[g]Γ denotes the Borel probability measure on Γ̃

with δ[g]Γ({[g]Γ}) = 1; a brief sketch of the proof of Theorem 4.4 can be
found in [13], and the full details will appear in [14, Sections 3 and 7].

Sketch of the proof of Theorem 4.2 under Theorem 4.4. We define
ND,V (λ) := #{n ∈ N | λD,V

n ≤ λ}, ND(λ) := ND,∅(λ) and ND,0(λ) :=

ND,V0(D)(λ) for D ∈ TDT⊕, each finite subset V of V∗(D) and λ ∈
[0,+∞). Then for any such D, V, λ, as noted in [21, Theorem 4.1.7 and
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Corollary 4.1.8], we easily see from dimFD/F0
D,V = #V and (4.1) that

λD,∅
n ≤ λD,V

n ≤ λD,∅
n+#V for any n ∈ N and thereby that

(4.6) ND,V (λ) ≤ ND(λ) ≤ ND,V (λ) + #V,

so that it suffices to prove (4.2) for V = V0(D), i.e., for ND,0(λ).
To apply Theorem 4.4, for each n ∈ N and each g = (α, β, γ, κ) ∈ Γ◦

we set λn(g) := (λ
D,V0(D)
n )1/2, where we take any D = (D1, D2, D3) ∈

TDT⊕ with
(
curv(D1), curv(D2), curv(D3)

)
= (α, β, γ), so that λn(g) ≥

λ1(g) > 0 by {u ∈ FD | ED(u, u) = 0} = R1 and limn→∞ λn(g) = +∞
by Proposition 4.1. We also easily see from Proposition 2.7, (3.5), (3.7)
and (4.1) that for any n ∈ N, λn : Γ◦ → (0,+∞) is continuous and
satisfies λn(sg) = sλn(g) for any (g, s) ∈ Γ◦ × (0,+∞).

It remains to verify that {λn}n∈N satisfies (4.4). To this end, let
D = (D1, D2, D3) ∈ TDT⊕, (α, β, γ, κ) =: g be as in Proposition 2.2
and λ ∈ (0,+∞). Then since #{n ∈ N | λn(gMw) ≤ λ1/2} = NDw,0(λ)
for any w ∈ W∗ by Proposition 2.7, (4.4) for {λn}n∈N can be rephrased
as ∑

τ∈I
NDτ ,0(λ) ≤ ND,0(λ)

≤
∑

τ∈I
NDτ ,0(λ) + c(min{β + γ, γ + α, α+ β})−ηλη/2 + c,

(4.7)

which can be shown with η = 1 < dAG (recall Theorem 2.10) as follows.
Set cg := min{β + γ, γ + α, α+ β} and nλ := min{n ∈ N | c2gn2 ≥ 40λ}.
Then for any n ∈ N with n ≥ nλ, any j ∈ S and any τ ∈ I ∪ {jnλ} with
τ ≤ jnλ , from (3.8), (4.1) and (2.4) we obtain

(4.8) NDτ ,0(λ) = 0 by λ
Dτ ,V0(Dτ )
1 ≥ κ(Dτ )

2

40
≥ κ(Djnλ )2

40
>

c2gn
2
λ

40
≥ λ.

On the other hand, setting Iλ := {τ ∈ I | |τ | ≤ nλ} ∪ {jnλ | j ∈ S} and
Vλ :=

∪
τ∈Iλ

V0(Dτ ), we have K(D)\Vλ =
∪

τ∈Iλ
(K(Dτ )\V0(Dτ )) with

the union disjoint, which together with (4.1) and (4.8) easily implies that

(4.9) ND,Vλ
(λ) =

∑
τ∈Iλ

NDτ ,0(λ) =
∑

τ∈I
NDτ ,0(λ).

Now (4.7) follows from (4.9), #Vλ = 9nλ−3 and the fact thatND,Vλ
(λ) ≤

ND,0(λ) ≤ ND,Vλ
(λ)+#Vλ−3 by the same proof as (4.6). Theorem 4.4 is

thus applicable to {λn}n∈N and yields (4.5), which means (4.2). Q.E.D.

§5. Kleinian groups with limit sets round Sierpiński carpets

In this last section, we illustrate the possibility of extending the
results in §3 and §4 to other circle packing fractals, by presenting the
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Figure 3. Limit set of 7
43

double cusp group Figure 4. Sierpiński carpet

results of the author’s recent study in [16] obtained as the initial step
toward developing a rich theory of construction and analysis of “geomet-
rically canonical” Laplacians on more general self-conformal fractals.

Let Möb(Ĉ) denote the group of (orientation preserving or reversing)

Möbius transformations on Ĉ. A discrete subgroupG of Möb(Ĉ) is called
a Kleinian group3, and the smallest closed subset ∂∞G of Ĉ invariant
with respect to the action of G is called the limit set of G. It is known
in the theory of Kleinian groups (see, e.g., [3, 17, 18, 36]) that the limit
sets of certain classes of Kleinian groups are circle packing fractals, and
typical examples of such circle packing fractals are provided in the book
[29] together with a number of beautiful pictures of them.

Since the expressions (3.5) of µD and (3.7) of the unique canonical
Dirichlet form (ED,FD) onK(D) makes sense on a general circle packing
fractal, (a candidate of) a “geometrically canonical” Laplacian on it can
be defined by (3.5) and (3.7), and it is natural to expect Weyl’s eigen-
value asymptotics to hold when the fractal has some nice self-conformal
structure. The author has recently verified this expectation in [15, 16] for
the circle packing fractals arising as the limit sets of two specific classes
of Kleinian groups, one of which studied in [15] is the double cusp groups
on the boundary of Maskit’s embedding of the Teichmüller space of the
once-punctured torus treated in detail in [18, 29, 36]. In this case, the
limit sets (Figure 3) can be shown to admit a self-conformal cellular de-
composition similar to (4.3) which is finitely ramified in the sense that
any cell intersects the others only on boundedly many points, and this
property makes the proof of Weyl’s asymptotics largely analogous to

3Kleinian groups are usually assumed to consist only of orientation preserv-
ing elements, but here we allow them to contain orientation reversing ones.
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(a) q = 8 (b) q = 9 (c) q = 12

Figure 5. The limit sets ∂∞Gq of the Kleinian groups Gq

that of Theorem 4.2; a brief presentation of the precise statements of
the results can be found in [11], and the full details will be given in [15].

On the other hand, each Kleinian group in the other class, which has
been studied in [16], has as its limit set a round Sierpiński carpet (Figure

5), i.e., a subset of Ĉ homeomorphic to the standard Sierpiński carpet

(Figure 4) whose complement in Ĉ consists of disjoint open disks in Ĉ. In
particular, this limit set is infinitely ramified, i.e., is not finitely ramified
regardless of the choice of a cellular decomposition, which prevents the
method of the above proof of (4.7) from applying to it and thereby makes
the proof of Weyl’s asymptotics for this case considerably more difficult.

The rest of this section is devoted to a brief summary of the results
in [16] for the latter class of Kleinian groups, which are defined as follows.
Let q ∈ N satisfy q > 6. It is a well-known fact from hyperbolic geometry
(see, e.g., [31, Theorem 3.5.6]) that by π

2 + π
3 + π

q < π there exists

a geodesic triangle with inner angles π
2 ,

π
3 ,

π
q , unique up to hyperbolic

isometry, in the Poincaré disk model D := {z ∈ C | |z| < 1} of the
hyperbolic plane; here we make the following specific choice of such one.
The following construction is a slight modification of that given in [3].

Definition 5.1. (1) Set ℓ1 := R, ℓ3 := {teiπ/q | t ∈ R} and choose
tq, sq ∈ (0,+∞) so that ℓ2 := {z ∈ C | |z − tqe

iπ/q| = sq} is
orthogonal to ∂D and intersects ℓ1 with angle π

3 ; there is a unique
such choice of tq, sq by virtue of π

2 +
π
3 +

π
q < π. The closed geodesic

triangle in D formed by ℓ1, ℓ2, ℓ3 is denoted by △q, and the subgroup

of Möb(Ĉ) generated by {Invℓk}3k=1 is denoted by Γq, where Invℓ
denotes the inversion (reflection) in a circle or a straight line ℓ ⊂ C.

(2) Choose rq ∈ (0, 1) so that ℓ4 := {z ∈ C | |z| = rq} intersects ℓ2 with
angle π

3 ; it is easy to see that there is a unique such choice of rq.

The subgroup of Möb(Ĉ) generated by {Invℓk}4k=1 is denoted by Gq.
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D

ℓ1

ℓ2

ℓ3
ℓ4

(a) Inversion circles {ℓk}k (b) Tessellation by Γ8 (c) Construction of ∂∞G8

Figure 6. Illustration of Definition 5.1 and Proposition 5.2: Γ8, ∂∞G8

Proposition 5.2. (1) D =
∪

τ∈Γq
τ(△q) and τ(int△q)∩υ(△q) = ∅

for any τ, υ ∈ Γq with τ ̸= υ.

(2) Gq is a Kleinian group, ∂∞Gq =
∪

τ∈Gq
τ(∂D) = Ĉ\

∪
τ∈Gq

τ(Ĉ\D),
D1 ∩D2 = ∅ for any D1, D2 ∈

{
τ(Ĉ \ D)

∣∣ τ ∈ Gq

}
with D1 ̸= D2,

and int ∂∞Gq = ∅. In particular, ∂∞Gq is a round Sierpiński carpet.

Proof. (1) is immediate from Poincaré’s polygon theorem (see, e.g.,
[31, Theorem 7.1.3]), which applies to △q since any of its inner angles
is a submultiple of π, i.e., of the form π/n for some n ∈ N ∪ {+∞}.

For (2), recall (see, e.g., [31, Sections 4.4–4.6]) that Möb(Ĉ) is canon-
ically isomorphic to the group of isometries of the upper half-space model
H3 := C× (0,+∞) of the three-dimensional hyperbolic space, where the
inversion Invℓ in a circle or a straight line ℓ ⊂ C corresponds to the

inversion in the sphere or the plane ℓ̃ intersecting C orthogonally on ℓ.

Then since the closed polyhedron △3
q in H3 formed by {ℓ̃k}4k=1, defined

as the part of {reiθ | (r, θ) ∈ [0,+∞)× [0, π
q ]}×(0,+∞) above ℓ̃2 and ℓ̃4,

has only submultiples of π as the dihedral angles between its faces, by
Poincaré’s polyhedron theorem (see, e.g., [31, Theorem 13.5.2]) applied
to △3

q we have H3 =
∪

τ∈Gq
τ(△3

q) and τ(intH3 △3
q) ∩ υ(△3

q) = ∅ for any

τ, υ ∈ Gq with τ ̸= υ. Now we can obtain the first three assertions from
this fact, int ∂∞Gq = ∅ from [31, Theorem 12.2.7], and the last one from
the topological characterization of the Sierpiński carpet in [35]. Q.E.D.

Even though in Definition 5.1 we have specifically chosen the unit
disk D and the geodesic triangle △q, a particular choice of a disk D in C
and a geodesic triangle in D should not matter for the desired Laplacian
eigenvalue asymptotics. We should note also that the expressions (3.5)
and (3.7) do not make perfect sense for the family {τ(∂D) | τ ∈ Gq} of
circles constituting ∂∞Gq, since ∂D should be treated together with the
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part Ĉ \D of Ĉ \ ∂∞Gq enclosed by ∂D and thereby considered to be of
infinite area and radius, which is incompatible with (3.5) and (3.7). To
take care of these issues, we introduce the following definition.

Definition 5.3. We define G :=
{
g ∈ Möb(Ĉ)

∣∣ g−1(∞) ∈ Ĉ \ D
}
,

and for each g ∈ G we set Dg :=
{
gτ(Ĉ \D)

∣∣ τ ∈ Gq

}
\
{
g(Ĉ \D)

}
and

Kg := g(D ∩ ∂∞Gq) = g(D) \
∪

D∈Dg
D, so that Dg is a family of open

disks in C and D1 ⊂ g(D) \D2 for any D1, D2 ∈ Dg with D1 ̸= D2.

Definition 5.4 ([16]). Let g ∈ G. We define a linear subspace Cg of
Cc(Kg) by Cg := {u ∈ Cc(Kg) | LipKg

u < +∞}, and also define a finite
Borel measure µg on Kg and a bilinear form Eg : Cg × Cg → R on Cg by

µg :=
∑

D∈Dg

rad(D)H1
∂D(· ∩ ∂D),(5.1)

Eg(u, v) :=
∑

D∈Dg

∫
∂D

⟨∇∂D(u|∂D),∇∂D(v|∂D)⟩ rad(D) dH1
∂D.(5.2)

Proposition 5.5 ([16]). Let g ∈ G. Then (Eg, Cg) is closable in
L2(Kg, µ

g) and its smallest closed extension (Eg,Fg) in L2(Kg, µ
g) is a

strongly local, regular symmetric Dirichlet form on L2(Kg, µ
g). Further,

the inclusion map Fg ↪→ L2(Kg, µ
g) is a compact linear operator under

the norm ∥u∥Fg
:= (Eg(u, u) +

∫
Kg

u2 dµg)1/2 on Fg.

Proposition 5.6 ([16]). Let g ∈ G. Then any h ∈ {h1|Kg , h2|Kg}
is Eg-harmonic on Kg, i.e., Eg(h, v) = 0 for any v ∈ Cg, with Eg(h, v)
still defined by (5.2).

Proof. This follows easily by explicit calculations using the Gauss–
Green theorem and the fact that ∂D is a circle for any D ∈ Dg. Q.E.D.

The following is the main result of [16]. Note that for any g ∈ G and
any non-empty open subset U of Kg, dq := dimH ∂∞Gq = dimH Kg ∈
(1, 2) and Hdq (U) ∈ (0,+∞) by [32, Theorem 7] and LipD g < +∞, and
Proposition 5.5 implies the analog of Proposition 4.1 for (Eg,U ,F0

g,U ) on

L2(U, µg|U ), where µg|U := µg|B(U), F0
g,U := {u ∈ Cg | suppKg

[u] ⊂ U}
Fg

and Eg,U := Eg|F0
g,U×F0

g,U
.

Theorem 5.7 ([16]). There exists cq ∈ (0,+∞) such that for any
g ∈ G and any non-empty open subset U of Kg with Hdq (∂Kg

U) = 0 and

U ⊂ g(D), the eigenvalues {λg,U
n }n∈N (repeated according to multiplicity)

of the Laplacian on L2(U, µg|U ) associated with (Eg,U ,F0
g,U ) satisfy

(5.3) lim
λ→+∞

#{n ∈ N | λg,U
n ≤ λ}

λdq/2
= cqH

dq (U).
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The ergodic-theoretic aspects of the proof of Theorem 5.7 are largely
analogous to those of the proof of Theorem 4.2, and in particular the
roles played by the self-conformality of Kg are similar to those described
in Remark 2.12. The most difficult part of the proof of Theorem 5.7 is
that of an analog of (4.7), which is achieved by heavy use of heat kernel
estimates in combination with the property of {τ(∂D) | τ ∈ Gq} that
they are uniformly relatively separated in the following sense (see [1]):

(5.4) inf
(x,y)∈C1×C2

|x− y| ≥ εq min{rad(C1), rad(C2)}

for any C1, C2 ∈ {τ(∂D) | τ ∈ Gq} with C1 ̸= C2 for some εq ∈ (0,+∞).
The full details of the proof of Theorem 5.7 will appear in [16].
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on the Sierpiński gasket, Contemp. Math., vol. 600, 2013, pp. 91–133.

[11] N. Kajino, Weyl’s eigenvalue asymptotics for the Laplacian on circle packing
limit sets of certain Kleinian groups, in: Heat Kernels, Stochastic Pro-
cesses and Functional Inequalities, Oberwolfach Report 55/2016. Avail-
able in: https://www.mfo.de/occasion/1648

https://www.mfo.de/occasion/1648


The Laplacian on some self-conformal fractals and Weyl’s asymptotics 21

[12] N. Kajino, The Laplacian on some round Sierpiński carpets and Weyl’s
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